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Preface

The following is a set of notes for a minicourse on Hilbert space techniques in complex
analytic geometry, presented at the University of Wisocnsin-Madison in late June of 2024.
The minicourse consisted of four lectures, which were essentially summaries of much of what
is contained in this text.

As usual, such a course has to have a target audience. We assume that the student
attending the minicourse, or for that matter the reader of these notes, has a thorough
familiarity with much of undergraduate mathematics, including calculus and algebra (mostly
linear, some multilinear, and very little basic abstract algebra), as well as the following topics,
which might not be covered in all undergraduate programs in the US.

a. Basic point set topology.

b. Smooth manifolds.

c. The definition and some elementary properties of smooth vector bundles, including
the tangent and cotangent bundle. (We do not assume a knowledge of characteristic
classes, or of the theory of connections.)

d. Elementary properties (essentially just the definitions) of smooth vector fields, differ-
ential forms, and smooth sections of vector bundles.

e. Certainly a few other things I have assumed without realizing.

In these notes we invoke the complex summation convention of summing over the same
indices when one is upper and the other is lower. Rather than being just convenient, this
convention becomes useful in identifying various dualities that exist between geometrically
complicated quantities.
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Chapter 1

The Backdrop

1.1 Complex Manifolds and Maps
In this subsection we establish the basic definitions of complex analysis in the manifold
setting. The reader who has never seen any of the contents of this chapter is likely not yet
at the stage of preparation assumed in this text. Accordingly, it is probably wise for the
average reader to skim, or perhaps skip, this section.

1.1.1 Complex Manifolds
Definition

A complex manifold is a real manifold whose transition functions are holomorphic. More
precisely,

1.1.1 Definition. A topological space X is a complex manifold if there is an open cover
{Uj}j∈J of X and homeomorphisms φj : Uj → Vj ⊂ Cnj , called holomorphic coordinate
charts, such that for all i, j ∈ J the the maps

φij := φi ◦ φj : Vj ∩ φj ◦ φi(Vi)→ Vi,

called transition functions, are holomorphic. �

Remark. Sometimes the inverse maps φ−1
j : Vj → Uj are called coordinate charts. Usually

this ambiguity does not cause any confusion. �

A collection of (holomorphic) coordinate charts A := {Uj, φj : Uj → φj}j∈J is called a
(holomorphic) atlas if ⋃j Uj = X. Two atlases are said to be compatible if their union is also
an atlas. An equivalence class of atlases is a directed set, i.e., any two atlases are contained in
a third atlas, namely their union. Thus every equivalence class of atlases contains a maximal
atlas, i.e., an atlas that is not properly contained in any other atlas.

Maximal atlases are huge collections of coordinate charts, and one cannot reasonably
characterize such a collection. However, specifying any atlas automatically uniquely deter-
mines a maximal atlas.
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We leave the proof of the next statement to the reader.
1.1.2 Proposition/Definition. The function dim`oc : X → Z assigning to each x ∈ X
the nonnegative integer nj if and only if xj ∈ Uj is locally constant. If Xµ is a connected
component of X then the integer nµ := dim`oc(Xµ) is called the dimension of Xµ.

In most situations considered in this text the manifold in question is connected.

Orientability

Suppose Ω ⊂ Cn is an open set and F : Ω → Cn is a holomorphic map. Let us denote by
FR the map obtained from F after identifying Cn with R2n via

(z1, ..., zn) 7→ (Re z1, Im z1, ...,Re zn, Im zn) = (x1, y1, ..., xn, yn).

Noticing that the complex differential 1-forms dzi = dxi +
√
-1dyi satisfy√-1

2

n dz1 ∧ dz̄1 ∧ ... ∧ dzn ∧ dz̄n = dx1 ∧ dyn ∧ ... ∧ dxn ∧ dyn,

we see that the functions det dF and det dFR defined respectively by

(det dF )dz1 ∧ ... ∧ dzn := F ∗(dz1 ∧ ... ∧ dzn)

and
(detFR)dx1 ∧ dyn ∧ ... ∧ dxn ∧ dyn := F ∗(dx1 ∧ dyn ∧ ... ∧ dxn ∧ dyn)

satisfy

(det dFR) dx1 ∧ dyn ∧ ... ∧ dxn ∧ dyn := F ∗R
(
dx1 ∧ dyn ∧ ... ∧ dxn

)
= F ∗


√-1

2

n dz1 ∧ dz̄1 ∧ ... ∧ dzn ∧ dz̄n


=
√
-1n

2

2n F ∗
(
dz1 ∧ ... ∧ dzn ∧ dz̄1 ∧ ... ∧ dz̄n

)

= |det dF |2

√-1

2

n dz1 ∧ dz̄1 ∧ ... ∧ dzn ∧ dz̄n
 .

It follows that the determinants of the real derivatives of the transition functions of a holo-
morphic atlas are all positive, i.e., that every holomorphic atlas is oriented. In particular,
we have proved the following proposition.
1.1.3 Proposition. Every complex manifold is orientable.
Remark. In complex dimension 1 Proposition 1.1.3 has a sort of converse, namely that
every oriented surface admits a (not necessarily unique) holomorphic atlas. This converse
implication fails to hold in higher dimensions; there are many examples of oriented manifolds
that are not complex manifolds. �
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Some examples

1.1.4 Example (Vector spaces). The simplest example of a complex manifold is a complex
vector space. If V is a complex vector space, a choice of basis v = {v1, ..., vn} defines a
bijection

ψv : Cn 3 z = (z1, ..., zn) 7→ z1v1 + · · ·+ znvn ∈ V,

and we declare the inverse φv := ψ−1
v to be a holomorphic atlas. Evidently the dimension of

V as a complex manifold is its dimension as a complex vector space. �

1.1.5 Example (Affine Spaces). The next simplest example of a complex manifold is a
complex affine space A, i.e., a set equipped with a faithful action of a finite-dimensional
complex vector space V (viewed as an Abelian group), with only one orbit. The action is
denoted by

A× V 3 (a, v) 7→ a+ v ∈ A.

In terms of this notation, for any two points a1, a2 ∈ A there is a unique vector v ∈ V such
that a2 = a1 + v. Thus there is a bijection between A and V , but there is no canonical
bijection. The space A is topologized be declaring that a subset U ⊂ A is open if for every
a ∈ U there is an open neighborhood B of the origin in V such that {a+ v ; v ∈ B} ⊂ U .

The vector space V is called the space of affine translations of A, and also the underlying
vector space of A.

Once a point o ∈ A is chosen, there is a canonical bijection

V 3 v 7→ o+ v.

Since vector space topology is invariant under translations, this canonical bijection is a
homeomorphism.

A holomorphic atlas is specified by choosing a point o ∈ A and a basis v := {v1, ..., vn} for
V . Since any point a ∈ A is of the form a = o+z1v1+· · ·+znvn for some z = (z1, ..., zn) ∈ Cn,
the map

φo,v(a) := z

defines a ‘global’ coordinate chart, and a maximal atlas Ao,v. �

Remark. In Example 1.1.5 we have assumed that the vector space V is finite-dimensional.
There is also a notion of infinite-dimensional affine space, in which case V must be a topo-
logical vector space. The topologies of infinite-dimensional vector spaces are much more
complicated than their finite-dimensional cousins. �

1.1.6 Example (Open subsets and Cartesian products). Any open subset of a complex man-
ifold is a complex manifold, when equipped with the relative topology. Cartesian products
of complex manifolds are complex manifolds. �

1.1.7 Example (Complex Projective Spaces). Let V be a finite dimensional complex vector
space of complex dimension n. Denote by P(V ) the set of 1-dimensional subspaces of V , i.e.,
lines through the origin in V . Since every v ∈ V −{0} determines a unique line through the
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origin, there is a surjective map π : V −{0} → P(V ). We topologize P(V ) by declaring that
a set U ⊂ P(V ) is open if and only if π−1(U) is an open subset of V − {0}. In other words,
we endow P(V ) with the coarsest topology with respect to which π is continuous.

If we take a basis v = {v1, ..., vn} for V , then the set

Sv :=
{
z1v1 + · · ·+ znvn ; |z1|2 + · · ·+ |zn|2 = 1

}
satisfies π(Sv) = P(V ), and hence P(V ) is a compact topological space.

For every non-zero linear functional ` ∈ V ∗ − {0} we can define a subset

U` :=
{
P ∈ P(V ) ; `(v) 6= 0 for some (and hence any ) v ∈ P − {0}

}
.

Writing V` := {x ∈ V ; `(x) = 1}, consider the map φ` : U` → V` defined by

φ`(P ) := π−1(P ) ∩ V`.

Since `(v) 6= 0 for any v ∈ P , φ` is well-defined. Moreover, if φ`(P ) = φ`(Q) then P = Q,
so that φ` is injective. Finally, if x ∈ V` then for every v ∈ π(x) we have v = λx for some
λ ∈ C − {0}, and hence `(v) 6= 0. Thus π(v) ∈ U` and φ`(π(v)) = v, so that φ` is also
surjective, hence bijective.

It is easy to see that for every ` ∈ V ∗ the set V` ⊂ V is an affine space, and that⋃
`∈V ∗−{0}

U` = P(V ).

We leave it as an exercise to show that the maps

φ−1
`′ ◦ φ` : V` → V`′

are biholomorphic, and hence P(V ) is a complex manifold. �

Remark. When the vector space is the complex Cartesian space V = Cn+1 we shall use the
notation

Pn := P(Cn+1)

for its projectivization.

1.1.8 Example (Hopf Manifolds). Let V be a complex vector space of dimension n and let
c ∈ C be a complex number of modulus |c| > 1. Two vectors v, w ∈ V − {0} are said to be
equivalent if v = cnw for some n ∈ Z. The quotient space

Hopfc(V )

is topologized with the coarsest topology for which the quotient map π : V −{0} → Hopf(c)
is continuous.
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Fix a basis v = {v1, ..., vn} for V . Since

π

 ⋃
1≤r≤|c|

rSv

 ,
Hopfc(V ) is a compact topological space.

We can equip Hopfc(V ) with a holomorphic atlas as follows. The open cover consists of
the two open sets

U1 := π

 ⋃
1<r<|c|

rSv

 and U2 := π

 ⋃
1+|c|

2 <r<
1+3|c|

2

rSv

 ,
where v = {v1, ..., vn} is some chosen basis for V . The map π : V −{0} → Hopfc(V ) restricts
to bijections on the open sets

V1 :=
⋃

1<r<|c|
rSv and V2 :=

⋃
1+|c|

2 <r≤ 1+3|c|
2

rSv

respectively, so we set φi :=
(
π|Vi

)−1
, i = 1, 2. The transition functions are easily seen to be

holomorphic, since φ−1
1 ◦ φ2 = Id.

It is easy to see that Hopfc(V ) is homeomorphic to S1×S2n−1. It follows that Hopfc(V )
cannot be a symplectic manifold. Indeed, for topological reasons every closed 2-form on
Hopfc(V ) is exact, but on a compact manifold a symplectic form, i.e., a closed non-degenerate
2-form, is never exact. �

1.1.9 Example (Complex conjugate manifold). Let X be a complex manifold with maximal
atlas A := {φα : Uα → Vα}. We define a new atlas

A † := {C ◦ φα : Uα → C(Vα)},

where C : Cn 3 z 7→ z̄ ∈ Cn is the map of complex conjugation. It is left to the reader to
check that A † is a holomorphic maximal atlas, and moreover that this atlas is not compatible
with the atlas A . The smooth manifold X with the atlas A † shall be denoted X†. �

To have more examples of complex manifolds, we shall need to define functions and maps.

1.1.2 Functions and Maps
Definition

1.1.10 Definition. Let X and Y be complex manifolds.

i. A function f : X → C is said to be holomorphic if for every holomorphic coordinate
chart φ : U → V ⊂ Cn, U

open
⊂ X, the function f ◦ φ−1 : V → C is holomorphic. We

write f ∈ O(X).
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ii. A map F : Y → X is said to be holomorphic if for every φ : U → V ⊂ Cn, U
open
⊂ X,

the function φ ◦ F |F−1(U) is holomorphic. We write F ∈ O(X, Y ).

iii. A map F : X → Y is said to be biholomorphic if it is holomorphic, bijective, and the
inverse map F−1 : Y → X is also holomorphic.

1.1.11 Proposition. A compact connected complex manifold X has no non-constant holo-
morphic functions.

Proof. Let f : X → C be a holomorphic function. By continuity the set

Mf :=
{
x ∈ X ; |f(x)| = sup

X
|f |
}

is closed, and by compactness it is nonempty. To complete the proof, it suffices to show
that Mf is open. Toward that end, let x ∈ Mf . Choose a holomorphic coordinate chart
φ : U → V ⊂ Cn such that p ∈ V . Then the function f ◦ φ−1 : V → C is holomorphic and
|f ◦ φ−1| has in interior maximum in V . By the Maximum Principle f is constant on the
connected component Ux of U containing x. In particular, Ux ⊂Mf , so Mf is open.

1.1.12 Proposition. Let X and Y be complex manifolds. If F : X → Y is a bijective
holomorphic map then F−1 is holomorphic.

Proof. The claim to be proved is local, so we may assume that X and Y are open connected
subsets of Cn containing the origin. We argue by induction on the dimension n.

In dimension 1 the argument is as follows. If F (z) = zmg(z) with g(0) 6= 0 then perhaps
after shrinking X we may write g(z) = emG(z) for some holomorphic function G ∈ O(X).
Making the change of coordinates w = zeG(z), which is invertible by the holomorphic version
Inverse Function Theorem, we may assume that F (w) = wm. This map is bijective if and
only if m = 1, and evidently the inverse is holomorphic.

Next suppose the proposition holds in all dimensions k ≤ n− 1. If the linear map dF (o)
has rank n then one concludes by the holomorphic Inverse Function Theorem, so assume the
rank of dF (o) is k ≤ n− 1. Perhaps after a permutation of the coordinates in the ambient
‘Cn’s containing the domains U and V , we may assume that the matrix(

∂Fi
∂zj

(o)
)k
i,j=1

is invertible. Hence the derivative ∂f(o) of map

f(z1, ..., zn) := (F 1(z), ..., F k(z), zk+1, ..., zn)

is invertible. By the holomorphic Inverse Function Theorem f maps a small neighborhood
U of o in Cn biholomorphically onto its image V := F (U).

Now consider the holomorphic map

g := F ◦ f−1 : V → Y.
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The map g carries V ∩ {o} × Cn−k to Y ∩ {o} × Cn−k injectively, and by construction the
derivative of g|V ∩{o}×Cn−k is not invertible. By the induction hypothesis k = 0. In particular,
we see that if dF (o) is not invertible then it is identically zero. Equivalently, if det dF (o) = 0
then dF (o) = 0.

It follows that F maps every connected component of {det dF = 0} to a single point.
Since F is a bijection, we conclude that the zero set of the holomorphic function det dF is a
closed discrete subset. But if n ≥ 2 then the zero set of a holomorphic function cannot be
isolated unless it is empty. This contradiction completes the proof.

1.1.13 Example. i. Every coordinate chart in a holomorphic atlas is holomorphic by
definition.

ii. With respect to the holomorphic atlases defined in Examples 1.1.4 and 1.1.5, an affine
space is biholomorphic to its underlying vector space.

iii. The projection maps π : V − {0} → P(V ) and π : V − {0} → Hopfc(V ) of Examples
1.1.7 and 1.1.8 respectively are holomorphic. The latter map is locally biholomorphic,
but the former is not. �

Recall that ifM1 andM2 are manifolds, π : E →M2 is a vector bundle and f : M1 →M2
is a map then the pullback f ∗E →M1 is the vector bundle defined by the incidence relation

f ∗E :=
{
(x, v) ∈M1 × E ; π(v) = f(x)

}
⊂M1 × E,

and the vector bundle projection f ∗E →M1 is obtained by restriction to f ∗E of the Cartesian
projection M1 × E →M1.

1.1.14 Definition (Differentials and derivatives). Let X and Y be complex manifolds.

a. If F ∈ O(X, Y ) the differential of F is the vector bundle map DF : TX → F ∗TY
defined by

DF (x, v) :=
(
x, d

dt

∣∣∣
t=0

F (γ(t))
)

for any curve γ : I → X such that 0 ∈ I and γ̇(0) = v.

b. The derivative of F is the section dF of T ∗X ⊗ F ∗TY → X corresponding to the vector
bundle map DF via the identification Hom(E,F ) ∼= E∗ ⊗ F . �

If Y = C then TY is the trivial vector bundle, and hence so is F ∗TY . Thus for a
holomorphic function f ∈ O(X) the derivative df is a section of the cotangent bundle T ∗X ,
i.e., a 1-form.
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Submanifolds

There are two standard notions of complex submanifolds. Recall that a map F : M → N
is said to be an immersion (resp. submersion) if the differential DF is a fiberwise-injective
(resp. surjective) vector bundle map.

1.1.15 Definition. Let X and S be complex manifolds.

1. If F : S → X is an injective holomorphic immersion, we say that F (S) is an immersed
complex submanifold.

2. If F : S → X is an injective holomorphic immersion that is homeomorphic onto its
image, we say that F (S) is an embedded complex submanifold. �

Remark. If the complex manifold S is already realized as a subset of X, the injective
immersion F in question is taken to be the natural inclusion of subsets. �

An immersed complex submanifold F (S) ⊂ X is embedded if and only if the injective
immersion F is a proper map, i.e., the inverse image of compact sets is compact. (This
statement is true in the smooth category as well.) In these notes, we shall be dealing only
with embedded submanifolds. We shall therefore drop the adjective embedded.

1.1.16 Proposition. Let S ⊂ X be a subset. Then the following are equivalent.

a. With respect to the subspace topology, S is a complex submanifold of X.

b. Every point x ∈ X is contained in a neighborhood U ⊂ X and there are holomorphic
functions f1, ..., fk such that

U ∩ S =
{
y ∈ X ; f1(y) = ... = fk(y) = 0

}
and df1 ∧ ... ∧ dfk(x) 6= 0.

The proof of Proposition 1.1.16 is an application of the holomorphic implicit function theo-
rem. We omit the proof here, but the reader is welcome to supply it.

Two immediate consequences of Proposition 1.1.16 are the following.

• Submanifolds are closed subsets.

• Locally, every holomorphic function on a submanifold is the restriction of a holomorphic
function defined in the ambient space.

1.1.17 Example (Tautological line bundle / blow-up of the origin). Let V be a complex
vector space. We already know that V × P(V ) is a complex manifold. We can define a
submanifold U(V ) ⊂ V × P(V ) by the incidence relation

U(V ) :=
{
(v, P ) ∈ V × P(V ) ; v ∈ P

}
.
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To prove that U(V ) is a submanifold, one should work with the coordinate charts for P(V )
defined in Example 1.1.7. We leave this work to the reader, as well as the verification that
dimC U(V ) = dimC(V ).

Now consider the two projection maps π1 : U(V ) → V and π2 : U(V ) → P(V ) obtained
by restriction to U(V ) of the Cartesian projections V × P(V ) → V and V × P(V ) →
P(V ) respectively. These maps are holomorphic, and both play important roles in complex
geometry.

Let us begin with the second map π2 : U(V ) → P(V ). The inverse image of a point
P ∈ P(V ) consists of all point of V lying in this 1-dimensional subspace. Thus the fibers
of π2 are complex lines. The more common notation for the total space of this fibration is
OV (−1), and

π2 : OV (−1)→ P(V )

is the first nontrivial example of a holomorphic line bundle, a concept we discuss in the next
section.

Turning to the map π1 : U(V ) → P(V ), we note that if v ∈ V then π−1
1 ({v}) consists

of all lines through the origin in V passing through v. If v 6= 0 then there is exactly one
such line, while if v = 0 then every line through 0 contains v. Thus π1|U(P(V )−π−1

1 ({0}) :
U(V ) − π−1

1 ({0}) → V − {0} is a holomorphic bijection (and thus is biholomorphic), while
π−1

1 ({0}) is a copy of P(V ). In this setting the more common notation for the domain of π1
is B`o(V )— this complex manifold is called the blowup of the origin in V— and the map

π1 : B`o(V )→ V

is called the blow-down map.
It is worth observing that the construction can be carried out V replaced by an open

neighborhood of the origin in V . In this way, one can import the blow-up construction to
any complex manifold by working in a holomorphic chart, so the blow-up of a point can be
defined on any complex manifold. �
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Exercises
1. Show that an open subset of a complex manifold is a complex manifold.

2. This exercise concerns Example 1.1.5.

a. Show that for any two points a, a′ ∈ A and any invertible linear transformation
A ∈ GL(V ) the map φ−1

a′,v ◦ φa,Av : A→ A is biholomorphic.
b. Show that any two affine spaces are biholomorphic.
c. Suppose o, o′ ∈ A and v,v′ are two bases for the space of translations V of A.

Show that the maximal atlases Ao,v and Ao′,v′ are the same.

3. Let V be a complex vector space and let ` ∈ V ∗ be a non-zero linear functional.

a. What is the dimension of P(V )?
b. Compute the transition functions defined in Example 1.1.7.
c. Show that

{
P ∈ P(V ) ; `(v) = 0 for all v ∈ P

}
is also a projective space. What

is its dimension? What is its complement in P(V )?
d. Suppose V and V ′ are two complex vector spaces. Under what conditions are

P(V ) and P(V ′) biholomorphic?

4. A 2-form α on a smooth manifold M is said to be non-degenerate at p ∈M if the only
vector v ∈ TM,p satisfying

α(v, w) = 0 for all w ∈ TM,p

is the zero-vector v = 0. A 2-form on M is said to be non-degenerate if it is non-
degenerate at every point of M . A symplectic form is a closed non-degenerate 2-form.
Let α be a non-degenerate 2-form on a compact real manifold M .

a. Show that M is even-dimensional.
b. Show that if α is symplectic then α is not exact.

5. Let M and Σ be smooth manifolds and suppose there exists an injective immersion
f : Σ→M . Prove that Σ is homeomorphic to f(Σ) with its subspace topology if and
only if the map f is proper.
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1.2 Holomorphic Vector Bundles
Definitions

A holomorphic vector bundle of rank r is a triple (E,X, π : E → X) such that

(i) E and X are complex manifolds and the map π is holomorphic,

(ii) the fibers Ex := π−1(x) of π have vector space structures such that the map

E × C 3 (v, λ) 7→ λ · v ∈ E

is holomorphic, and

(iii) each p ∈ X is contained in an open set U on which there are holomorphic maps
e1, ..., er : U → E such that

πei(x) = x and spanC{e1(x), ..., er(x)} = Ex for all x ∈ U.

Such a collection of maps {e1, ..., er} is called a frame for E over U .

Observe that if {ei} and {ẽi} are two frames defined over the same open set U , then there
are holomorphic functions gji ∈ O(U) such that ẽi = gji ej and

(
gji (p)

)r
i,j=1
∈ GL(r,C) for all

p ∈ U .

1.2.1 Remark. If “holomorphic” and “complex manifold” are replaced by “smooth (or
continuous)” and “smooth manifold (or topological space)” one obtains the definition of
complex vector bundle. �

The positive integer r above is called the rank of (E,X, π : E → X). Evidently the
rank is a locally constant function on the base manifold X. We will work only with vectors
bundles of constant rank.

A holomorphic vector bundle of rank 1 is called a holomorphic line bundle. Holomorphic
line bundles play an especially important role in complex analytic and algebraic geometry.

A map of holomorphic vector bundles is a holomorphic map F : E → E ′ such that

(i) the diagram
E E ′

X X

F

Id

commutes, and

(ii) for each x ∈ X the map
Fx := F |Ex : Ex → E ′x

is linear.
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Two vector bundles are isomorphic if there are holomorphic vector bundle maps F : E → E ′

and G : E ′ → E such that FG = IdE′ and GF = IdE.
A section s of a holomorphic vector bundle π : E → X, i.e., a right inverse for π, is

said to be holomorphic (resp. smooth, measurable, etc.) if it is holomorphic (resp. smooth,
measurable, etc.) as a map X → E. (In this language, a frame over U is a collection of
sections whose values at each point x ∈ U form a basis for Ex.)

1.2.2 Example (Trivial bundles). The simplest example of a holomorphic vector bundle is
the trivial bundle π : X × Cr → X, where π denotes the projection to the first factor. If a
vector bundle E → X is isomorphic to the trivial bundle, then for any basis e1, ..., er of Cr

the isomorphism F : X × Cr → E defines a frame

ei(x) := F (x, ei), 1 ≤ i ≤ r

over the whole of X. Conversely, a global frame for a vector bundle E → X defines an
isomorphism F−1, where F is given by the same formula and then extended fiberwise-linearly.
That is to say, if we fix a basis e1, ..., er of Cn, we define the isomorphism F : X × Cr → E
by

F−1(f i(x)ei(x)) := (x, f i(x)ei).

Thus a vector bundle is isomorphic to the trivial bundle if and only if the vector bundle has
a global frame. In particular, every (holomorphic) vector bundle is locally trivial. �

1.2.3 Example (New bundles from old, pullbacks, etc).

(i) Observe that if E → X and Eo → X are holomorphic vector bundles the so are
E∗ → X, E ⊗ Eo → X and E ⊕ Eo → X. Thus Symk(E) → X and ΛkE → X are
holomorphic vector bundles, as are all vector bundles obtained from holomorphic vector
bundles from fiberwise C-multilinear operations. On the other hand, the complex
conjugate bundle E → X, which one often meetst, is in general not a holomorphic
vector bundle.

(ii) In topology (or even category theory) one has the so-called fiber product, which gen-
eralizes the incidence relation constructions we have now seen several times: Given
morphisms f : X → Z and g : Y → Z one defines

X ×Z Y := {(x, y) ∈ X × Y ; f(x) = g(y)}.

There are projection maps X ×Z Y → X and X ×Z Y → Y given by the restriction to
X ×Z Y of the Cartesian projections X × Y → X and X × Y → Y .
If π : E → Y is a holomorphic vector bundle and f : X → Y is a holomorphic map
then

f ∗E = E ×Y X → X

is a holomorphic vector bundle, called the pullback of E by f .

12



(iii) Given holomorphic vector bundles E → X and E ′ → Y , one defines the holomorphic
vector bundle

E � E ′ = p∗XE ⊗ p∗YE ′ → X × Y,

where pX : X × Y → X and pY : X × Y → Y are the Cartesian projections.

1.2.4 Example. A (holomorphic) vector bundle map F : E → E ′ can be identified with a
(holomorphic) section of the bundle Hom(E,E ′) := E ′ ⊗ E∗.

In the special case in which E = E ′, the vector bundle E ⊗ E∗ always has a globally
defined (holomorphic) section, namely the one corresponding to the identity map E → E.
In particular, if E has rank 1 then Hom(E,E) is the trivial line bundle. �

Transition functions

Let E → X be a holomorphic vector bundle. As already pointed out, the choice of a
frame over an open set U ⊂ X yields a vector bundle isomorphism ψ to the trivial bundle
U × Cr → U , defined by

ψ(tiei(x)) = (x, t).
With two such frames, and the corresponding isomorphisms ψ and ψ′, one can form a map

ψ′ ◦ ψ−1 : U ∩ U ′ × Cr → U ∩ U ′ × Cr.

It is clear from the definitions that

ψ′ ◦ ψ−1(x, t) = (x, gU ′U(x)t)

for some holomorphic function gU ′U : U ∩ U ′ → GL(r,C). The functions gU ′U are called
transition functions, and they contain all of the information of (the isomorphism class of)
the vector bundle.

To be more precise, suppose we cover X by a collection of open sets Uα, α ∈ A, over each
of which one has a frame for E. Then we get a collection of holomorphic transition functions

{gαβ : Uα ∩ Uβ → GL(r,C) ; α, β ∈ A}.

It is easy to see that the conditions

gαα = Id and gαβgβγgγα = Id, α, β, γ ∈ A

on their domains of definition.
Conversely, if one is given an open cover {Uα ; α ∈ A} of X and a collection of holomor-

phic functions
T := {gαβ : Uα ∩ Uβ → GL(r,C) ; α, β ∈ A}

that satisfy the so-called cocycle condition

gαα = Id and gαβgβγgγα = Id, α, β, γ ∈ A

13



on their domains of definition. (By taking γ = α one sees that g−1
αβ = gβα.) Then one can

define the total space

E(T ) :=
∐
α∈A

Uα × Cr

 / ∼,
where

Uα × Cr 3 (x, t) ∼ (y, s) ∈ Uβ × Cr ⇐⇒ x = y and s = gαβ(x)t,

(the cocycle condition implies that ∼ is an equivalence relation) and the map π(T ) :
E(T ) → X by π(T )([x, t]) = x. It is easy to see that E(T ) is a holomorphic vector
bundle whose transition functions are T . Moreover, if T is a collection of holomorphic
transition functions for E → X the E(T ) → X is isomorphic to E → X. Indeed, if we
denote by e1α, ...erα the frame over Uα then the map

F ([x, t]) := t1e1α(x) + · · ·+ trerα, x ∈ Uα(x)

yields a well-defined holomorphic vector bundle isomorphism.
On the other hand, if E → X and E ′ → X are isomorphic, they need not have the same

transition functions. The reader can confirm that if

{gαβ : Uα ∩ Uβ → GL(r,C) ; α, β ∈ A} and {g̃αβ : Uα ∩ Uβ → GL(r,C) ; α, β ∈ A}

are transition functions for E → X and E ′ → X over the same open cover (if the open covers
are locally finite then by taking finite intersections this can always be arranged) then E → X
and E ′ → X are isomorphic if and only if there exist maps {hα : Uα → GL(r,C) ; α ∈ A}
such that

g̃αβ = h−1
α gαβhβ.

It is worth mentioning that if {gαβ} and {hαβ} are transition functions for vector bundles E
and E ′ respectively then

(i) (g−1
αβ )trans are transition functions for E∗, and

(ii) gαβ×hαβ are transition functions for E×E ′, where × = ⊗, ∧, � (symmetric product),
etc., where gαβ × hαβ(v × w) = (gαβv)× (hαβw).

In general it is not difficult to figure out the transition functions for a vector bundle obtained
from other vector bundles through multilinear operations.

The tautological bundle again

1.2.5 Example (The Tautological bundle and its dual, the hyperplane bundle). We have
already met the tautological line bundle

O(−1) := OCn+1(−1) := {(z, `) ∈ Cn+1 × Pn ; z ∈ `}.

14



Let us verify that it is a holomorphic line bundle. In the chart

Uo = {[1, z] ; z ∈ Cn}

we have the holomorphic section

eo([1, z]) = ((1, z), [1, z]) ⊂ Pn

which defines a frame for π : O(−1)→ Pn over Uo. More generally, in the chart

Uj = {[z1, ..., zj, 1, zj+1, ..., zn] ; z ∈ Cn}

we have the section

ej([z1, ..., zj, 1, zj+1, ..., zn]) = ((z1, ..., zj, 1, zj+1, ..., zn), [z1, ..., zj, 1, zj+1, ..., zn]),

which is obviously holomorphic. Thus O(−1)→ Pn is a holomorphic line bundle. (One can
also easily check that the change of frame over Ui∩Uj is holomorphic.) The holomorphic line
bundle O(−1) → Pn is called the tautological line bundle, and sometimes also the universal
line bundle.

The line bundle O(−1) → Pn is not trivial. We shall see this non-triviality by showing
that the dual bundle is not trivial.

The dual line bundle to O(−1) → Pn is called the hyperplane line bundle, and denoted
O(1) → Pn. Its fiber O(1)` consists of the set of linear functionals on the 1-dimensional
subspace ` of Cn+1. Thus a linear function λ : Cn+1 → C defines a section sλ : Pn → O(1)
of O(1)→ Pn+1 via the formula 〈

sλ(`), (z, `)
〉 := λ(z).

It is easy to check that this section is holomorphic, and that sλ(`) = 0 if and only if
` ⊂ Kernel(λ). (As we shall see later on, every holomorphic section of O(1) → Pn is of the
form sλ for some λ ∈ (Cn+1)∗.)

By contrast, O(−1)→ Pn has no global holomorphic sections other than the zero section.
Indeed, suppose O(−1)→ Pn has a holomorphic section θ : Pn → O(−1). Given any linear
functional λ ∈ (Cn+1)∗ − {0}, we have the section sλ. The duality pairing

g(`) :=
〈
sλ(`), θ(`)

〉
is thus a well-defined holomorphic function on Pn. Since Pn is compact, g must be constant.
Since every non-identically zero linear functional on Cn+1 has a non-trivial kernel for n ≥ 1,
g = 0, and therefore θ vanishes on the complement of the zero locus of sλ. But by the
identity principle, θ = 0. In particular, O(−1) → Pn is not trivial, and therefore neither is
O(1)→ Pn.

In the sequel we shall often see the line bundles O(−1)→ Pn and O(1)→ Pn, as well as
their integer tensor products O(k), defined by

O(k) := O
(
k
|k|

)⊗|k|
for all k ∈ Z. �
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An exact sequence of holomorphic vector bundles is a collection of holomorphic vector
bundles Ei → X, i = 1, 2, ... together with holomorphic vector bundle maps Fi : Ei → Ei+1
such that

Image(Fi) = Kernel(Fi+1)

for all i. A short exact sequence of holomorphic vector bundles is an exact sequence of the
form

0 7→ S
ι→ E

q→ Q→ 0.

By definition of exact sequence the maps ι and q are respectively injective and surjective.
Thus we can identify S with a holomorphic subbundle of E, while Q is the vector bundle
whose fiber over x ∈ X is the quotient space Ex/Sx.

1.2.6 Example (The tautological quotient bundle). By construction, the tautological line
bundle O(−1) → Pn is a subbundle of the trivial vector bundle Cn+1 × Pn of rank n + 1
over Pn. We can therefore define a holomorphic vector bundle Q → Pn by the short exact
sequence

0→ O(−1)→ Cn+1 × Pn → Q→ 0;

the second arrow is just the natural inclusion, and the last arrow is the map defined over
` ∈ Pn by the canonical projection Cn+1 → Cn+1/`. The fibers of Q are therefore of complex
dimension n, but the vector bundle Q→ Pn is not trivial.

The vector bundle Q→ Pn is called the tautological quotient bundle. �
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1.3 Infinitesimal Complex Structure
Almost complex manifolds

1.3.1 Definition. An almost complex structure on a manifold M is a section J of the
vector bundle Hom(TM , TM), such that J2 = −I. A pair (M,J) of a manifold and an almost
complex structure is called an almost complex manifold.

1.3.2 Proposition. The dimension of an almost complex manifold is even.

Proof. Suppose (M,J) is an almost complex manifold. Then for any p ∈M , the linear map
J : TM,p → TM,p satisfies

0 < (detJ)2 = det(J2) = det(−I) = (−1)dim(M).

(Here det : L (TM,p, TM,p) → R is the function defined on linear transformations of TM,p by
the equation

det(A)v1 ∧ ... ∧ vn = (Av1) ∧ ... ∧ (Avn),

where v1, ..., vn is any basis of TM,p.) Thus dimR(M) is even.

The splitting

The endomorphism J acts as multiplication by
√
-1; an idea we now make more precise.

The minimal polynomial of an almost complex structure J is

P (z) = z2 + 1 = (z +
√
-1)(z −

√
-1).

Thus J has no eigenvectors in the real vector space TM,x. However, the natural extension of
J to the complexified tangent space TM,x ⊗ C = TM,x ⊗R C, i.e., J(c ⊗ v) := c ⊗ Jv for all
c ∈ C and all v ∈ TM,x is diagonalizable. Moreover, since J is real, if ξ ∈ TM,x ⊗ C is an
eigenvector with eigenvalue λ then

Jξ̄ = Jξ = λξ = λ̄ξ̄.

Writing

T 1,0
M :=

{
v ∈ TM ⊗ C ; Jv =

√
-1v

}
and T 0,1

M :=
{
v ∈ TM ⊗ C ; Jv = −

√
-1v

}
,

we obtain a splitting
TM ⊗ C = T 1,0

M ⊕ T
0,1
M ,

and that the involution given by complex conjugation interchanges T 1,0
M and T 0,1

M .
Consider the composite map

s1,0 : TM ↪→ TM ⊗ C = T 1,0
M ⊕ T

0,1
M → T 1,0

M ,
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where the right-most arrow is the projection onto the first factor. For v ∈ T 1,0
M we have

v = v1,0 + v0,1 where Jv1,0 =
√
-1v1,0 and Jv0,1 = −

√
-1v0,1. Since v = v̄, v0,1 = v1,0. Thus

s1,0 : v 7→ v1,0 is a bijection satisfying

2Re s1,0v = v and s1,0Jv =
√
-1v.

In words, s1,0 is a real isomorphism (its inverse is 2Re ) that intertwines J and
√
-1.

Remark. Since Jv =
√
-1(v1,0 − v0,1) we have s1,0v = v1,0 = 1

2(v −
√
-1Jv). �

Differential (p, q)-forms

Let (M,J) be an almost complex manifold. The splitting TM ⊗C = T 1,0
M ⊕ T

0,1
M induces the

splitting T ∗M ⊗ C = T ∗1,0M ⊕ T ∗0,1M (which is the same as the splitting induced by the map
J∗ : T ∗M,p → T ∗M,p defined by (J∗α)v = α(Jv) for all α ∈ T ∗M,p and all v ∈ TM,p), and we
therefore obtain the splittings

(1.1) Λr(T ∗M ⊗ C) =
⊕
p+q=r

Λp,q(T ∗M),

where
Λp,q(T ∗M) := T ∗1,0M

∧
...
∧
T ∗1,0M︸ ︷︷ ︸

p copies

∧
T ∗0,1M

∧
...
∧
T ∗0,1M︸ ︷︷ ︸

q copies

.

The sections of Λp,q(T ∗M) are called differential forms of bi-degree (p, q), or simply (p, q)-forms.
If T ∗1,0M admits a local frame α1, ..., αn of complex-valued 1-forms, then the forms

αI ∧ ᾱJ := αi1 ∧ ... ∧ αip ∧ ᾱj1 ∧ ... ∧ ᾱjq ,(1.2)

where I = (i1, ..., ip) ∈ {1, ..., n}p and J = (j1, ..., jq) ∈ {1, ..., n}q, provide a local basis of
sections for Λp,q(T ∗M). In particular, one can write any (p, q)-form θ as

θ = θIJ̄α
I ∧ ᾱJ ,

for some collection of functions θIJ̄ . And if the collection of functions is skew symmetric with
respect to the rearrangement of the indices i1, ..., ip and j1, ..., jq then the decomposition is
unique.

The exterior operators

We define the operators ∂ and ∂̄ on functions, and taking values in local sections of the
complexified cotangent bundle, by

∂ = Π1,0 ◦ d and ∂̄ := Π0,1 ◦ d,

where Π1,0 and Π0,1 are the projections from T ∗M ⊗ C to T ∗1,0M and T ∗0,1M respectively, and
by d we actually mean the C-linear extension of d to C-valued functions. Similarly, one has
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projections Πp,q : Λp+q(T ∗M ⊗ C) → Λp,q(T ∗M), and we may define ∂ and ∂̄ on (p, q)-forms
respectively by the formulas

∂ = Πp+1,q ◦ d and ∂̄ = Πp,q+1 ◦ d.

We can extend ∂ and ∂̄ to general complexified forms by

∂
∑
p,q

θp,q =
∑
p,q

∂θp,q and ∂̄
∑
p,q

θp,q =
∑
p,q

∂̄θp,q.

If α is a (p, q)-form then dα is a p+ q + 1-form, so a priori

dα = (dα)p+q+1,0 + (dα)p+q,1 + · · ·+ (dα)0,p+q+1.

But in fact at most 4 of these p+ q + 2 terms are non-zero.

1.3.3 Proposition. If α is a (p, q)-form then

dα = (dα)p+2,q−1 + ∂α + ∂̄α + (dα)p−1,q+2.

Proof. If α is a (1, 0)-form the result holds by the decomposition (1.1) (and the first term is
zero). By conjugation the result also holds for (0, 1)-forms, and hence by linearity the result
holds for 1-forms. Since all forms are linear combinations of wedge-products of 1-forms, the
proposition follows from the Leibniz rule by induction.

Almost complex structure for a complex manifold

A complex manifold X always has an almost complex structure J defined as follows. Let
(z1, ..., zn) be holomorphic coordinates on a neighborhood of some point p, and let xi = Re zi
and yi = Im zi. We define J by

(1.3) J

(
∂

∂xi

)
= ∂

∂yi
and J

(
∂

∂yi

)
= − ∂

∂xi
.

If w = u+
√
-1v is another holomorphic coordinate system in some neighborhood of p, then

the functions zi depend holomorphically on w, which is to say,

∂

∂ui
= ∂xk

∂ui
∂

∂xk
+ ∂yk

∂ui
∂

∂yk
= ∂yk

∂vi
∂

∂xk
− ∂xk

∂vi
∂

∂yk

and
∂

∂vi
= ∂xk

∂vi
∂

∂xk
+ ∂yk

∂vi
∂

∂yk
= −∂y

k

∂ui
∂

∂xk
+ ∂xk

∂ui
∂

∂yk

we compute that

J

(
∂

∂ui

)
= J

∂yk
∂vi

∂

∂xk
− ∂xk

∂vi
∂

∂yk

 = ∂yk

∂vi
∂

∂yk
+ ∂xk

∂vi
∂

∂xk
= ∂

∂vi
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and

J

(
∂

∂vi

)
= J

−∂yk
∂ui

∂

∂xk
+ ∂xk

∂ui
∂

∂yk

 = −∂y
k

∂ui
∂

∂yk
− ∂xk

∂ui
∂

∂xk
= − ∂

∂ui
,

which shows that J is well-defined.
A local basis for sections of the space T 1,0

X is then given by the vectors

∂

∂zi
= 1

2

(
∂

∂xi
−
√
-1 ∂

∂yi

)
, 1 ≤ i ≤ n,

and one for T 0,1
X by

∂

∂z̄i
=
(
∂

∂zi

)
= 1

2

(
∂

∂xi
+
√
-1 ∂

∂yi

)
, 1 ≤ i ≤ n.

Next we compute transition functions for T 1,0
X in the case where X is a complex manifold.

If X has a covering by local holomorphic coordinate neighborhoods, two of which are U1 and
U2 with coordinates z1 = (z1

1 , ..., z
n
1 ) and z2 = (z1

2 , ..., z
n
2 ), then T 1,0

X is locally trivial on both
U1 and U2, using as local bases the complex vector fields

∂

∂zij
, i = 1, ..., n, on Uj, j = 1, 2.

Assuming these two coordinate charts intersect, the transition functions may be computed
using the chain rule. We have

∂

∂zj2
= ∂zi1
∂zj2

∂

∂zi1
.

Thus if z2 = F (z1), the transition functions are given by the inverse-transpose of the matrix
∂F , which coefficients are holomorphic functions. Since T 0,1

X = T 1,0
X , the transition functions

for T 0,1
X are ∂F with respect the basis of complex vector fields

∂

∂z̄ij
, i = 1, ..., n, on Uj, j = 1, 2,

and thus are not given by a matrix of holomorphic functions in this basis.
As for the cotangent bundle, the sections dz1, ..., dzn and dz̄1, ..., dz̄n form the frames for

T ∗1,0X and T ∗0,1X dual to ∂z1 , ..., ∂zn and ∂z̄1 , ..., ∂z̄n respectively. A general (p, q)-form then
locally has the form

α = αIJ̄dz
I ∧ dz̄J .

One can compute directly that a change of local coordinates defines transition functions
for T ∗1,0X and T ∗0,1X that are the transposes of the inverses of the transition functions for T 1,0

X

and T 0,1
X respectively. Using the transformation laws for the spaces T ∗1,0X and T ∗0,1X , together

with the fact that the sections (1.2) provide local trivializations for Λp,q(T ∗X), one can easily
compute the transition functions for Λp,q(T ∗X).

20



Real submanifolds of complex manifolds

1.3.4 Proposition. Let X be a complex manifold and let S ⊂ X be a real submanifold such
that Jξ ∈ TS for any ξ ∈ TS. Then S is a complex submanifold of X.

Proof. Since JS := J |TS is injective and maps TS to itself, JS is an almost complex structure
for S, and thus S is even dimensional, say dimR(S) = 2k. Let us choose holomorphic
coordinates z1 = x1 +

√
-1y1, ..., zn = xn +

√
-1yn on an open subset of X containing a point

p, in such a way that for each 1 ≤ i ≤ k, either ∂
∂xi

or ∂
∂yi

is tangent to S at the point p.
Since J ∂

∂xi
= ∂

∂yi
and J ∂

∂yi
= − ∂

∂xi
, our hypothesis on S implies that ∂

∂xi
is tangent to S if

and only if ∂
∂yi

is tangent to S.
By the Implicit Function Theorem (Re z1, Im z1, ...,Re zk, Im zk) restrict to local coor-

dinates on S. Moreover, since S is a smooth submanifold of X, there exist smooth C-valued
functions f 1, ..., fn−k of 2n− 2k variables such that a point lies in S if and only if its coor-
dinates in the chart z = (z1, ..., zn) satisfy the set of n− k equations

zk+i = f i(z1, z̄1, ..., zk, z̄k), 1 ≤ i ≤ n− k.

By the Chain Rule,

dzk+i =
k∑
j=1

∂f i

∂zj
dzj +

k∑
j=1

∂f i

∂z̄j
dz̄j.

Since dzk+i
(

∂
∂z̄j

)
= 0 for all i ≥ 1 and j ≤ k, we have

∂f i

∂z̄j
= dzk+i

(
∂

∂z̄j

)
= 0,

i.e., the functions f i are holomorphic on S. It follows that S is the graph of the holomorphic
map (f 1, ..., fn−k) : U ⊂ Ck → Cn−k in the coordinate chart in question, so S is a complex
submanifold of X.

Integrability of almost complex structures

Given a real manifold with an almost complex structure, it is natural to inquire whether
the manifold in question is a complex manifold. More precisely, can we find a complex atlas
such that the almost complex structure in question is associated to the complex atlas in the
manner described in the previous paragraph.

1.3.5 Definition. An almost complex structure that can be obtained from an underlying
complex structure is said to be integrable.

1.3.6 Proposition. Let Ω ⊂ R2n be an open set, and let J be an almost complex structure
on Ω. Suppose we have open sets Ω1,Ω2 ⊂ Ω and diffeomorphisms F1 : Ω1 → U1 ⊂ R2n and
F2 : Ω2 → U2 ⊂ R2n such that the almost complex structures

Ii := dFiJd(F−1
i ), i = 1, 2
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are constant linear transformations. Then there there is are matrices A1, A2 ∈ GL(2n,R)
such that the coordinate maps A1 ◦ F1 and A2 ◦ F2 have holomorphic transition functions.

Proof. Observe that I2
i = −Id, and thus there exist matrices Ai such that AiIiA−1

i = j,
where j is the standard complex structure given in (1.3). Letting fi := AiFi, we have

df1J = jdf1 and df2J = jdf2.

Thus, with Φ := f2 ◦ f−1
1 : A1(U1)→ A2(U2),

dΦ ◦ j = df2d(f−1
1 )j = df2Jdf

−1
1 = jdf2d(f−1

1 ) = jdΦ.

Thus Φ is holomorphic, as desired.

1.3.7 Definition. Let J be an almost complex structure on a manifold M . Define the
Nijenhuis tensor NJ : TM ⊗ TM → TM by

NJ(X, Y ) = [X, Y ] + J([JX, Y ] + [X, JY ])− [JX, JY ].

If NJ ≡ 0, we say that J is involutive.

Observe that if f is a function on M and X and Y are local vector fields, then

NJ(fX, Y ) = [fX, Y ] + J([fJX, Y ] + [fX, JY ])− [fJX, JY ]
= f [X, Y ]− (Y f)X + J(f [JX, Y ]− (Y f)JX + f [X, Y ]− J(Y f)X)

−f [JX, JY ] + J(Y f)JX
= fNJ(X, Y ).

Since NJ(X, Y ) = −NJ(Y,X), we see that NJ(X, Y ) depends only on the pointwise value
of X and Y , which shows that NJ is a tensor, i.e., a section of TM ⊗ T ∗M ⊗ T ∗M . We remark
also that NJ is bilinear, so it can be extended to the complexification. With the extension
still denoted NJ , if X, Y ∈ Γ(M,T 1,0

M ) then

(1.4) NJ(X, Y ) = 2
√
-1(J [X, Y ]−

√
-1[X, Y ]).

The notion of involutive almost complex structure can be expressed in four other ways,
as the next proposition shows.

1.3.8 Proposition. Let J be an almost complex structure on a manifold M . Then the
following are equivalent.

1. d = ∂J + ∂̄J on all 1-forms.

2. d = ∂J + ∂̄J on all forms.

3. ∂̄J ◦ ∂̄J = 0.
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4. [Γ(M,T 1,0
M ),Γ(M,T 1,0

M )] ⊂ Γ(M,T 1,0
M ).

5. NJ ≡ 0.

Proof. We will show that 1⇒ 2⇒ 3⇒ 1 ⇐⇒ 4 ⇐⇒ 5.
1⇒ 2 : Since Π1,0 + Π0,1 = Id, dh = ∂Jh + ∂̄Jh for functions h. Since all forms are wedge
products of 1-forms, the Leibniz rule determines d its action on 1-forms.
2⇒ 3 : If 2 is assumed then

0 = d2 = ∂2
J + (∂J ∂̄J + ∂̄J∂J) + ∂̄2

J .

and thus we have 3.
3⇒ 1 : Suppose 3 holds. Since every 1-form is a sum of 1-forms of the form fdg, it suffices to
show that d(fdg) = ∂J(fdg)+ ∂̄J(fdg). Since dh = ∂Jh+ ∂̄Jh for functions h, ∂Jdg+ ∂̄Jdg =
(∂J ∂̄J + ∂̄J∂J)g, and hence

∂J(fdg) + ∂̄J(fdg) = df ∧ dg + f(∂J ∂̄J + ∂̄J∂J)g = d(fdg) + (∂J ∂̄J + ∂̄J∂J)g.

It remains only to show that (∂J ∂̄J + ∂̄J∂J)g = 0. But by Proposition 1.3.3

0 = d2g

= d(∂Jg) + d(∂̄Jg)
=
[
∂2
Jg + Π2,0d∂̄Jg

]
+
[
(∂J ∂̄J + ∂̄J∂J)g

]
+
[
∂̄2
Jg + Π0,2d∂Jg

]
,

so (∂J ∂̄J + ∂̄J∂J)g = 0 for all functions g and any almost complex structure (not necessarily
satisfying ∂̄2

J = 0). Hence 1 holds.
1⇐⇒ 4 : By complex conjugation 1 holds if and only if it holds for (1, 0)-forms. For any
(1, 0)-form α 1 is equivalent to the statement that for any X, Y ∈ Γ(M,T 1,0

M ),

(1.5) dα(X,Y ) = 0.

By Cartan’s formula for the exterior derivative, we have

dα(X,Y ) = Xα(Y )− Y α(X)− α([X,Y ]) = −α([X,Y ]),

which shows that 1 ⇒ 4. Conversely, if 4 holds then [X, Y ] = [X,Y ] is annihilated by all
(1, 0)-forms, so [X, Y ] is a (1, 0)-vector field. Thus 1 holds.
4⇐⇒ 5 : Let X, Y ∈ Γ(M,T 1,0

M ). If NJ ≡ 0 then by (1.4), J [X, Y ] =
√
-1[X, Y ], so

that [X, Y ] ∈ Γ(M,T 1,0
M ). Conversely,if [Γ(M,T 1,0

M ),Γ(M,T 1,0
M )] ⊂ Γ(M,T 1,0

M ) then by (1.4),
NJ(X, Y ) = 0, while

NJ(X, Y ) = [X, Y ] +
√
-1J([X, Y ]− [X, Y ])− [X, Y ] = 0.

Since NJ is bilinear and antisymmetric, NJ ≡ 0.
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1.3.9 Proposition. If J is integrable then J is involutive, i.e., NJ = 0.

Proof. By Proposition 1.3.6 we can assume that J is the standard almost complex structure.
Then we know that ∂̄∂̄ = 0, and the result follows from Proposition 1.3.8.

The main result of integrability theory is the following theorem.

1.3.10 Theorem (Newlander-Nirenberg Theoerm). Let (M,J) be an almost complex man-
ifold and let ∂̄J be the associated ‘Cauchy-Riemann’ exterior operators. Then J is integrable
if and only if

∂̄J ◦ ∂̄J = 0.

One direction— the easy direction— is just Propositions 1.3.9. The converse is the
difficult part, which we will prove at the end of Chapter 2 after we have developed the
techniques necessary for our proof.

1.3.11 Remark. If the manifold M and the almost complex structure J are real analytic,
Theorem 1.3.10 can be seen to follow from the holomorphic version of Frobenius’s Integra-
bility Theorem. However, in the general smooth case a proof of Theorem 1.3.10 requires
more work. �

The ∂̄ operator for a holomorphic vector bundle

Let X be a complex manifold and let E → X be a holomorphic vector bundle. One can
define a homogeneous first order differential operator on sections of E as follows. If e1, ..., er
is a holomorphic frame, then this operator is given by the formula

(1.6) s = siei 7→ (∂̄si)⊗ ei.

Note that if ẽj is another holomorphic frame then there is an invertible matrix of holomorphic
functions (gij) such that

ẽj = gijei and thus sj = s̃igji .

We therefore obtain

(∂̄s̃i)⊗ ẽi = ∂̄(s̃j)⊗ gijei = ∂̄(s̃jgij)⊗ ẽi = (∂̄si)⊗ ei,

which shows that (1.6) is independent of the choice of frame.

1.3.12 Definition. The differential operator given in (1.6) is denoted ∂̄. �

The ∂̄-operator just defined acts on sections of the holomorphic vector bundle E → X,
and more generally on E-valued (p, q)-forms via the same formula. If we continue to denote
the resulting operator by ∂̄ then one sees that

(1.7) ∂̄∂̄ = 0 and ∂̄(α⊗ s) = ∂̄α⊗ s+ (−1)degαα ∧ ∂̄s.

In fact, Equation (1.7) characterizes holomorphic vector bundles, as the next theorem shows.
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1.3.13 Theorem. Let (X, J) be an almost complex manifold and let E → X be a smooth
vector bundle. Assume there exist operators D′′ : Γ(X,Λp,q

X ⊗ E) → Γ(X,Λp,q+1
X ⊗ E) such

that
D′′D′′ = 0 and D′′α⊗ s = ∂̄Jα⊗ s+ (−1)degαα ∧D′′s

for all smooth sections s of E → X and all smooth (p, q)-forms α on X. Then

(i) the almost complex structure J is integrable, and

(ii) there is a unique holomorphic vector bundle E → X and a smooth isomorphism of
vector bundles Φ : E → E such that

∂̄Φ(s) = Φ(D′′s)

for all smooth sections s of E.

Theorem 1.3.13 is similar to Theorem 1.3.10, and is also proved at the end of Chapter 2.
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1.4 Hermitian metrics
The terminology ‘Hermitian metrics’ is ambiguous in complex geometry: on the one hand,
it can refer to metrics for a complex vector bundle, and on the other, for certain Riemannian
metrics on almost complex manifolds. To avoid confusion when it arises, we refer to the
first type of metric as a Hermitian metric, and to the second type of metric as a Hermitian
Riemannian metric.

1.4.1 Hermitian metrics for complex vector bundles
Let M be a manifold and let E →M be a complex vector bundle.

1.4.1 Definition. A Hermitian metric for E →M is a section H of the bundle E∗⊗E∗ →M
such that for all x ∈M and v, w ∈ Ex,

(i) 〈H, v ⊗ w̄〉 = 〈H, w ⊗ v̄〉 (i.e., H is Hermitian symmetric), and

(ii) 〈H, v ⊗ v̄〉 > 0 for all v 6= 0 (i.e., H is positive-definite).

In other words, H defines a sesquilinear, positive definite Hermitian form on each fiber Ex
of the vector bundle E →M . �

A Hermitian metric is often thought of as a smooth family of sesquilinear forms h on
E →M , via the identification

h(v, w) := 〈H, v ⊗ w̄〉 , v, w ∈ Ex.

We shall not be too fussy on which notation we use. Most of the time we think of a metric
as a sesquilinear form, but from time to time it will be convenient to see a Hermitian metric
as a section of a bundle

If α1, ..., αr is a frame for E∗ over an open set U then one can write

H = Hij̄α
i ⊗ ᾱj

for functions Hij̄ over U satisfying

Hij̄ = Hjī and Hij̄a
iāj > 0 for all a ∈ Cr − {0}.

That is to say, at each x ∈ U the matrix
(
Hij̄(x)

)r
i,j=1

is Hermitian and positive-definite. If
the frame α1, ..., αr is smooth then the regularity of the functions Hij̄ is declared to be the
regularity of H.
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1.4.2 Hermitian Riemannian metrics
Let (M,J) be an almost complex manifold.

1.4.2 Definition. A Riemannian metric g on M is said to be Hermitian if J∗g = g, i.e.,

g(Jξ, Jη) = g(ξ, η)

for all x ∈M and all ξ, η ∈ TM,x. �

The condition of J-invariance puts some strong restrictions on the form of the metric;
restrictions that are best seen in the decomposition TM ⊗C = T 1,0

M ⊕T
0,1
M of the complexified

tangent space. In terms of the splitting TM ⊗ C = T 1,0
M ⊕ T

0,1
M , write (the complexification

of) the metric as

g =
(
A B

C D

)
,

i.e.,

g(v1 + w̄1, v2 + w̄2) = v1 · Av2 + v1 ·Bw̄2 + w̄1 · Cv2 + w̄1 ·Dw̄2, vi, wi ∈ T 1,0
M .

We shall now analyze the matrix
(
A B
C D

)
.

First, for v1, v2 ∈ T 1,0
M one has

g(v1, v2) = g(Jv1, Jv2) = g(
√
-1v1,

√
-1v2) = −g(v1, v2),

and thus A = 0. Since g comes from a real metric, g(v̄, w̄) = g(v, w), and therefore D = 0.
Again by conjugation we have g(v, w) = g(v, w), and thus

B = C.

Finally, since g is symmetric, C = Btrans, and therefore

B† = B,

where † means transpose conjugate. Thus we have

g =
(

0 h
h 0

)

for some Hermitian metric h for T 1,0
M . We therefore see that Hermitian Riemannian metrics

for M are in one-to-one correspondence with Hermitian metrics for T 1,0
M . This identification

partly explains the aforementioned ambiguity in the name ‘Hermitian metric’.

1.4.3 Remark. As we shall see, the correspondence between Hermitian Riemannian metrics
for TM and Hermitian metrics for T 1,0

M is key for the notion of Kähler metric. �
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We compute that for real vectors v and w, one has

2h(s1,0v, s1,0w) = 2g(1
2(v −

√
-1Jv), 1

2(w +
√
-1Jw))

= 1
2
(
g(v, w) + g(Jv, Jw) +

√
-1(g(v, Jw)− g(Jv, w))

)
= g(v, w)−

√
-1g(Jv, w),

where in the last equality we used the Hermitian symmetry of g. Therefore

g(v, w) = 2Re h(s1,0v, s1,0w).

In fact, we can recover the metric g onM from a metric h on T 1,0
M using this formula. Indeed,

one need only observe that if h is a Hermitian metric for T 1,0
M then

h(s1,0Jv, s1,0Jw) = h(
√
-1s1,0v,−

√
-1 s1,0w) = h(s1,0v, s1,0w),

the real (as well as the imaginary) part of h(s1,0v, s1,0w) is J-invariant.

1.4.4 Definition. The negative of the imaginary part of 2h(s1,0v, s1,0w), namely

ωg(v, w) = g(Jv, w),

is called the metric form of the Hermitian Riemannian metric g.

1.4.5 Remark. Observe that if g is a Hermitian Riemannian metric then

g(Jv, w) = g(w, Jv) = g(Jw, J2v) = −g(Jw, v),

so that ωg is a 2-form. The formula g(v, w) = ωg(v, Jw) also shows that this 2-form com-
pletely determines the Hermitian metric h. �

In terms of frames, if α1, ..., αn is a local frame for T ∗1,0M then a Hermitian metric for T 1,0
M

may be written
h = hij̄α

i · ᾱj.

In terms of this frame, if g(v, w) := 2Re h(s1,0v, s1,0w) is the associated Hermitian Rieman-
nian metric then

ωg =
√
-1hij̄αi ∧ ᾱj.

Indeed, the right hand is well-defined because the vector bundles T ∗1,0M ⊗T ∗0,1M and T ∗1,0M ∧T ∗0,1M

have the same transition functions, and we compute that
√
-1hij̄αi ∧ ᾱj(v, w) =

√
-1hij̄αi ∧ ᾱj

(
s1,0v + s1,0v, s1,0w + s1,0w

)
=
√
-1hij̄

(〈
αi, s1,0v

〉
〈αj, s1,0w〉 −

〈
αi, s1,0w

〉
〈αj, s1,0v〉

)
= −2Im hij̄

〈
αi, s1,0v

〉
〈αj, s1,0w〉 = −Im 2h(s1,0v, s1,0w),

where the second-to-last equality follows from the Hermitian symmetry of hij̄.
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1.4.6 Remark. More commonly, one finds the metric h expressed in terms of a local frame
for T ∗M as follows: if ζ1, .., ζn is a local frame of 1-forms and we write

h = hij̄s
1,0ζ i · s1,0ζj

then, in terms of the dual frame ξi of TM ,

gij = 2Re h
(
s1,0ξi, s

1,0ξj
)

= hij̄ + hij̄ = hij̄ + hjī.

Since hij̄ is Hermitian-symmetric,

ωg =
√
-1hij̄s1,0ζ i ∧ s1,0ζj =

√
-1
2

(
hij̄ + hjī

)
s1,0ζ i ∧ s1,0ζj = gij

√
-1
2 s1,0ζ i ∧ s1,0ζj.

For example, if z = (z1, ..., zn) is a local coordinate system on M then, we zi = xi +
√
-1yi,

one can take ζ i = dxi. Then s1,0ζ i = dzi and we find that

ωg = gij
√

-1
2 dzi ∧ dz̄j,

a formula more commonly found in texts and articles. �

1.4.7 Example. On M = Cn with coordinates z = (z1, ..., zn) and zi = xi +
√
-1yi, can

consider the Euclidean Riemannian metric go defined by

go
(

∂
∂xi
, ∂
∂xj

)
= go

(
∂
∂yi
, ∂
∂yj

)
= δij and go

(
∂
∂xi
, ∂
∂yj

)
= 0, 1 ≤ i, j ≤ n.

Then go = 2Re
(√

-1
2 δijdz

i · dz̄j
)
and ωo := ωgo =

√
-1
2 δijdz

i ∧ dz̄j. �

1.4.3 Volume
The volume form of a Hermitian Riemannian manifold enjoys more regularity than the
volume form of general Riemannian manifold.

Riemannian Volume

Given a Riemannian metric g on an m-dimensional real manifold, in a local coordinate
system x = (x1, ..., xm) one can define the m-form√

det
(
g
(

∂
∂xi
, ∂
∂xj

))
dx1 ∧ · · · ∧ dxm.

If one changes to another coordinate system y = (y1, ..., ym) then

√
det

(
g
(
∂
∂yi
, ∂
∂yj

))
dy1 ∧ · · · ∧ dym =

∣∣∣∣det
(
∂yi

∂xj

)∣∣∣∣
det

(
∂yi

∂xj

) √det
(
g
(

∂
∂xi
, ∂
∂xj

))
dx1 ∧ · · · ∧ dxm.
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If one can choose an atlas whose transition functions all have positive determinant then one
gets a globally defined form

dVg :=
√

det
(
g
(

∂
∂xi
, ∂
∂xj

))
dx1 ∧ · · · ∧ dxm

of top degree with no zeros, i.e., a volume form. The existence of such an atlas is the
definition of orientability of a manifold. In particular, if the manifold is complex then the
transition functions, being holomorphic, have this property (Proposition ??). (In this case
the manifold is not only orientable, but in fact oriented, i.e., there is a preferred atlas whose
transition functions have derivatives with positive determinant.)

Hermitian Volume

If the manifold is complex and the Riemannian metric is furthermore Hermitian then the
situation for volume forms is even better: In particular, for a Riemannian Hermitian metric
g on a complex manifold X

dVg = 1
n!ω

n
g ,

where ωg is the metric form of g. Indeed, if in local complex coordinates z = (z1, ..., zn) and
corresponding real coordinates ξ = (ξ1, ..., ξ2n) where ξ2i−1 = Re zi, ξ2i = Im zi, we write
g = gijdξ

idξj and h = hαβ̄dz
α · dz̄β then

det
(
(gij)2n

ij=1

)
= (−1)n(det(hαβ̄))2,

and thus

ωn =
√
-1nhα1β̄1 ...hαnβ̄ndz

α1 ∧ dz̄β1 ∧ ... ∧ dzα1 ∧ dz̄β1

= (−1)n(n+1)/2

(2
√
-1)n

hα1β̄1 ...hαnβ̄ndz
α1 ∧ ... ∧ dzαn ∧ dz̄β1 ∧ ... ∧ dz̄βn

=

 ∑
α1,...,β̄n

sgn
(

1 ... n 1̄ ... n̄

α1 ... αn β̄1 ... β̄n

)
hα1β̄1 ...hαnβ̄n


·(−1)n(n+1)/2

(2
√
-1)n

dz1 ∧ ... ∧ dzn ∧ dz̄1 ∧ ... ∧ dz̄n

= n! det(hαβ̄)dz
1 ∧ dz̄1

2
√
-1

∧ ... ∧ dz
n ∧ dz̄n

2
√
-1

.

Hermitian Volume on submanifolds

Let us consider a complex submanifold Y of our Hermitian manifold X. We can endow Y
with a Hermitian metric simply by restricting the metric from the ambient space.

Now choose local coordinates z1, ..., zn on X in such a way that the functions z1, ..., zk are
coordinates on the submanifold Y . The tangent spaces of Y are then defined by the vanishing
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of the differentials dzk+1, ..., dzn. In other words, in these coordinates, the Hermitian metric
for Y is given by

h|
Y

= hαβ̄dz
α · dz̄β,

where this time the summation is carried only from 1 to k. In particular, one can carry out
all of the above calculations on the submanifold and obtain the following remarkable fact.

1.4.8 Theorem. If X is a Hermitian manifold with Hermitian metric form ω and ι : Y ↪→ X
is a k-dimensional submanifold then the associated Hermitian volume form of Y is

dVg|
Y

= 1
k!ι
∗ωkg = 1

k!ω
k
g|
Y
.
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1.5 Connections

1.5.1 Basic definition
Let π : E → M be a vector bundle of rank r. We denote by Γ(M,C∞(E)) the smooth
sections of π.

1.5.1 Definition. A smooth connection for a vector bundle π : E →M is linear map

D : Γ(M,C∞(E))→ Γ(M,C∞(T ∗M ⊗ E)),

satisfying the Leibniz rule
D(fs) = df ⊗ s+ fDs

for all s ∈ Γ(M,C∞(E)) and all f ∈ C∞(M).

1.5.2 Example. Let M × Cr →M be the trivial vector bundle. The map

d : Γ(M,C∞(M × Cr))→ Γ(M,C∞(Λ1
M ⊗M × Cr)

defined by
d(s1, ..., sr) := (ds1, ..., dsr)

is a connection, called the trivial connection. �

1.5.3 Proposition. If D1 and D2 are two connections for a vector bundle E → M then
there exists

A ∈ Γ(M,C∞(T ∗M ⊗ Hom(E,E)))

such that (D1 −D2)s = As.

Proof. By the Leibniz rule the linear map A := D1 − D2 is a map of C∞-modules, i.e., it
satisfies A (fs) = fA s for all sections s ∈ Γ(M,C∞(E)) and all functions f ∈ C∞(M).
Choosing a local frame v1, ..., vr for E and a dual frame α1, ..., αr for E∗, i.e.,

〈
fi, α

j
〉

= δji ,
where the pairing is the natural one between E and E∗, we define the 1-forms Aji by the
formula

A vi = Aji ⊗ vj (with summation convention in force, as usual).

Then, with A := Aji ⊗ vj ⊗ αi, for any section s, written locally as s = f ivi, we have

A (s) = f iA vi = f iAji ⊗ vj = f i 〈A, vi〉 = 〈A, s〉 ,

as claimed.

1.5.4 Remark. Proposition 1.5.3 says that the space of connections on a vector bundle is
an affine space modeled on the vector space Γ(M,C∞(T ∗M ⊗ Hom(E,E))). �
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Connection matrix

As mentioned in Example 1.2.2, a frame e1, ..., er of E → M over U ⊂ M determines an
isomorphism of E|U with the trivial bundle. By Example 1.5.2 E|U → U has a canonical
connection induced by the trivial connection of Example 1.5.2. The isomorphism induced
by the frame shows that this connection is given by d(siei) := dsi ⊗ ei. (This connection
depends on the frame, though it is traditional to use notation that ignores this dependence.)

If D be any other connection for E →M then by Proposition 1.5.3

D|U − d

defines a unique element θ ∈ Γ(U,C∞(E|U)) such that Ds = ds + 〈θ, s〉. In terms of the
frame e1, ..., er for E →M , θ is the r × r matrix of 1-forms θji defined by

Dei = θji ⊗ ej.

The matrix θ is called the connection matrix of D associated to the frame e1, ..., er.

Remark. It is useful to know how the connection matrix transforms when we use a different
frame. Two frames ẽ1, ..., ẽr over Ũ and e1, ..., er over U are related by a map G = (gji ) :
U ∩ Ũ → GL(n):

ẽi = gji ej, 1 ≤ i ≤ n.

We then have

D(siei) = dsiei + siθji ej

= d(s̃jgij)ei + s̃jgkj θ
`
k(g−1)i`ẽi

= d(s̃j)ẽj + s̃j
(
dgkj (g−1)ik + s̃jgkj θ

`
k(g−1)i`

)
ẽi.

Thus the transformation rule is

θ̃ = (dG)G−1 +GθG−1.

�

1.5.2 Induced connections
Connection for the dual bundle

A connection D for a vector bundle E →M , induces the connection D∨ for the dual vector
bundle E∗ → M as follows. For local sections s for E and α for E∗ the pairing 〈s, α〉 is a
function on M . The dual connection D∨ is defined by requiring that

(1.8) d 〈s, α〉 = 〈Ds, α〉+
〈
s,D∨α

〉
.

For every local section s we have〈
s,D∨α

〉
= d 〈s, α〉 − 〈Ds, α〉 ,
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and the right hand side is linear in α. Moreover,〈
s,D∨(fα)

〉
= d 〈s, fα〉 − 〈Ds, fα〉 = d 〈fs, α〉 − 〈fDs, α〉
= d 〈fs, α〉+ 〈df ⊗ s, α〉 −

〈
D(fs), α

〉
= 〈df ⊗ s, α〉 −

〈
fs,D∨α

〉
= 〈s, df ⊗ α〉 −

〈
s, fD∨α

〉
.

Therefore D∨ is indeed a connection. And if we fix a frame e1, ..., er for E and denote by
α1, ..., αr its dual frame, then we have

0 = dδ j
i = d

〈
ei, α

j
〉

=
〈
θ(D) k

i ek, α
j
〉

+
〈
ei, θ(D∨) j

` α
`
〉

= θ(D) j
i + θ(D∨) j

i .

Thus we see that the connection D∨ is completely determined by (1.8).

Product connections

Let E1, E2 be two vector bundles over a manifold M . If D1 and D2 are connections for E1
and E2 respectively, there is a natural definition of connection D for any bilinear product of
E1 and E2. Such a definition is determined by requiring the formula

D (s1 × s2) = (D1s1)× s2 + s1 × (D2s2)

where × denotes the product in question, e.g., tensor, symmetric or wedge products. One
can then inductively define the product of finitely many connections.

1.5.5 Example (Induced connection on Hom(E,E)). Given a vector bundle E with con-
nection DE, one can consider the vector bundle

Hom(E,E) = E ⊗ E∗.

The induced connection DHom(E,E) is the product connection; it is given on the indecompos-
able elements v ⊗ ξ ∈ E ⊗ E∗ as

DHom(E,E)(v ⊗ ξ) = (DEv)⊗ ξ + v ⊗ (D∨Eξ).

If we fix a frame v1, ..., vr for E and a dual frame ξ1, ..., ξr for E∗ then by (1.8)

DHom(E,E)vi ⊗ ξj = θ(DE)ki vk ⊗ ξj + θ(D∨E)j`vi ⊗ ξ` = θ(DE)ki vk ⊗ ξj − θ(DE)j`vi ⊗ ξ`.

There is some cancellation in the sums above, but not complete cancellation unless the rank
of E is 1. For instance, in the rank 2 case we have

DHom(E,E)v1 ⊗ ξ1 = θ(DE)2
1v2 ⊗ ξ1 − θ(DE)1

2v1 ⊗ ξ2,

so the terms involving v1 ⊗ ξ1 have cancelled out. �
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1.5.6 Example (Induced connections for determinant bundles). Let E → M be a vector
bundle of rank r and let a connection DE for E be given. Consider the complex line bundle

detE →M,

the top exterior power of E. Equivalently the transition functions for detE are just the
determinants of the corresponding transition functions for E. Fix a frame e1, ..., er for E.
The wedge product e1 ∧ ... ∧ er is a frame for detE. By the skew symmetry of the wedge
product

e1 ∧ ... ∧Dej ∧ ... ∧ er = e1 ∧ ... ∧ θkj ek ∧ ... ∧ er = θkj δjke1 ∧ ... ∧ ej ∧ ... ∧ er,

and thus
DdetE(e1 ∧ ... ∧ er) = θjje1 ∧ ... ∧ er,

i.e., the connection matrix for DdetE is the trace of the connection matrix for DE. �

1.5.3 Connections with additional symmetry
Metric Compatibility

Let E →M be endowed with a metric, say g.

1.5.7 Definition. We say that a connection D is compatible with the metric g if

d(g(s, t)) = g(Ds, t) + g(s,Dt)

for all local sections s, t of E →M . �

There are many metric-compatible connections for a Hermitian vector bundle. If D1
and D2 are metric-compatible connections for E → M then Θ := D1 − D2 ∈ Γ(M,T ∗M ⊗
Hom(E,E)) satisfies

g(Θs, t) + g(s,Θt) = 0,

i.e., Θ is anti-symmetric (or anti-Hermitian if g is a Hermitian metric) with respect to g.

1.5.8 Proposition. Let E → M be a smooth vector bundle with metric g. The space of
metric-compatible connections is an affine space modeled on the space Γ(M,C∞(M⊗Ag(E)))
of smooth sections of the vector bundle whose fibers consist of g-anti-symmetric (resp. anti-
Hermitian) endomorphisms of E.

Proof. As we have already demonstrated, any two g-compatible connections must differ by
a section of Γ(M,C∞(M ⊗Ag(E))). To complete the proof we must show there is at least
one metric-compatible connection.

First consider the local problem: Choose an open set U for where there is a frame
{e1, ..., er} for E|U and write s = siei, t = tiei and gij = g(ei, ej). Define DUs :=
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(
dsi + sj

(
1
2g

ikdgkj
))
⊗ ei, where gij are the entries of the inverse matrix of g (which is

the matrix of a dual metric in the dual frame). Then

g(DUs, t) + g(s,DU t) =
dsi + sj

(
1
2g

ikdgkj

) t`gi` + si

dt` + tj
(

1
2g

`kdgkj

) gi`
= dsit`gi` + sidt`gi` + sit`dgi` = d(g(s, t)).

Now take an open cover {Uj}j∈J of M and a partition of unity {χα}α∈A subordinate to this
cover. Choose a map µ : A→ J such that χα is supported in Uµ(α) for all α ∈ A. Then

(1.9) D :=
∑
α∈A

χαDUµ(α)

is g-compatible, and the proof is complete.

Remark. If we view our metric g as a section of E∗ ⊗ E∗ → M , then a connection on E
induces a connection of E∗ ⊗ E∗ via a combination of the product and dual constructions
discussed in the previous paragraph. For a metric and connection D,

d(g(s, t)) = Dg(s, t) + g(Ds, t) + g(s,Dt).

Thus metric compatibility means that Dg = 0 (with respect to the induced connection).
The discussion just preceeding the remark then tells us that the formula for the induced
connection with respect to some frame chosen for E is

(Dg)ij = dgij − θ k
i gkj − gi`θ `

j .

We will meet this induced connection again in Section 1.5.8. �

Remark (Induced metrics and induced metric connections). If E1, E2 → M are vector
bundles with metrics g1, g2 respectively then the induced metric g1 ⊕ g2 on E1 ⊕E2 →M is
taken to be the one defined by

g1 ⊕ g2(v1 ⊕ v2, w1 ⊕ w2) := g1(v1, w1) + g2(v2, w2).

In other words, the subbundles E1 ⊕ 0 ∼= E1 and 0 ⊕ E2 ∼= E2 carry the metrics g1 and g2
respectively, and are orthogonal with respect to g1⊕ g2. If connections D1, D2 with Digi = 0
are given, the product connection D = D1⊕D2 is compatible with g = g1⊕ g2. (In general,
there will be other connections that are compatible with g.)

Similarly, for the tensor product E1 ⊗ E2 one has the induced metric g1 ⊗ g2 defined by

g1 ⊗ g2(v1 ⊗ v2, w1 ⊗ w2) := g1(v1, w1) · g2(v2, w2)

on indecomposible tensors, and extended by linearlity. The product connection D1 ⊗D2 is
then compatible with the metric g1 ⊗ g2. �
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Symmetric connections

On any smooth manifold M there is a splitting

T ∗M ⊗ T ∗M = Sym2(T ∗M)⊕ Λ2(T ∗M),

Accordingly, every connection D : Γ(M,C∞(T ∗M))→ Γ(M,C∞(T ∗M ⊗T ∗M)) for the cotangent
bundle splits as

D = DS +DΛ.

On any manifold the exterior derivative d sends 1-forms to 2-forms and satisfies the
Leibniz rule with respect to the wedge-product. We can thus identify a class of connections for
the cotangent bundle (and hence for all connections induced on any vector bundle obtained
from T ∗M via multilinear operations, e.g., TM and (T ∗M)⊗r⊗(TM)⊗s) by requiring thatDΛ = d.

1.5.9 Definition. A connection D for T ∗M is said to be symmetric if DΛ = d. �

We have the following analogue of Proposition 1.5.8.

1.5.10 Proposition. Let M be a smooth manifold. The space of symmetric connections
is an affine space modeled on the space Γ(M,C∞(Sym2(T ∗M))) of symmetric covariant 2-
tensors.

Proof. The difference of two connections is a section of the endomorphism bundle C∞(T ∗M ⊗
T ∗M), and from the definition of symmetric connection it is clear that such a difference is
symmetric. We must show that this affine space is non-empty. As in the proof of Proposition
1.5.8 we can use partitions of unity to reduce the problem to the local existence of affine
connections. The local existence of a symmetric connection is trivial (pun intended): in a
neighborhood in which T ∗M is trivialized by a local frame α1, ..., αm satisfying that dαi = 0
for 1 ≤ i ≤ m, set D(fiαi) := dfi ⊗ αi. Then

DΛ(fiαi) := dfi ∧ αi = d(fiαi),

as required.

In every coordinate system x = (x1, ..., xm) a connection D for T ∗M determines a collection
of functions Ci

jk, 1 ≤ i, j, k ≤ m by the relation

D(dxi) = Ci
jkdx

k ⊗ dxj.

The functions Ci
jk are classically called the Christoffel symbols of D in the coordinate system

x = (x1, ..., xm). The skew-symmetric part of the tensor D(fidxi) is

Λ2
(
D(fidxi)

)
= Λ2

( ∂fj
∂xk

+ fiC
i
jk

)
dxk ⊗ dxj


= 1

2

(
∂fj
∂xk
− ∂fk
∂xj

)
dxk ⊗ dxj + fi

(
Ci
jk − Ci

kj

)
2 dxk ⊗ dxj

= d(fidxi) + fiC
i
jkdx

k ∧ dxj.
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It follows that D is symmetric if and only if its Christoffel symbols satisfy

Ci
jk = Ci

kj.

It is often useful to formulate the notion of symmetric connection for the tangent bundle.
(This is the most commonly encountered approach in Riemannian geometry.) We say that
a connection for TM symmetric if it is the dual of a symmetric connection for T ∗M . If ∇ is a
connection for TM dual to a given connection D for T ∗M and we write

∇ ∂

∂xj
= Γij

∂

∂xi
= Γijkdxk ⊗

∂

∂xi

then the functions Γijk =
〈
∇ ∂

∂xk
( ∂
∂xj

), dxi
〉

(called the Christoffel symbols for ∇) satisfy

Γijk =
〈
∇ ∂

∂xk
( ∂
∂xj

), dxi
〉

= −
〈

∂
∂xj
, D ∂

∂xk
(dxi)

〉
= −Ci

jk.

Thus ∇ is symmetric if and only if its connection matrix Γijk is symmetric, i.e.,

Γijk = Γikj.

Finally observe that if ξ = ξi ∂
∂xi

and η = ηi ∂
∂xi

are local vector fields, then

∇ξη −∇ηξ =
(
ξi
∂ηj

∂xi
− ηi∂ξ

j

∂xi

)
∂

∂xj
+ ξiηj(Γkij − Γkji)

∂

∂xk
,

and thus ∇ is symmetric if and only if ∇ξη −∇ηξ = [ξ, η].
The map T∇ : Γ(M,C∞(TM ⊗ TM))→ Γ(M,C∞(TM)) defined by

T∇(ξ ⊗ η) := ∇ξη −∇ηξ − [ξ, η]

is called the torsion of the connection ∇. In this terminology a connection is by definition
symmetric if its torsion vanishes. It is easy to see that T∇ is C∞(M)-linear, and therefore
determines a unique section of Γ(M,C∞(TM ⊗ T ∗M ⊗ T ∗M)), abusively denoted T∇.

Levi-Civita connections

On a Riemannian manifold there is exactly one symmetric, metric-compatible connection.

1.5.11 Theorem (Levi-Civita). On a Riemannian manifold (M,γ) there exists a unique
symmetric connection compatible with γ. In terms of the dual metric g := γ∨ for T ∗M , there
exists a unique connection D such that

d(g(s, s′)) = g(Ds, s′) + g(s,Ds′) and DΛ = d.
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Proof. The most natural coordinate-free proof is obtained by looking for the dual connection
∇. Let ξ1, ξ2, ξ3 be vector fields. For any connection ∇ we have

ξig(ξj, ξk) = g(∇ξiξj, ξk) + g(ξj,∇ξiξk) + (∇ξig)(ξj, ξk),

where in the last term on the right the connection is the one induced on metrics by ∇, which
we abusively denote with the same letter. Thus

ξ1g(ξ2, ξ3)− ξ3g(ξ1, ξ2) + ξ2g(ξ3, ξ1)
= g(∇ξ1ξ2 −∇ξ2ξ1, ξ3)− g(∇ξ3ξ1 −∇ξ1ξ3, ξ2) + g(∇ξ2ξ3 −∇ξ3ξ2, ξ1) + 2g(∇ξ2ξ1, ξ3)

+(∇ξ1g)(ξ2, ξ3)− (∇ξ3g)(ξ1, ξ2) + (∇ξ2g)(ξ3, ξ1),

i.e.,

2g(∇ξ2ξ1, ξ3)
= ξ1g(ξ2, ξ3)− ξ3g(ξ1, ξ2) + ξ2g(ξ3, ξ1)− (g([ξ1, ξ2], ξ3)− g([ξ3, ξ1], ξ2) + g([ξ2, ξ3], ξ1))

+(∇ξ1g)(ξ2, ξ3)− (∇ξ3g)(ξ1, ξ2) + (∇ξ2g)(ξ3, ξ1)
+g(〈T∇, ξ1 ⊗ ξ2〉 , ξ3)− g(〈T∇, ξ3 ⊗ ξ1〉 , ξ2) + g(〈T∇, ξ2 ⊗ ξ3〉 , ξ1),

where T∇ is the torsion tensor. If the connection ∇ is metric compatible and symmetric
then the last two lines vanishe, and hence any symmetric connection compatible with g must
satisfy the formula

g(∇ξ2ξ1, ξ3) = 1
2
(
ξ1g(ξ2, ξ3)− ξ3g(ξ1, ξ2) + ξ2g(ξ3, ξ1)

)
−1

2
(
g([ξ1, ξ2], ξ3)− g([ξ3, ξ1], ξ2) + g([ξ2, ξ3], ξ1)

)
.(1.10)

Since the right hand side of (1.10) is independent of the connection, there can be at most one
symmetric connection compatible with g. On the other hand, the formula (1.10) determines
such a connection, so there is at least one symmetric connection compatible with g.

Complex connection

On a complex manifold X we have a splitting

T ∗X ⊗ C = T ∗1,0X ⊕ T ∗0,1X .

It follows that for a complex vector bundle E → X, a connection D splits as

(1.11) D = D1,0 +D0,1.

If the vector bundle E → X is moreover holomorphic then there is a ∂̄-operator (see Page
24)

∂̄ : Γ(X,C∞(E))→ Γ(X,C∞(Λ0,1
X ⊗ E)).

We can use ∂̄ to define a class of connections for a holomorphic vector bundle as follows.

1.5.12 Definition. A connection D for a holomorphic vector bundle E → X is said to be
complex if D0,1 = ∂̄ in terms of the splitting (1.11).
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The fundamental theorem of holomorphic Hermitian geometry

The basic result about connections for holomorphic Hermitian vector bundles is the following
analogue of Levi-Civita’s theorem.

1.5.13 Theorem (Chern). On a holomorphic Hermitian vector bundle there exists a unique
complex connection compatible with the Hermitian metric.

Proof. Suppose D is a unique complex connection compatible with the Hermitian metric of a
holomorphic Hermitian vector bundle (E, h). Metric compatibility means that d(h(s, σ)) =
h(Ds, σ) + h(s,Dσ). Taking the (1, 0)-part gives

∂(h(s, σ)) = h(D1,0s, σ) + h(s,D0,1σ).

Since D0,1 = ∂̄ we have
h(D1,0s, σ) = ∂(h(s, σ))− h(s, ∂̄σ).

The right hand side is canonically defined on a holomorphic Hermitian vector bundle, i.e., it
does not depend on any connection. We can therefore use this identity to define D1,0. Thus
both existence and uniqueness are proved at once.

1.5.14 Definition. The unique metric-compatible complex connection for a Hermitian
holomorphic vector bundle (E, h) is called the Chern connection for (E, h).

1.5.15 Remark. In a frame e1, ..., er, if we write s = sαeα, σ = σβeβ and hαβ̄ := h(eα, ēβ)
then

∂(h(s, σ))− f(s, ∂̄σ) = ∂
(
sασ̄βhαβ̄

)
− sα(∂̄σβ)hαβ̄

=
(
(∂sα)hαβ̄ + sα∂hαβ̄

)
σ̄β

=
(
(∂sα) + sγ∂hγβ̄h

αδ̄
)
σ̄βhαβ̄.

Therefore D is given by the formula

D1,0s =
(
∂sα + sγhαδ̄∂hγδ̄

)
eα and Ds =

(
∂sα + sγhαδ̄∂hγδ̄ + ∂̄sα

)
eα.

One often finds the abusive notation D1,0 = ∂ + (∂h)h−1. �

1.5.4 The Kähler condition
The definition of Kähler metric

The tangent bundle TX of a complex manifold X with Hermitian Riemannian metric g
carries two natural connections. One connection is the Chern connection for the holomorphic
Hermitian vector bundle (TX , g), and the other connection is the Levi-Civita connection for
(TX , g). (Here g is viewed both as a Hermitian metric on T 1,0

X and as a Riemannian metric
on TX , via the correspondence s1,0 : TX → T 1,0

X discussed in Section 1.3.) In general, these
two connections are different.
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1.5.16 Definition. A metric g for which the Chern and Levi-Civita connections agree is
said to be Kähler. A complex manifold admitting a Kähler metric is called a Kähler manifold.

There are several equivalent ways to formulate the definition of a Kähler metric.

Torsion formulation

Let D = D1,0 + ∂̄ be the Chern connection for (T ∗1,0X , g). Letting Λ(β) denote the skew
symmetric part of a tensor β, we obtain a well-defined operator

T (g) := Λ ◦ (∂ −D1,0) = ∂ − Λ ◦D1,0 ∈ Hom(T ∗1,0X ,Λ2,0
X ),

called the torsion of g. Note that since D0,1 = ∂̄,
T (g) = Λ ◦ (d−D).

We therefore immediately obtain the following proposition.
1.5.17 Proposition. The metric g is Kähler if and only if T (g) = 0.

It is worth having a look at the local form of the torsion. Let z be a local coordinate
system. If f is a 1-form on X then the Chern connection D is given by the formula

Df = D(fidzi) = dfi ⊗ dzi − fjgi¯̀
∂gj

¯̀

∂zk
dzk ⊗ dzi.

Therefore

Λ(df −Df) = Λ
fjgi¯̀∂gj ¯̀

∂zk
dzk ⊗ dzi

 .
Since gi¯̀gj

¯̀ = δji , ∂
∂zk

(
gi¯̀g

j ¯̀) = ∂gi¯̀
∂zk

gj
¯̀ + gi¯̀

∂gj
¯̀

∂zk
and hence

Λ
fjgi¯̀∂gj ¯̀

∂zk
dzk ⊗ dzi

 = −Λ
(
fjg

j ¯̀∂gi¯̀

∂zk
dzk ⊗ dzi

)
= f ]gy∂ωg∗ ,

where where g∗ denotes the metric for T 1,0
X dual to g, f ]g is the (0, 1)-vector field on X

obtained from the (1, 0)-form f via the identity f(v) = ωg∗(v, f ]g), and y denotes contraction.
Therefore the torsion operator is given by
(1.12) T (g)f :=

(
f ]g
)
y∂ωg∗ .

Let E → X be a smooth (and not necessarily holomorphic) vector bundle. Closely related
to the torsion T (g) is the following action on E-valued (0, q)-forms.
1.5.18 Definition. We define the pointwise operator

τg := −
(
Λg∂ωg

)]g : Λ0,q
X ⊗ E → Λp,q−1

X ⊗ E.
Locally with respect to a holomorphic coordinate system z and a local frame a1, ..., er for E,
the action is given by

τgϕ := −gij̄gk ¯̀∂gi¯̀

∂zk
ϕαj̄L̄dz̄

L ⊗ eα,

where L = (`1, ..., `q−1).
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Symplectic formulation

1.5.19 Proposition. A Hermitian Riemannian metric γ is Kähler if and only if the asso-
ciated metric (1, 1)-form ω = ωγ is closed.

Proof. In view of Proposition 1.5.17 and Formula (1.12), γ is Kähler if and only if ∂ωγ = 0.
Since ωγ is a real (1, 1)-form, ∂ωγ = 0 if and only if dωγ = 0.

1.5.20 Remark. Since every 2-form on a real surface is closed, we see that every Hermitian
metric on a Riemann surface is Kähler. �

Locally Euclidean formulation

A very useful formulation of the Kähler condition is contained in the following theorem.

1.5.21 Theorem. The metric g is Kähler if and only if every point of X lies in a coordinate
chart with coordinates z so that

g =
∑
α

dzα · dz̄α +O(|z|2).

The coordinates referred to in the theorem are called Kähler coordinates.

Proof. If two (1, 1)-forms ω1 and ω2 defined in a neighborhood of 0 in Cn have the same
Taylor expansion up to second order then

(dω1)0 = (dω2)0.

In particular, if g is locally Euclidean to second order in some holomorphic coordinate system
then dωg = 0, and thus g is Kähler by Proposition 1.5.19.

Conversely, suppose ω is the (1, 1)-form associated to a Kähler metric g, and let z be
local coordinates such that

gij̄(0) = δij̄(1.13)

(It is easy to find such coordinates.) Then the Taylor expansion of ω with respect to z is

ω =
√
-1
(
δij̄ + aij̄kz

k + aij̄ ¯̀z̄` +O(|z|2)
)
dzi ∧ dz̄j.

The two properties of the Taylor coefficients aij̄k, aij̄k̄ are

(a) gij̄ = gjī ⇒ aij̄k̄ = ajīk,

(b) dω = 0⇒ aij̄k = akj̄i.
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Since the result we seek is regarding a second order Taylor expansion, it suffices to find a
quadratic biholomorphic local coordinate transformation. That is to say, we seek coordinates
w defined by

zk = wk + 1
2b

k
`mw

`wm

(which evidently do not modify condition (1.13)) such that

ω =
√
-1
2

(
δij̄ +O(|w|2)

)
dwi ∧ dw̄j.

Since w`wm = wmw`, we may assume that bijk = bikj. Then

dzk = dwk + bk`mw
`dwm,

and we have

−
√
-1ω = δij̄

(
dwi + bi`mw

`dwm
)
∧
(
dw̄j + bjrsw̄rdw̄s

)
+
(
aij̄kw

k + aij̄k̄w̄
k
)
dwi ∧ dw̄j +O(|w|2)

=
(
δij̄ + (aij̄k + δ`j̄b

`
ki)wk + (aij̄k̄ + δmīb

m
kj)w̄k +O(|w|2)

)
dwi ∧ dw̄j.

Thus, if we set bjki = −δjm̄aim̄k (which is symmetric in ki by (a)) then

δmibmkj = −δmiδmn̄ajn̄k = −δnīajn̄k = −aij̄k̄.

Thus
ω =
√
-1δij̄dwi ∧ dw̄j +O(|w|2),

so g is Euclidean to second order.

1.5.5 Twisted Exterior Derivatives of twisted forms
Symmetric connections and exterior derivatives

Consider a differential 1-form α = αidx
i on a manifoldM . For a connection ∇ for T ∗M →M ,

∇α = ∂αi
∂xj

dxj ⊗ dxi + αkθ
k
ijdx

j ⊗ dxi,

where θ is the connection matrix of ∇. As we discussed earlier,

(1.14) Λ2(∇α) = ∂αi
∂xj

dxj ∧ dxi + αkθ
k
ijdx

j ∧ dxi.

We then introduced the notion of symmetric connection; by definition, a connection ∇ is
symmetric if and only if

dα = Λ2(∇α)
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for any 1-form α. Of course, the formula (1.14) shows that ∇ is symmetric if and only if
θkij = θkji.

Now suppose β is a differential r-form, i.e., a section of the product bundle Λr(T ∗M). For
a connection ∇ for T ∗M →M , the product connection ∇r acts on β = βi1···irdx

i1 ∧ · · · ∧ dxir
(with our convention that βI is skew-symmetric in I) by

∇rβ =
 ∂βI
∂xio

+
r∑
j=1

βi1···(`)j ···irθ
`
ioij

 dxio ⊗ dxi1 ∧ · · · ∧ dxir ,
where the notation (`)j means that ` replaces ij. If we take the (r + 1)th skew-symmetric
part of ∇rβ (thought of as an (r + 1)-tensor) we obtain

Λr+1(∇rβ) =
 ∂βI
∂xio

+
r∑
j=1

βi1···(`)j ···irθ
`
ioij

 dxio ∧ dxi1 ∧ · · · ∧ dxir .
Thus we see that a connection ∇ is symmetric if and only if

d = Λr+1 ◦ ∇r

holds for any integer r with 1 ≤ r ≤ n.

Twisted exterior derivative

Let E → M be a vector bundle with connection D. We can define a twisted version of the
exterior derivative for sections of

Γ(M,C∞(T ∗M ⊗ E))

or E-valued 1-forms. This twisted exterior derivative should produce a E-valued 2-form.
As in the previous paragraph, we fix a connection ∇ for T ∗M . For a E-valued 1-form α

we compute that

(∇⊗D)α =
(
∂ανi
∂xj

+ αµi ω
ν
µj + ανkθ

k
ij

)
dxj ⊗ dxi ⊗ eν

and
Λ2((∇⊗D)α) =

(
∂ανi
∂xj

+ αµi ω
ν
µj + ανkθ

k
ij

)
dxj ∧ dxi ⊗ eν ,

where ω and θ are the Christoffel symbols for D and ∇ respectively. Again if the connection
∇ for T ∗M is symmetric, then the anti-symmetric part

Λ2((∇⊗D)α) =
(
∂ανi
∂xj

+ αµi ω
ν
µj

)
dxj ∧ dxi ⊗ eν

is independent of the connection ∇. Similarly, if β is a E-valued r-form then

Λr+1(∇r ⊗D)α)

is a E-valued r + 1-form, which is again independent of ∇ as soon as ∇ is symmetric.
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1.5.22 Definition. Let E → M be a vector bundle with connection D and let ∇ be a
symmetric connection for T ∗M . The operator D1 : Γ(M,C∞(T ∗M⊗E))→ Γ(M,C∞(Λ2(T ∗M)⊗
E)) defined by

D1α := Λ2((∇⊗D)α)

(which is independent of ∇) is called the twisted exterior derivative associated to D. More
generally, let ∇r denote the induced product connection for Λr(T ∗M)→M . The operator

Dr := Λr+1 ◦ (∇r ⊗D) : Γ(M,C∞(Λr(T ∗M)⊗ E))→ Γ(M,C∞(Λr+1(T ∗M)⊗ E))

is called the twisted rth exterior derivative (for E-valued r-forms) associated to D. �

If e1, ..., er is a frame for E and x1, ..., xm is a local coordinate system on M , then for a
section σ ∈ Γ(M,Λr(T ∗M)⊗ E) given locally by σ = σµI dx

I ⊗ eµ, one has (with D = Dr)

Dσ = ∂(σµI )
∂xj

dxj ∧ dxI ⊗ eµ + ωµν ∧ σνI dxI ⊗ eµ

= ∂(σµI )
∂xj

dxj ∧ dxI ⊗ eµ + (−1)rσνI dxI ∧ ωµν ⊗ eµ.

Informally, we write
Dσ = dσ + (−1)rσ ∧ ω.

1.5.23 Proposition. Let E →M be a vector bundle with connection D. Then

Dr+k(α ∧ s) = dα ∧ s+ (−1)kα ∧Drs

for all s ∈ Γ(M,Λr(T ∗M)⊗ E) and all α ∈ Γ(M,Λk(T ∗M)).

The proof is left to the reader.

Computing the second exterior derivative of a section

For any section s of E, Ds ∈ Γ(M,C∞(T ∗M ⊗E)) is a special case of a 1-form with values in
E. In local coordinates dx1, ..., dxm and a frame e1, ..., ek for E →M , we compute that

Ds =
(
∂sµ

∂xi
+ sνωµνi

)
dxi ⊗ eµ,
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where ωµν eµ := Deν . Taking a symmetric connection∇ for T ∗M and setting θijk :=
〈

∂
∂xk

,∇ ∂

∂xj
dxi

〉
,

we have

(∇⊗D)(Ds) = (∇⊗D)
(∂sµ

∂xi
+ sνωµνi

)
dxi ⊗ eµ


=

 ∂

∂xj

(
∂sµ

∂xi
+ sνωµνi

)
+
∂sλ
∂xi

+ sνωλνi

ωµλj +
(
∂sµ

∂xk
+ sνωµνk

)
θkji

 dxj ⊗ dxi ⊗ eµ
=

 ∂2sµ

∂xj∂xi
+
∂sν
∂xj

ωµνi + ∂sλ

∂xi
ωµλj

+
(
∂sµ

∂xk
+ sνωµνk

)
θkji

+sν
(
∂ωµνi
∂xj

+ ωλνiω
µ
λj

) dxj ⊗ dxi ⊗ eµ.
It follows from the symmetry of ∇ and of the first two terms in the third line that

(1.15) Θ(s) := Λ2((D⊗∇)Ds) = sν
(
∂ωµνi
∂xj

+ ωλνiω
µ
λj

)
dxj∧dxi⊗eµ = sν(dωµν−ωλν∧ω

µ
λ)⊗eµ.

We see again that Θ is independent of the choice of symmetric connection ∇, but perhaps
more striking is the fact that the formula (1.15) does not depend on the derivative of s.

1.5.6 Curvature
The name curvature is both suggestive and vague. And indeed, there are many ways in
which curvature gets used in mathematics.

When we turn to L2 methods, our main interest will be to see how curvature affects
changing the order of differentiation for mixed (covariant) partial derivatives. We will take
advantage of the situation when this change of the order of differentiation gives rise to a
positive operator.

In this section we will develop the basic properties of curvature, and apply them to get
some topological consequences. We shall leave aside the geometric applications for now, but
these will be central in many parts of the book.

The definition of curvature

1.5.24 Definition. Let E → M be a vector bundle with connection D and, in terms of
some frame, connection matrix ω. The curvatures of (E,D) are the operators

Θk := Dk+1Dk : Γ(M,C∞(Λk(T ∗M)⊗ E))→ Γ(M,C∞(Λk+2(T ∗M)⊗ E)),

where Dj is the twisted exterior derivative associated to the connection D as in Definition
1.5.22.
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Observe that if s is a E-valued k-form and f is a function then by Proposition 1.5.23

Θk(fs) = D(fDs+ df ∧ s) = fD ◦Ds+ df ∧Ds− df ∧Ds = fΘks,

so that Θks is a E-valued (k + 2)-form. But even a little more is true.

1.5.25 Proposition. There exists an Hom(E,E)-valued 2-form Θ(D) such that

D ◦Ds = s ∧Θ(D)

for any k = 0, 1, ... and any E-valued k-form s.

Proof. We work in a local trivialization, where we denote by ω the connection matrix. We
calculate that

Θks = Dk+1Dks = Dk+1(ds+ (−1)ks ∧ ω)
= d(ds+ (−1)ks ∧ ω) + (−1)k+1(ds+ (−1)ks ∧ ω) ∧ ω
= (−1)k(ds ∧ ω + (−1)ks ∧ dω) + (−1)k+1ds ∧ ω − (−1)ks ∧ ω ∧ ω
= s ∧ (dω − ω ∧ ω).

Thus the k-independent local endomorphism

s 7→ s ∧ (dω − ω ∧ ω)

agrees with D ◦D. Since D ◦D is globally defined, the proposition is proved.

Because dω − ω ∧ ω is the localization of an endomorphism of E whose coefficients are
2-forms, we can expect a transformation rule.

1.5.26 Proposition. If g is a change of frame and ω̃ is the connection matrix in the new
frame, then

dω̃ − ω̃ ∧ ω̃ = g−1(dω − ω ∧ ω)g.

It is sometimes also useful to compute the action of the curvature on vector fields.

1.5.27 Proposition. If ξ, η ∈ Γ(M,C∞(TM)) are smooth vector fields and s ∈ Γ(M,C∞(E))
is a smooth section then

Θ(D)η,ξs = DξDηs−DηDξs−D[ξ,η]s.

Proof. Fix a symmetric connection ∇ for TM . We compute that

DξDηs−DηDξs = Dξ 〈Ds, η〉 =
〈
D 〈Ds, η〉 , ξ

〉
−
〈
D 〈Ds, ξ〉 , η

〉
=
〈
〈DDs, η〉+ 〈Ds,∇η〉 , ξ

〉
−
〈
〈DDs, ξ〉 − 〈Ds,∇ξ〉 , η

〉
=
〈
〈DDs, η〉 ξ

〉
−
〈
〈DDs, ξ〉 , η

〉
+
〈
Ds,∇ξη

〉
−
〈
Ds,∇ηξ

〉
= Θ(D)η,ξs+

〈
Ds, [ξ, η]

〉
,

where the last equality follows from the symmetry of the connetion ∇.

47



Curvature of the dual connection

Let E →M be a vector bundle with connection DE. The dual connection is determined by
the relation (1.8). Taking the exterior derivative of the latter, we have

0 = d2 〈v, ξ〉 = d
(
〈DEv, ξ〉+ 〈v,DE∨ξ〉

)
= 〈DEDEv, ξ〉 − 〈DEv,DE∨ξ〉+ 〈DEv,DE∨ξ〉+ 〈v,DE∨DE∨ξ〉
= 〈DEDEv, ξ〉+ 〈v,DE∨DE∨ξ〉 ,

which proves the following proposition.

1.5.28 Proposition. Let E →M be a vector bundle with connection DE. Then〈
v,Θ(DE∨)ξ

〉
= −

〈
Θ(DE)v, ξ

〉
.

Curvature of product connections

If E → M and E1 → M are two vector bundles with connections DE and DE1 respectively
then one has the product connection DE×E1 for the vector bundle associated to whichever
multilinear product × is under consideration. We compute that

DE×E1DE×E1(v × w)
= DE×E1((DEv)× w + v × (DE1w))
= (DEDEv)× w − (DEv)×DE1w) + (DEv)× (DE1w) + v × (DE1DE1w).

Since the two middle terms of the last line cancel each other, we have proved the following
simple proposition.

1.5.29 Proposition. The curvature Θ(DE×E1) of DE×E1 satisfies

Θ(DE×E1)(v × w) = (Θ(DE)v)× w + v × (Θ(DE1)w).

Curvature of a metric compatible connection

1.5.30 Proposition. Let E →M be a complex vector bundle with Hermitian metric h. If
D is a connection for E such that Dh = 0 then Θ(D) is h-skew Hermitian, i.e.,

h(Θ(D)s, t) = −h(s,Θ(D)t)

for all sections s, t of E.

Proof. We compute that

0 = d2h(s, t) = d(h(Ds, t) + h(s,Dt))
= h(DDs, t)− h(Ds,Dt) + h(Ds,Dt) + h(s,DDt) = h(DDs, t) + h(s,DDt),

as claimed.
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Curvature of the Chern connection

In this section, fix a holomorphic Hermitian vector bundle (E, h)→ X. We want to compute
the curvature of the unique holomorphic Hermitian connection, in terms of the metric. Before
computing the curvature in a local frame, let us examine the Chern connection directly.

First observe that since D = D1,0 + ∂̄ and ∂̄2 = 0,

D1 ◦D = D1,0
1 ◦D1,0 +D1,0

1 ◦ ∂̄ + ∂̄1 ◦D1,0.

Thus far we have used the fact that the Chern connection is complex, but not that it is
metric compatible. Metric compatibility reads as

∂h(s, t) = h(D1,0s, t) + h(s, ∂̄t) and ∂̄h(s, t) = h(∂̄s, t) + h(s,D1,0t).

(Note that the first of these equations is consequence of the second via complex conjugation
followed by interchange of the roles of s and t.) Since ∂2 = 0,

0 = h(D1,0
1 ◦D1,0s, t) + h(D1,0s, ∂̄t)− h(D1,0s, ∂̄t) + h(s, ∂̄1∂̄t) = h(D1,0

1 ◦D1,0s, t),

and thus D1,0
1 ◦D1,0 = 0. Therefore

Θ = D1,0
1 ◦ ∂̄ + ∂̄1 ◦D1,0.

In particular, the curvature maps sections to twisted (1, 1)-forms, and therefore the curvature
form of the Chern connection is a (1, 1)-form.

Let us compute the curvature form in a holomorphic frame {eα} for E. Setting

hαβ̄ = h(eα, eβ),

In the proof of Theorem 1.5.13 we saw that the connection matrix ω of (1, 0) forms is given
by

ωαβ = hαµ̄∂hβµ̄.

In matrix notation,
ω = (∂H)H−1.

Using the formulas ∂(H−1) = −H−1(∂H)H−1 and ∂̄(H−1) = −H−1(∂̄H)H−1, we calculate
that

dω − ω ∧ ω = (∂ + ∂̄)(∂HH−1)− ∂HH−1 ∧ ∂HH−1

= ∂̄((∂H)H−1) + (∂H)H−1(∂H)H−1 − (∂H)H−1(∂H)H−1 = ∂̄((∂H)H−1).

We have therefore proved the following proposition.
1.5.31 Proposition. Let E → X be a holomorphic vector bundle with Hermitian metric h
and let e1, ..., er be a holomorphic frame over some open subset. The curvature of the Chern
connection of (E, h)→ X is given by the formula

Θα
β = ∂̄(hαµ̄∂hβµ̄)

where hαβ̄ := h(eα, eβ) is the matrix of h in this frame and hαβ̄ is the matrix of the dual
metric for E∗ in the dual frame.
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Curvature of determinant bundles

1.5.32 Proposition. Let (E,DE)→M be a vector bundle of rank r with connection, and
let (detE,DdetE)→M be its determinant line bundle. Then

Θ(DdetE) = trace(Θ(DE)).

Proof. Let e1, ..., er be a frame for E. Then

D2
detE(e1 ∧ ... ∧ er) = DdetE

 r∑
j=1

e1 ∧ ... ∧DEej ∧ ... ∧ er


=

r∑
j=2

j−1∑
k=1

e1 ∧ ... ∧DEek ∧ ... ∧DEej ∧ ... ∧ er

−
r−1∑
j=1

r∑
k=j+1

e1 ∧ ... ∧DEej ∧ ... ∧DEek ∧ ... ∧ er +
r∑
j=1

e1 ∧ ... ∧D2
Eej ∧ ... ∧ er

=
r∑
j=1

e1 ∧ ... ∧D2
Eej ∧ ... ∧ er,

and thus Θ(DdetE) = trace(Θ(DE)), as claimed.

The canonical bundle

Given a complex manifold X of complex dimension n, the canonical bundle KX of X is the
line bundle detT ∗1,0X . The local sections KX are holomorphic n-forms.

If X is a Hermitian complex manifold with Hermitian metric h , theorem 1.5.32 tells us
that the curvature of (KX , det(h)) is just the trace of the curvature of (X, h).

In the special case that the metric h is Kähler, this curvature is the negative of the
so-called Ricci curvature of h:

(1.16) Ricci(h) = −trace(Θ(h)).

In the next paragraph, we will remind the reader of the definition, from Riemannian Geom-
etry, of the Ricci curvature of a Riemannian metric. We will then show that (1.16) holds
when the metric in question is Kähler.

1.5.7 Symmetry of Kähler curvature
Since the Levi-Civita connection is determined by vanishing of a certain part of the connec-
tion matrix, one can expect that less numerical data is needed to determine its curvature.
In the Kähler case, where one has two vanishing conditions that have been required to hold
simultaneously, one can expect even less numerical data to determine the curvature of the
Kähler connection. This redundancy in the curvature matrices of the Levi-Civita and Kähler
connections is expressed in terms of symmetries in the curvature tensor. In this section we
write down some of the symmetries of the Kähler curvature.
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Curvature of the Levi-Civita connection

Let (M, g) be a Riemannian manifold, and let ∇ be its Levi-Civita connection. As we have
seen, ∇ is uniquely determined by the two conditions

d(g(ξ, η))(ζ) = g(∇ζξ, η) + g(ξ,∇ζη) and ∇ξη −∇ηξ = [ξ, η]

For all vector fields ξ, η and ζ on M . We shall now analyze what these symmetries mean
for the curvature of the Levi-Civita connection.

It is customary to denote by R the curvature of the Levi-Civita connection. That is to
say,

R(ξ, η)ζ = ∇ξ∇ηζ −∇η∇ξζ −∇[ξ,η]ζ.

The curvature tensor is locally defined to be

Rijk` := g(R( ∂
∂xk

, ∂
∂x`

) ∂
∂xj
, ∂
∂xi

).

It is immediately clear that for any connection (Levi-Civita or not),

(1.17) Rijk` = −Rij`k.

Since d2 = 0, the curvature Θ(D) of any metric compatible connection D must satisfy

g(Θ(D)ξ, η) + g(ξ,Θ(D)η) = d2(g(ξ, η) = 0.

This relation implies that

(1.18) Rijk` = −Rjik`.

The symmetry of the Levi-Civita connection implies that

R( ∂
∂xk

, ∂
∂x`

) ∂
∂xj

=∇ ∂
∂xk
∇ ∂

∂x`

∂
∂xj
−∇ ∂

∂x`
∇ ∂

∂xk

∂
∂xj

=∇ ∂
∂xk
∇ ∂

∂xj

∂
∂x`
−∇ ∂

∂x`
∇ ∂

∂xj

∂
∂xk

= R( ∂
∂xk

, ∂
∂xj

) ∂
∂x`
−R( ∂

∂x`
, ∂
∂xj

) ∂
∂xk

+∇ ∂
∂xj

(∇ ∂
∂x`

∂
∂xk
−∇ ∂

∂xk

∂
∂x`

)

= −R( ∂
∂xj
, ∂
∂xk

) ∂
∂x`
−R( ∂

∂x`
, ∂
∂xj

) ∂
∂xk

.

Thus we obtain the First Bianchi Identity

(1.19) Rijk` +Rik`j +Ri`jk = 0.

As a consequence, we have
1
2(Rijk` +Rik`j +Ri`jk) = 0, 1

2(Rjk`i +Rjik` +Rj`ik) = 0,
1
2(Rk`ij +Rkj`i +Rkij`) = 0, 1

2(R`ijk +R`kij +R`jki) = 0.

and adding these four equations and using (1.17) and (1.18) yields

(1.20) Rik`j = R`jik.
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Curvature of the Kähler connection

We agree to let Greek letters run through {1, ..., n} and latin letters through {1, ..., n, 1̄, ..., n̄}.
We also use the notation

∂α = ∂

∂zα
and ∂ᾱ = ∂

∂z̄α
, 1 ≤ α ≤ n.

Thus
∂i = ∂

∂zi
and ∂ī = ∂

∂z̄i
for i = 1, ..., n,

and
∂i = ∂

∂z̄i
and ∂ī = ∂

∂zi
for i = 1̄, ..., n̄.

We denote by Γijk the Christoffel symbols of ∇, which are defined by the relation

∇∂j∂k = Γjik∂j.

Now let ∇ be the Kähler connection on a Kähler manifold (X, g). In Section 1.5.3 we
presented the formula for the Christoffel symbols with respect to the real coordinates, and so
they are different from the symbols we have defined in the present paragraph. Nevertheless,
as already mentioned, since

s1,0 ∂
∂xi

= −
√
-1s1,0 ∂

∂yi
= ∂

∂zi
,

one does retain the symmetries of the Levi-Civita connection when passing from TX to T 1,0
X .

Since ∇ is a the Connection of a Hermitian metric, by taking complex conjugates we see
that

Γk̄īj̄ = Γkij(1.21)

Next we observe that, since the Kähler connection matrix is a matrix of (1, 0)-forms, its
Christoffel symbols must satisfy

Γαiγ̄ = Γᾱiγ = 0(1.22)

Let us introduce the following notation. Let Rj
i be the curvature tensor with respect to

the local frame ∂1, ..., ∂n, ∂1̄, ...∂n̄ for TX ⊗ C and write

Rij = Rk
i gkj.

The matrix entries Rij are (1, 1)-forms, and so we write

Rij = Rijk ¯̀dzk ∧ dz̄`.

(Note: this convention means dz1̄ = dz̄1, etc.) Because the curvature is a (1, 1)-form with
skew-Hermitian symmetry, we have

(1.23) Rijαβ = Rijᾱβ̄ = 0 and Rijᾱβ = −Rijβᾱ = Rijβ̄α.
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Now, since the Kähler connection is Chern, we have (∇1,0)2 = 0 and ∂̄2 = 0, which reads as

Rαβij = Rᾱβ̄ij = 0.(1.24)

Since the Kähler connection is also Levi-Civita, our work from the previous paragraph shows
that

Rij`k = Rjik` = −Rk`ij.(1.25)

In particular, we have

Rαβ̄ij̄ = Rij̄αβ̄ = Riβ̄αj̄,(1.26)

where the last equality is achieved as follows:

Rij̄αβ̄ = −Riβ̄j̄α −Riαβ̄j̄ = −Riβ̄j̄α = Riβ̄αj̄.

Ricci curvature of the Kähler connection

Finally, we come to the promised discussion of Ricci curvature. Recall that for a Riemannian
metric the Ricci curvature is the trace

Ricci(g)ij = gk`Rik`j.

As mentioned at the end of the previous paragraph, there is some symmetry to the Ricci
curvature of a Kähler metric. Indeed, the Ricci curvature tensor satisfies

Ricci(g)αβ = Ricci(g)ᾱβ̄ = 0 and Ricci(g)αβ̄ = Ricci(g)βᾱ.(1.27)

In fact, we claimed in the last paragraph that one has the formula

Ricci(g)αβ̄ = −∂α∂β̄ log det
(
gµν̄

)
,(1.28)

where g is the Kähler metric in question. To see this formula, we use the above symmetries
as follows.

−Ricci(g)αβ̄ := −gdc̄Rαc̄dβ̄

(1.26)= − gdc̄Rαβ̄dc̄

(1.24)= gdc̄Rαβ̄c̄d

(∗)=gδγ̄Rαβ̄γ̄δ = ∂zα∂z̄β log det (g) ,

where (∗) holds because the metric is Hermitian, and so only has (1, 1)-parts, and the last
equality holds because, as we saw in Subsection 1.5.6,

∂∂̄ log det g = −trace ∂̄(∂gg−1).
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1.5.8 Chern-Weil theory
Chern-Weil Theory deals with obtaining topological information from curvature of vector
bundles. The topological information the theory provides is at the level of deRham coho-
mology, i.e., the theory produces closed forms that are not a priori exact. The theory has
two steps: (i) produce closed forms from a given connection D for a vector bundle E →M ,
and (ii) show that the cohomology classes of these forms in independent of the choice of
connection D, and thus these classes define topological invariants of E.

At the heart of the first part of the theory is the Second Bianchi Identity (Theorem
1.5.33). The basic idea is to find functions f(T ) of certain types of tensors T that include
curvature tensors of vector bundles, and for which the connection in question is ‘compatible’,
in the sense that the chain rule

d(f(T )) = Df(T )(DT )

holds. In this manner, we will produce closed forms when we take T = Θ(D) (or for that
matter, any tensor T satisfying DT = 0).

The second part of the theory, showing that these closed forms are independent of the
choice of connection D, does not rely on the Second Bianchi Identity.

Since the curvature Θ(D) of a connection D of some vector bundle E is an End(E)-valued
2-form, in any given frame Θ(D) is a matrix of 2-forms that transforms, after a change of
frame, by conjugation with the transformation of the frames. It is therefore plausible that
we consider only functions that are invariant under conjugation by elements of GL(r,C),
where r = rank(E). As we know from linear algebra, the coefficients of the characteristic
polynomial of a matrix, as functions of the entries of the matrix, remain invariant under
conjugation. These functions will play a major role in this section.

The Second Bianchi Identity

Let E → M be a smooth vector bundle. A connection for E → M induces a connection
on Hom(E,E) = E ⊗ E∗, as well as exterior covariant derivatives for Hom(E,E)-valued k-
forms. The exterior covariant derivative of σ ∈ Γ(X,C∞(Λk(T ∗M)⊗Hom(E,E))) is denoted
Dσ.
1.5.33 Theorem. (Second Bianchi Identity) If D : Γ(M,C∞(E)) → Γ(M,C∞(T ∗M ⊗
E)) is a connection then the curvature endomorphism Θ = Θ(D) ∈ Γ(X,C∞(Λ2(T ∗M) ⊗
Hom(E,E))) of a connection D satisfies

DΘ = 0.

Proof. Let s be a local section of E →M . Then on the one hand

D(DDs) = D(Θs) = (DΘ)s+ Θ ∧Ds,

and on the other hand
(DD)Ds = Θ ∧Ds.

therefore (DΘ)s = 0 for all s, as claimed.
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Principal k-tensors

1.5.34 Definition. Let E → M be a vector bundle. A Hom(E,E)-valued k-form, i.e., a
section of Homk(E,E) := Λk(T ∗M) ⊗ Hom(E,E), is called a principal k-tensor.1 The set of
all principal k-tensors is denoted

Γ(M,Homk(E,E)).

Fix a connection D for the vector bundle E → M . There is an induced connection for
Hom(E,E), and hence twisted exterior derivatives on principal k tensors. We denote all of
these derivatives by D.

A local formula for D is given as follows. Let e1, ..., er be a frame for E, denote the dual
frame for E∗ by e∗1, ..., e∗r, and let x1, ..., xm be local coordinates. In terms of these local
data, T ∈ Γ(M,Homk(E,E)) can be expressed as

T = T ijIdx
I ⊗ ei ⊗ e∗j.

Then

DT =
(
(dT ijI) + T `jIω

i
` − T imIωmj

)
∧ dxI ⊗ ei ⊗ e∗j

:= dT ijI ∧ dxI ⊗ ei ⊗ e∗j

+(−1)k
(
T `jIdx

I ∧ ωi` ⊗ ei ⊗ e∗j − (−1)kωmj ∧ dxI ⊗ ei ⊗ (T imIe∗j)
)
,

where ω is the connection matrix for D in the frame e1, ..., er for E. Informally, we write

DT = dT + (−1)k(T ∧ ω − (−1)kω ∧ T ).

To make things even more concise, recall that for matrices of forms, one has a graded
commutator: if A is a matrix of k-forms and B is a matrix of `-forms then the graded
commutator of A and B is

[A,B] = A ∧B − (−1)k`B ∧ A.

With this notation, our local formula rewrites as

DT = dT + (−1)k[T, ω].

The next result is an immediate consequence of the well-definedness of the higher exterior
derivatives and of the induced connection associated to a product bundle.

1.5.35 Proposition.

1. D : Γ(M,Homk(E,E))→ Γ(M,Homk+1(E,E))

2. DDT = T ∧Θ−Θ ∧ T = [T,Θ].
1The name ‘principal k-tensor’ is not standard terminology.
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Let r and j be positive integers, and denote by M(r,C) the set of r× r matrices with C
coefficients. We consider functions P : M(r,C)j → C such that

Ai 7→ P (A1, ..., Ai, ...Aj)

is linear for each 1 ≤ i ≤ j. We shall call such functions multi-linear.
Multi-linear functions admit an action by GL(r,C) and also by Sj, the symmetric group

on j letters, as follows. If g ∈ GL(r,C) and σ ∈ Sj, we set

g ∗ P (A1, ..., Aj) = P (gA1g−1, ..., gAjg−1)

and
σ · p(A1, ..., Aj) = P (Aσ(1), ..., Aσ(j)).

The functions that remain invariant under either of these actions have classical names.

1.5.36 Definition. A multi-linear function P that is invariant with respect to the GL(r,C)
action is called invariant, while one that is invariant with respect to the Sj action is called
symmetric.

1.5.37 Example. If A is an r× r matrix with complex coefficients, we define homogeneous
polynomials pk of degree k (1 ≤ k ≤ r) by the relation

det
I +

√
-1

2π A

 = 1 +
r∑

k=1
pk(A).

We let Pk(A1, ...Ak) be the completely polarized polynomial of pk(A), with the normalization
so chosen that Pk(A, ..., A) = pk(A). The formula for polarization is as follows: it is linear,
and sends the monomial ai1j1 · ... · aikjk to

1
k!
∑
σ∈Sk

a
σ(1)
i1j1 · ... · a

σ(k)
ikjk

.

The polynomials Pk are multilinear, invariant, and symmetric. Indeed, symmetry follows
from polarization, invariance follows from polarization together with invariance properties
of the characteristic polynomial of a matrix, and multilinearity follows from multilinearity
properties for the coefficients of the characteristic polynomial. �

1.5.38 Proposition. Let P : M(r,C)j → C be a multilinear invariant symmetric function.
If Ak ∈ Γ(M,Homdk(E,E)), 1 ≤ k ≤ j, then

(1.29) d(P (A1, ..., Aj)) =
j∑
`=1

P (A1, ..., DA`, ..., Aj).

Proof. The polynomials P may be viewed as sections of an appropriate trivial vector bundle.
Since P is linear in each variable, Formula (1.29) is a consequence of the chain rule.
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If we specialize to the case of the “polarized characteristic polynomial” invariant sym-
metric functions P = Pk and the curvature matrices with 2-form coefficients A` = Θ(D),
1 ≤ ` ≤ k, then we obtain Part 1 of the following theorem.
1.5.39 Theorem (Fundamental Theorem of Chern-Weil Theory). Let E →M be a complex
vector bundle of rank r with a connection having curvature form Θ.

1. The coefficients Pj(Θ) of the Chern polynomial

det
I + t

√
-1

2π Θ
 = 1 +

r∑
j=1

Pj(Θ)tj,

are closed 2j-forms on M .

2. For each j the cohomology class of Pj(Θ) is independent of the connection on E →M .

1.5.40 Definition. With the notation of theorem 1.5.39, the cohomology class

ci(E) := [Pi(Θ)] ∈ H2i(M,C), 1 ≤ i ≤ r

is called the ith Chern class of E.
Proof of part 2 of Theorem 1.5.39. Let ω0 and ω1 be the connection matrices for the con-
nections D0 and D1 on E. By Proposition 1.5.3) the difference η = ω1−ω0 of two connection
matrices is the matrix of an element of Γ(M,Hom1(E,E)).

Now consider the connections Dt whose connection matrices are ωt = ω0 + tη, for 0 ≤
t ≤ 1. The curvature of Dt is

Θt = dωt − ωt ∧ ωt = dω0 + t(dη − ω0 ∧ η − η ∧ ω0)− ω0 ∧ ω0 − t2η ∧ η
= Θ0 + tD0η − t2η ∧ η.

We note that

(1.30) dΘt

dt
= D0η − 2tη ∧ η = Dtη.

Let P (A1, ..., Aj) be an invariant symmetric polynomial and set

P (A) = P (A, ..., A) and Q(B,A) = jP (B,A, ..., A︸ ︷︷ ︸
j−1

)

Then by the symmetry of P , (1.30), Proposition 1.5.38 and the Second Bianchi Identity
(Theorem 1.5.33) we have

d

dt
P (Θt) = Q(Dtη,Θt) = d(Q(η,Θt)).

But then
P (Θ1)− P (Θ0) = d

(∫ 1

0
Q(η,Θt)dt

)
.

Taking P = Pj completes the proof.
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Chapter 2

Two Fundamental PDE

2.1 Some Functional Analysis

2.1.1 Densely defined operators with closed graphs
The ∂̄-equation defines an unbounded but nevertheless well-behaved operator on certain
natural Hilbert spaces. Our first goal is to discuss the general class of such operators.

Let H1 and H2 be Hilbert spaces. We are interested in linear operators from subspaces
of H1 into H2. Each such operator T : H1 → H2 comes with its own domain Domain(T )
which need not be all of H1, and T need not be continuous on its domain.
It may sometimes be possible to extend an operator T to a larger domain. If this is so, and
S is such an extension, then the graph

Graph(T ) := {(x, Tx) ; x ∈ Domain(T )} ⊂ H1 ×H2

of T is a subspace of the graph Graph(S) of S.

2.1.1 Definition. An operator T : H1 → H2 is said to be

(i) densely defined if Domain(T ) is a dense subspace of H1, and

(ii) closed if Graph(T ) is a closed subspace of H1 ×H2.

2.1.2 Remark. If an operator is bounded on a Hilbert space (or more generally on a Banach
space) then the Closed Graph Theorem tells us that it is closed. �

As the reader will recall, a Hilbert space is isometrically isomorphic to its dual. Indeed,
the content of the Riesz Representation Theorem is that the conjugate linear map sending
v ∈ H to the bounded linear functional λv ∈ H∗ define by

λvw := 〈w, v〉

is a conjugate linear isometric isomorphism of the Hilbert spaces H and H∗.
Given a linear operator T : H1 → H2 defined on a not-necessarily dense subspace of H1,

one can define its adjoint T ∗ : H2 → H1 in a canonical way as follows.
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a. The domain of T ∗ consists of all η ∈ H2 such that

Lη : x 7→ 〈Tx, η〉2

is a continuous linear functional on Domain(T ).

b. If we then extend Lη to all of H1 by defining Lη(y) = 0 for all y ⊥ Domain(T ) then
the Riesz Representation Theorem tells us that Lη is represented by a unique element
T ∗η of H1 satisfying

||T ∗η||1 = ||Lη|| and 〈Tx, η〉2 = 〈x, T ∗η〉1 for all x ∈ Domain(T ).

The linearity of η 7→ T ∗η is easy to prove.

2.1.3 Proposition. Let T : H1 → H2 be a linear operator.

i. If T is densely defined then T ∗ : H2 → H1 is closed.

ii. If T is closed then T ∗ is densely defined.

In particular, if T is closed and densely defined then so is T ∗.

Proof. Let F : H1 × H2 → H1 × H2 be given by F (ξ, η) = (−ξ, η). Then (ξ, η) ⊥
F (Graph(T )), i.e.,

〈x, ξ〉1 = 〈Tx, η〉2 for all x ∈ Domain(T ),

if and only if

η ∈ Domain(T ∗) and 〈x, T ∗η − ξ〉 = 0 for all x ∈ Domain(T ).

Therefore

(2.1) F (Graph(T ))⊥ = Graph(T ∗)⊕ (Domain(T )⊥ × {0}).

Thus if T is densely defined, i.e., Domain(T )⊥ = 0, then T ∗ is closed (which proves i).
Next let η ∈ Domain(T ∗)⊥. Then (0, η) ⊥ Graph(T ∗)⊥ ⊕ (A × {0}) for any subspace

A ⊂ H1. Therefore from (2.1) we deduce that (0, η) ⊥ F (Graph(T ))⊥, i.e.,

(0, η) ∈ F (Graph(T ))⊥⊥ = F (Graph(T ) = F (Graph(T )).

Thus if T is closed and η ∈ Domain(T ∗)⊥ then (−0, η) ∈ Graph(T ), and hence η = T0 = 0.
That is to say, T ∗ is densely defined, and the proof is complete.

2.1.4 Proposition. If T is a closed, densely defined operator then T ∗∗ = T .
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Proof. By construction of T ∗, if x ∈ Domain(T ) and η ∈ Domain(T ∗) then 〈T ∗η, x〉 =
〈η, Tx〉. By Proposition 2.1.3 the adjoint T ∗ is also closed and densely defined. Since
η 7→ 〈η, Tx〉 is continuous, Domain(T ) ⊂ Domain(T ∗∗).

Let θ ∈ Domain(T ∗∗). Since T is densely defined there is a sequence {xj} ⊂ Domain(T )
such that xj → θ. Then for all η ∈ Domain(T ∗) we have

〈T ∗∗θ, η〉 = 〈θ, T ∗η〉 = lim
〈
xj, T

∗η
〉

= lim
〈
Txj, η

〉
.

Thus Txj → T ∗∗θ in H2, and therefore Graph(T ) 3 (xj, Txj)→ (θ, T ∗∗θ) in H1 ×H2. Since
T is closed, (θ, T ∗∗θ) ∈ Graph(T ), and thus θ ∈ Domain(T ) and T ∗∗θ = Tθ.

2.1.5 Corollary. If T : H1 → H2 is a closed and densely defined linear operator then

Kernel(T )⊥ = Image(T ∗).

Proof. Suppose y ∈ Image(T ∗). Then there exist Image(T ∗) 3 T ∗ηj = yj → y, and hence
for all

〈x, y〉 = lim
〈
x, T ∗ηj

〉
=
〈
Tx, ηj

〉
= 0 for all x ∈ Kernel(T ),

i.e., y ∈ Kernel(T )⊥.
Next suppose y 6∈ Image(T ∗). Then there exists w ∈ Image(T ∗)⊥ such that 〈w, y〉 6= 0.

Since w ∈ Image(T ∗)⊥, i.e., 〈w, T ∗η〉 = 0 for all η ∈ Domain(T ∗) we have

(i) w ∈ Domain(T ∗∗) = Domain(T ), and

(ii) 〈Tw, η〉 = 0 for all η ∈ Domain(T ∗).

Since T ∗ is densely defined, we conclude that Tw = 0, i.e., that w 6∈ Kernel(T )⊥.

2.1.2 The Functional Analysis Lemma
Let T : H1 → H2 be a closed, densely defined operator. If α ∈ H2 is in the image of T , say
α = Tu form some u ∈ H1, then for any β ∈ Domain(T ∗)

sup
β∈Domain(T ∗)

|(α, β)|2
||T ∗β||2

= sup
β∈Domain(T ∗)

|(u, T ∗β)|2
||T ∗β||2

≤ ||u||2.

Let uo be the projection of u onto the closure of Image(T ∗). Then u− uo = lim vj for some
sequence {vj} ⊂ Image(T ∗)⊥. Thus for all β ∈ Domain(T ∗)

(T (u− uo), β) = (u− uo, T ∗β) = lim(vj, T ∗β) = 0.

Since the domain of T ∗ is dense, we find in particular that

Tuo = α and sup
β∈Domain(T ∗)

|(α, β)|2
||T ∗β||2

= ||uo||2..

The next lemma essentially says that the converse is true.
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2.1.6 Lemma (Functional Analysis Lemma). Let T : H1 → H2 be a closed, densely defined
operator and let α ∈ H2. Suppose there is a constant C > 0 such that

(2.2) |(α, β)|2 ≤ C||T ∗β||2 for all β ∈ Domain(T ∗).

Then there exists u ∈ H1 such that

Tu = α and ||u||2 ≤ C.

Proof. Consider the linear functional

L : Image(T ∗) 3 T ∗β 7→ (β, α).

By (2.2), if T ∗β = 0 then β ⊥ α and thus L is well-defined and continuous. Defining L
to vanish on Image(T ∗)⊥ extends L continuously to a linear function on H1, and moreover
||L ||2 ≤ C. By the Riesz Representation Theorem there exists u ∈ H1 such that

L (v) = (u, v) for all v ∈ H1 and ||u||2 = ||L ||2 ≤ C.

Restricting to Image(T ∗), we have

(u, T ∗β) = L (T ∗β) = (α, β) for all β ∈ Domain(T ∗).

The Cauchy-Schwarz Inequality shows that u ∈ Domain(T ∗∗). Since T ∗∗ = T and Domain(T ∗)
is dense, Tu = α. The proof is complete.

2.1.7 Corollary. Let T : H1 → H2 be a closed, densely defined operator. Suppose there
exists c > 0 such that

(2.3) ||β||22 ≤ c||T ∗β||21 for all β ∈ Domain(T ∗).

Then T is surjective and there exists a bounded linear operator σ : H2 → H1 such that

T ◦ σ = IdH2 and ||σ||2 ≤ c.

Proof. Let α ∈ H2. Then for all β ∈ H2 we have∣∣(α, β)
∣∣ ≤ ||α|| · ||β|| ≤ c||α|| · ||T ∗β||.

By Lemma 2.1.6 there exists u ∈ H1 such that Tu = α and ||u||2 ≤ c||α||2. In particular, T
is surjective. Define

σ(α) := uo

where uo is the solution of Tu = α having minimal norm. Then ||σ(α)||2 ≤ c||α||2. Thus σ
is bounded and ||σ||2 ≤ c, as claimed.
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Remark on the condition (2.3)

Let F : H1 → H2 be a closed, densely defined linear operator. We claim that the inequality

(2.4) ||w||2 ≤ C||F ∗w||2 for all w ∈ Domain(F ∗) ∩ Image(F )

holds if and only if the image of F is a closed subspace of H2.

Proof. Upon replacing H2 be the closure of the image of F , we may assume that the image
of F is dense.

Suppose then that (2.4) holds. Then by continuity (2.4) holds for all w ∈ Domain(F ∗),
and hence by Corollary 2.1.7 F is surjective.

Conversely, suppose the image of F is closed, i.e., F is surjective. Let β ∈ Domain(F ∗).
Then there exists x ∈ Domain(T ) such that β = Fx. We therefore have for each β ∈
Domain(F ∗) there exists

|(Fx, β)|2 = |(x, F ∗β)|2 ≤ ||F ∗β||2||x||2

Consider the set

A := {Tβ := (·, β)/||F ∗β|| ; β ∈ Domain(F ∗) and F ∗β 6= 0} ⊂ H∗2 .

The above inequality says that for each y ∈ H2

sup
Tβ∈A

|Tβ(y)| ≤ ||x||,

where y = Fx. By the Uniform Boundedness Principle

C := sup
Tβ∈A

||Tβ||2 < +∞.

That is to say,
||β||2 = ||F ∗β||2||Tβ||2 ≤ C||F ∗β||2,

which is the inequality we seek.

2.2 The Bochner-Kodaira-Nakano Formula

2.2.1 Eliminating the volume form
Let X be a complex manifold with Hermitian metric g and let E ′ → X be a holomorphic
vector bundle with Hermitian metric h. Since

Λp,q
X ⊗ E ′ ∼= Λn,q

X ⊗
(
Λp,0
X ⊗K∗X ⊗ E ′

)
,

(p, q)-form with values in E ′ can seen as (n, q)-forms with values in the holomorphic vector
bundle E := Λp,0

X ⊗ K∗X ⊗ E ′. The Hermitian metrics g and h′ induce the metric h :=
g⊗p ⊗ (det g)∗ ⊗ h′ on E. We work with E and h, and therefore always assume that p = n.

62



To a pair of E-valued (n, q)-forms ϕ, ψ we can associate the complex smooth measure
〈ϕ, ψ〉g,h obtained by pairing the (n, n)-form with values in the real vector bundle E⊗E† →
X. Since the metric h can be viewed as a section of the real vector bundle E∗ ⊗ E∗† → X,
pairing

√
-1n

2

2n ϕ ∧ ψ̄ with h results in a complex measure, we we denote

〈ϕ, ψ〉g,h .

If we choose coordinates z and a frame e1, ..., er, we can write

ϕ = ϕαJ̄dz
1 ∧ ... ∧ dzn ∧ dz̄J ⊗ eα and ψ = ψαJ̄dz

1 ∧ ... ∧ dzn ∧ dz̄J ⊗ eα,

the resulting complex measure can be written as

〈ϕ, ψ〉g,h = hαβ̄ϕ
α
J̄ψ

β

Ī
gIJ̄dV (z),

where gIJ̄ = gi1j̄1 · ... · giq j̄q where dV (z) denotes Lebesgue measure in the coordinate chart.

2.2.2 Hilbert spaces
Let (X, g) be a Hermitian manifold of complex dimension n and let E → X be a holomorphic
vector bundle with Hermitian metric h. We define the L2 inner product of two smooth E-
valued (n, q)-forms ϕ and ψ to be

(2.5) (ϕ, ψ) :=
∫
X
〈ϕ, ψ〉g,h .

2.2.1 Definition. We denote by L2
n,q(g, h) the Hilbert space closure of Γ(X,C∞(Λp,q

X ⊗E))
with respect to the inner product (2.5). �

We shall also be naturally lead to study (0, s)-forms with values in the non-holomorphic
vector bundle Λn,q

X ⊗ E. In local coordinates z and with respect to a holomorphic frame
a1, ..., er for E, such a form has the expression

ξ = ξαµ̄,J̄dz̄
S ⊗ dz ∧ dz̄J ⊗ eα,

where µ = (µ1, ..., µs) and J = (j1, ..., jq) are multiindices, and

dz := dz1 ∧ ... ∧ dzn.

As with the case of forms, we can define a complex measure, this time given by the formula

{ξ, η}g,h := hαβ̄g
µν̄gIJ̄ξαν̄,J̄η

β

µ̄,Ī
dV (z),

and we denote the corresponging L2 inner product by

{{ξ, η}} := 1
s!

∫
X
{ξ, η}g,h.

In the case s = 0, this inner product agrees with (2.5). We shall not need the Hilbert space
completion of the higher-order smooth forms.
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2.2.3 ∂̄ and its formal adjoint
Sections of the vector bundle Λp,q

X ⊗E = Λ0,q
X ⊗(Λp,0

X ⊗E) can be seen as (0, q)-forms with values
in the holomorphic vector bundle Λp,0 ⊗ E, and thus we have a ∂̄-operator acting on such
sections. We denote by D the Chern connection associated to the Hermitian holomorphic
vector bundle (E, h). The following proposition computes the ∂̄ operator in terms of this
Chern connection.

2.2.2 Proposition. Let ϕ = ϕα
J̄q

dz ∧ dz̄Jq ⊗ eα be a E-valued (n, q)-form. Then

(
∂̄ϕ
)α
j̄0j̄1...j̄q

= (−1)n
q∑

k=0
(−1)k(Dj̄k

ϕ)α
j̄0...

ˆ̄jk...j̄q
.

Proof. By the definition of ∂̄

∂̄ϕ = (−1)n∂j̄ϕαj̄0...j̄q−1
dz ∧ dz̄j ∧ dz̄j0 ∧ ... ∧ dz̄jq−1 ⊗ eα

= (−1)n
q∑

k=0
(−1)k∂j̄kϕ

α

j̄0...
ˆ̄jk...j̄q

dz ∧ dz̄j0 ∧ ... ∧ dz̄jq ⊗ eα

= (−1)n
q∑

k=0
(−1)k(Dj̄k

ϕ)α
j̄0...

ˆ̄jk...j̄q
dz ∧ dz̄j0 ∧ ... ∧ dz̄jq ⊗ eα,

where the last equality holds since D0,1 = ∂̄ for the Chern connection.

2.2.3 Definition. Let T : L2
p,q(g, h) → L2

p′,q′(g′, h′) be a densely defined operator whose
domain contains all smooth, compactly supported E-valued (p, q)-forms. The formal adjoint
of T is the operator

T ∗ : Γ(X,C∞(Λp′,q′

X ⊗ E))→ Γ(X,C∞(Λp,q
X ⊗ E))

defined by the requirement that

(T ∗ϕ, ψ)′ = (ϕ, Tψ)

for all ϕ ∈ Γ(X,C∞(Λp′,q′

X ⊗ E)) and all compactly supported ψ ∈ Γ(X,C∞(Λp,q
X ⊗ E)).

The next proposition computes the formal adjoint of ∂̄.

2.2.4 Definition. We define the operator τg : Γ(X,C∞(Λn,q
X ⊗E))→ Γ(X,C∞(Λn,q−1

X ⊗E))

τgϕ :=
(
Λg∂ωg

)]g
ϕ,

where Λg is the metric trace, i.e., the dual of the Lefschetz operator ϕ 7→ ωg ∧ ϕ.

Remark. If the metric g is Kähler then by the symplectic formulation of the Kähler condi-
tion the operator τg is identically zero. �
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2.2.5 Proposition. Let ϕ = ϕα
J̄q
dz1∧ · · · ∧dzn∧dz̄Jq ⊗ eα be a E-valued (n, q)-form. Then

∂̄∗ϕ = (−1)n+1gij̄(Diϕ)αj̄J̄dz ∧ dz̄J ⊗ eα − τgϕ.

Proof. If ψ is an E-valued (n, q − 1)-form with compact support then

(∂̄∗ϕ, ψ) = (ϕ, ∂̄ψ)

= 1
n!q!

∫
X
ϕαj̄1...j̄q(−1)n

q∑
k=1

(−1)k+1(Dj′
k
ψ)β

j′1...ĵ
′
k
...j′q

gJ
′
qJqhαβ̄

= 1
n!q!

∫
X

(−1)n+1
q∑

k=1
(−1)k+1

gj′k j̄k(Dj′
k
ϕ)αj̄1...j̄q + ∂gj

′
k j̄k

∂zj
′
k
ϕαj̄1...j̄q

ψβ
j′1...ĵ

′
k
...j′q

gj
′
1j̄1 ...ĝj

′
k
j̄k ...gj

′
q j̄qhαβ̄

= 1
n!(q − 1)!

∫
X

(−1)n+1

gij̄(Diϕ)αj̄j̄1...j̄q−1
− (−1)q ∂g

ij̄

∂zi
ϕαj̄j̄1...j̄q−1

ψβ
j′1...j

′
q−1
gJ
′
q−1Jq−1hαβ̄,

where the third equality follows from the metric compatibility of the Chern connection. From
the relation δj̄¯̀ = gij̄gi¯̀ and its derivative we have

∂gij̄

∂zj
= gk

¯̀
gi¯̀
∂gij̄

∂zk
= −gk ¯̀

gij̄
∂gi¯̀

∂zk
,

and the result follows from the definition of τg.

2.2.4 Another ∂̄ operator
We can view E-valued (n, q)-forms as sections of the vector bundle Λn,q

X ⊗E → X, ignoring
the differential form nature of these sections. As we mentioned in Paragraph 2.2.2, this
vector bundle is not holomorphic, so it does not have a canonical ∂̄-operator. However, the
Hermitian metric g for X yields the canonical isomorphism

g : Λn,q
X ⊗ E → Λn,0

X ⊗ (Λq(T 1,0
X ))⊗ E;

the isomorphism is the one induced by the map f 7→ f ]g which sends a (0, 1)-form f to the
(1, 0)-vector field f ]g defined by

f ]gyωg = f,

or equivalently, 〈
f, ξ̄

〉
= g(f ]g , ξ̄) for all ξ ∈ T 1,0

X .

We can extend the isomorphism g to an isomorphism

g : Λ0,s
X ⊗

(
Λn,q
X ⊗ E

)
→ Λ0,s+1

X ⊗
(
Λn,0
X ⊗ (Λq(T 1,0

X ))⊗ E
)

;

by acting on the second factor, i.e., the components of the Λn,q
X ⊗ E-valued (0, s)-form.
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Since the vector bundle Λn,0
X ⊗ (Λq(T 1,0

X )) ⊗ E is holomorphic, it has a ∂̄-operator. We
can conjugate the latter to the operator

∇̄ := g−1 ◦ ∂̄ ◦ g on (Λn,q
X ⊗ E)-valued (0, s)-forms.

In the case s = 1 we have the local formula

∇̄ϕ = gIL̄∂̄
(
gIJ̄ϕαJ̄

)
⊗ dz ∧ dz̄L ⊗ eα

= ∂̄(ϕαJ̄)⊗ dz ∧ dz̄J ⊗ eα − gIJ̄ϕαJ̄ ∂̄(gIL̄)⊗ dz ∧ dz̄L ⊗ eα

= ∂̄(ϕαJ̄)⊗ dz ∧ dz̄J ⊗ eα −

 q∑
ν=1

giν j̄ ∂̄(giν ¯̀
ν
)ϕα¯̀1...(j̄)ν ...¯̀q

⊗ dz⊗ dz̄L ⊗ eα

= ∂̄(ϕαJ̄)⊗ dz ∧ dz̄J ⊗ eα −

 q∑
ν=1

giν j̄ ∂̄(giν ¯̀1)ϕαj̄ ¯̀2...¯̀q

⊗ dz⊗ dz̄L ⊗ eα

= ∂̄(ϕαJ̄)⊗ dz ∧ dz̄J ⊗ eα − q
(
gij̄ ∂̄(gi¯̀1)ϕαj̄ ¯̀2...¯̀q

)
⊗ dz⊗ dz̄L ⊗ eα,

or equivalently,

∇̄ϕ =
∂ϕα

J̄

∂z̄k
dz̄k ⊗ dz ∧ dz̄J ⊗ eα − q

(
gij̄
∂gi¯̀1
∂z̄k

ϕj̄ ¯̀2...¯̀q

)
dz̄k ⊗ dz⊗ dz̄L ⊗ eα.

Since the operator ∇̄ satisfies ∇̄2 = 0 and the vector bundle Λn,q
X ⊗ E is equipped with

a Hermitian metric h induced by h and g, there is a Chern connection for the triple (Λn,q
X ⊗

E, ∇̄, h). We denote this Chern connection by ∇; as usual, it is defined by ∇ = ∇1,0 + ∇̄,
where

h(∇1,0σ, s) := ∂h(σ, s)− h(σ, ∇̄s) for all smooth sections σ, s.

The next proposition computes the formal adjoint ∇̄∗.

2.2.6 Proposition. Let ξ be a smooth (0, 1)-form with values in Λn,q
X ⊗ E. Then

(2.6) ∇̄∗ξ = −Trace(D1,0gξ)− τgξ,

where D is the twisted exterior derivative associated to the Chern connection for T 1,0
X ⊗ E

and g is the isomorphism discussed above.

Remark. In Formula (2.6) the torsion τg acts only on the first factor of T ∗0,1X ⊗
(
Λn,q
X ⊗ E

)
,

since in this context the coefficients of ξ are treated as sections of Λn,q
X ⊗ E, and not as

E-valued (n, q)-forms. �

Proof of Proposition 2.2.6. Let ψ ∈ Γ(X,C∞(Λn,q
X ⊗E)) be a section with compact support.
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If ϕ ∈ Γ(X,C∞(Λ0,1
X ⊗ Λn,q

X ⊗ E)) then we have

{{ξ, ∇̄ψ}} =
∫
X
hαβ̄g

IJ̄gij̄ξαj̄,J̄

gKĪ ∂∂z̄i
(
gKL̄ψβ

L̄

) dV (z) =
∫
X
hαβ̄g

ij̄ξαj̄,J̄
∂

∂zi

(
gJĪψβ

Ī

)
dV (z)

= −
∫
X
hµβ̄g

IJ̄hµγ̄
∂

∂zi

(
hαγ̄g

ij̄ξαj̄,J̄

)
ψβ
Ī
dV (z)

= −
∫
X

〈
Trace(D1,0gξ), ψ

〉
−
∫
X
hαβ̄g

IJ̄ ∂g
ij̄

∂zi
ξαj̄,J̄ψ

β

Ī

= −
∫
X

〈
Trace(D1,0gξ), ψ

〉
−
∫
X

〈
Λg(∂ωg)]gξ, ψ

〉
,

where the contraction of the section ξ of Λ1,0
X ⊗ (Λn,q

X ⊗) and the (0, 1)-vector field Λg(∂ωg)]g
is with respect to first factor Λ1,0

X . The proof is complete in view of the definition of τg.

2.2.5 A tale of two Laplace-Beltrami operators
The ∇̄-Laplace-Beltrami operator ∆ := ∇̄∗∇̄ on sections of Λn,q

X ⊗E is given by the formula

∆ϕ = ∇̄∗
(
g−1∂̄gϕ

)
= −TraceD1,0∂̄gϕ− τgg−1∂̄gϕ, ϕ ∈ Γ(X,C∞(Λn,q

X ⊗ E)).

More important to us is the ∂̄-Laplace-Beltrami operator: the formal operator defined by

� := ∂̄∂̄∗ + ∂̄∗∂̄.

We compute that

∂̄∗∂̄ϕ = (−1)n+1gij̄∇i

(
(∂̄ϕ)αj̄J̄dz ∧ dz̄J ⊗ eα

)
− τg∂̄ϕ

= (−1)n+1gij̄∇i

(
(−1)n(∇j̄ϕ)αJ̄dz ∧ dz̄J ⊗ eα

+(−1)n
q∑

k=1
(−1)k(∇j̄k

ϕ)α
j̄j̄1... ̂̄jk...j̄qdz ∧ dz̄J ⊗ eα

)
− τg∂̄ϕ

=
(−gij̄∇i∇j̄ϕ)αj̄1...j̄q −

q∑
k=1

(gij̄∇i∇j̄k
ϕ)αj̄1...(j̄)k...j̄q

dz ∧ dz̄J ⊗ eα − (−1)qτg∂̄ϕ,

and

(∂̄∂̄∗ϕ)αj̄1...j̄q = (−1)n
q∑

k=1
(−1)k+1(∇j̄k

(∂̄∗ϕ))α
j̄1...̂j̄k...j̄q

− (−1)q−1∂̄τgϕ

= (−1)n
q∑

k=1
(−1)k+1(∇j̄k

((−1)n+1gij̄(∇iϕ)))α
j̄j̄1... ̂̄jk...j̄q + (−1)q∂̄τgϕ

=
q∑

k=1
(∇j̄k

(gij̄∇iϕ))αj̄1...(j̄)k...j̄q + (−1)q∂̄τgϕ

=
q∑

k=1
gij̄(∇j̄k

∇iϕ)αj̄1...(j̄)k...j̄q + (−1)q∂̄τgϕ,

67



Thus
(�ϕ)αJ̄q = −gij̄∇i∇j̄ϕ

α
J̄q
−

q∑
k=1

gi
¯̀([∇i,∇j̄k

]ϕ)αj̄1...(¯̀)k...j̄q + (−1)q[∂̄, τg]ϕ.

Finally, since [∇j̄,∇i] = Θ(h)ij̄ is the curvature (see Proposition 1.5.27),

−
q∑

k=1
gi

¯̀[∇i,∇j̄k

]
ϕαj̄1...(¯̀)k...j̄q = (Θ(h)]̄gϕ)αj̄1...j̄q .

Remark. The operator (−1)q[∂̄, τg] is of order 0, a fact we will not use in these notes. �

2.2.7 Theorem (The Bochner-Kodaira-Nakano Formula).

∂̄∂̄∗ + ∂̄∗∂̄ = ∇̄∗∇̄+ Ag + Θ(h)]g + (−1)q[∂̄, τg],

where Ag is a differential operator of order 1. Moreover, if g is Kähler then Ag = 0 and
τg = 0, in which case

∂̄∂̄∗ + ∂̄∗∂̄ = ∇̄∗∇̄+ Θ(h)]g .

Proof. A simple computation in local coordinates shows that

−Trace(D1,0∂̄gϕ) = −gij̄∇i∇j̄ϕ+ [gij̄,∇i∇j̄].

Since the commutator is order 1, the result follows from the computations of � and ∆ carried
out above.

Laplace operators are non-negative symmetric operators, i.e., the satisfy

(Av, v) ≥ 0 and (Av,w) = (v, Aw)

on some dense subset. (If the second identity holds for all v, w ∈ Domain(A), we say that A
is self-adjoint.)

In the Kähler case, Theorem 2.2.7 tells us that the ∂̄-Laplacian � differs from the non-
negative symmetric operator ∆ by an operator of order 0, namely the curvature. If one
knows that the curvature is positive then it is possible to invert �. (This statement is more
subtle than it might at first seem; it will be elaborated on later in the text.)

In a general Hermitian manifold the operator � − ∆ does not always have order 0.
However, Demailly discovered that there is a symmetric operator ∆̂ such that � − ∆̂ is an
operator of order 0. In fact, ∆̂ is obtained from ∆ by ‘completing the square’.
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2.3 The Hodge Theorem

2.3.1 Statement
The Hodge Theorem is the result that tells us when we can solve the Poisson equation
�u = ϕ. The obstructions to solving this equation include the kernel of �, whose elements
are called harmonic forms. However, a priori there may be other obstructions, and one
of the two technical points in the proof of the Hodge Theorem is that there are no other
obstructions. Another technically demanding point is that the Kernel is finite-dimensional.
The third and final technical point is that the solution u smooth when ϕ is smooth. The
precise statement of the theorem is as follows.

2.3.1 Theorem (Hodge Theorem). Let X be a compact complex manifold with a Hermi-
tian metric g for its tangent bundle, and let E → X be a holomorphic vector bundle with
Hermitian metric h.

1. The vector spaces
Hp,q(g, h) := Kernel(�) ∩ L2

p,q(g, h)

are finite dimensional and consist of smooth E-valued (p, q)-forms. In particular, there
exists an orthogonal projection operator

Pp,q : L2
p,q(g, h)→Hp,q(g, h).

2. Given ϕ ∈ L2
p,q(g, h), there exists θ ∈ L2

p,q(g, h) such that �θ = ϕ if and only if
Pp,qϕ = 0, and every such θ is smooth if ϕ is smooth. Moreover, there is a unique θo
satisfying �θo = ϕ and Pp,qθo = 0.

3. There exists a compact self-adjoint operator

Gp,q : L2
p,q(g, h)→ L2

p,q(g, h),

called the Green operator, such that

Gp,qHp,q(g, h) = 0, Gp,q∂̄ − ∂̄Gp,q−1 = Gp,q, ∂̄
∗ − ∂̄∗Gp,q+1 = 0,

and Id : L2
p,q(g, h)→ L2

p,q(g, h) has the so-called Hodge Decomposition

Id = Pp,q +�Gp,q.

2.3.2 Two direct applications
In the next two chapters we will discuss some deeper applications of the Hodge Theorem.
For now, we present two corollaries that follow rather easily from the Hodge Theorem.
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Harmonic representatives of cohomology classes

Consider the twisted Dolbeault cohomology groups

Hp,q

∂̄
(X,E) :=

Kernel
(
∂̄ : Γ(X,Λp,q(T ∗X)⊗ E)→ Γ(X,Λp,q+1(T ∗X)⊗ E)

)
∂̄
(
Γ(X,Λp,q−1(T ∗X)⊗ E)

) .

2.3.2 Theorem (Fundamental Theorem of Hodge Theory: twisted case). Let (X, g) be a
compact Hermitian manifold, let E → X a holomorphic vector bundle with Hermitian metric
h, and let θ ∈ Γ(X,Λp,q

X ⊗E) be a smooth E-valued (p, q)-form such that ∂̄θ = 0. Then there
exists a unique θo such that

�θo = 0 and θ − θo = ∂̄η

for some smooth (p, q − 1)-form η. In particular, the natural inclusion

Hp,q(g, h) ↪→ Hp,q

∂̄
(X,E)

is an isomorphism, and thus Hp,q

∂̄
(X,E) is finite dimensional.

First, slick proof. If η, ζ ∈ Hp,q(g, h) are Dolbeault cohomologous, say η − ζ = ∂̄µ, then
∂̄∗∂̄µ = 0 and hence ||∂̄µ||2 = (∂̄∗∂̄µ, µ) = 0, so η = ζ. Hence every Dolbeault cohomology
class contains at most one harmonic form.

To prove existence, note that by the Hodge Decomposition there exist smooth forms
Pp,qθ, α and β such that

θ = Pp,qθ + ∂̄α + ∂̄∗β.

Then ∂̄∂̄∗β = ∂̄θ − ∂̄Pp,qθ + ∂̄∂̄α = 0, so ||∂̄∗β||2 = (∂̄∂̄∗β, β) = 0, and hence θ is Dolbeault
cohomologous to the harmonic form Pp,qθ.

Second, equivalent but more instructive proof. Let Vθ ⊂ L2
p,q(g, h) denote the closure of the

affine subspace θ+ ∂̄(Γ(X,Λp,q−1(T ∗X))). Let θo ∈ Vθ minimize the distance to the origin over
all elements of Vθ. Then θo ⊥ ∂̄(Γ(X,Λp,q−1(T ∗X))), and thus for all η ∈ Γ(X,Λp,q−1(T ∗X))

0 = (θo, ∂̄η) = (∂̄∗θo, η).

Hence ∂̄∗θo = 0, so �θo = 0. By the Hodge Theorem θo is smooth, so θ − θo is smooth, and
also equal to ∂̄ηo for some ηo ∈ L2

p,q−1(g, h). However, the smoothness of ∂̄ηo does not mean
ηo is smooth (unless q = 1; see Remark 2.3.3 below).

To see that one can find a smooth η, we proceed as follows. So far we have proved that
there is a sequence µj ∈ Γ(X,Λp,q−1(T ∗X)) such that

θo − θ = lim ∂̄µj.

Therefore for all ζ ∈Hp,q(g, h) one has (θo − θ, ζ) = lim(∂̄µj, ζ) = lim(µj, ∂̄ζ) = 0, which is
to say, θo − θ ⊥Hp,q(g, h). By the Hodge Theorem

θo − θ = �χ = ∂̄∂̄∗χ+ ∂̄∗∂̄χ

70



for some smooth χ ∈ Γ(X,Λp,q
X ⊗ E). But

∂̄∂̄∗∂̄χ = ∂̄�χ = ∂̄(θo − θ) = 0,

and thus 0 = (∂̄∂̄∗∂̄χ, ∂̄χ) = ||∂̄∗∂̄χ||2. We see that, with η := ∂̄∗χ (which is smooth),

θo − θ = ∂̄η.

Finally, suppose θ1 is another (p, q)-form such that �θ1 = 0 and θ1 − θ = ∂̄ψ for some
(p, q− 1)-form ψ. Then (θi, ∂̄η) = (∂̄∗θi, η) = 0, and thus θi ⊥ ∂̄(Γ(X,Λp,q(T ∗X))) for i = 0, 1.
Additionally,

θ1 − θo = (θ1 − θ)− (θo − θ) = ∂̄(ψ − η) ∈ ∂̄Γ(X,Λp,q(T ∗X)).

Thus
||θo||2 = ||θ1 + θo − θ1||2 = ||θ1||2 + ||θo − θ1||2.

Interchanging 0 and 1, we see that ||θ1||2 = ||θo − θ1||2 + ||θo||2. Thus ||θ1 − θo|| = 0, as
desired.

2.3.3 Remark. The the course of the proof of Theorem 2.3.2 we claimed without proof
that if η ∈ L2

p,0(g, h) and ∂̄η is smooth then η is smooth. Let us prove this claim using the
Hodge Theorem. (There are also more elementary proofs.) Suppose ∂̄η is smooth. Then so
is α = ∂̄∗∂̄η. On the other hand, ∂̄∗η = 0, and thus the α = �η. Therefore the form α

(i) is a smooth (p, 0)-form,

(ii) lies in the image of �, and

(iii) is of the form α = ∂̄∗β for some smooth β (namely β = ∂̄η).

Since the image of ∂̄∗ is orthogonal to Hp,q(g, h), the Hodge Theorem yields a smooth (p, 0)-
form γ ∈ Γ(X,Λp,0(T ∗X)) such that �γ = α. Thus �(γ − η) = α − �η = 0, i.e., γ − η is
harmonic, hence a smooth, (p, 0)-form. (Note that a harmonic (p, 0)-form is a holomorphic
p-form, so we don’t need the Hodge Theorem for this part.) Thus η = γ+ (η−γ) is smooth,
as claimed. �

Kodaira-Serre Duality

The complex version of the Hodge star operator

?̄ : Γ(X,C∞X (Λp,q
X ))→ Γ(X,C∞X (Λn−p,n−q

X ))

is defined by requiring that
〈θ, η〉g dVg = θ ∧ ?̄η.
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If ϕ1, ..., ϕn is an orthonormal local frame for (T 1,0
X )∗ and we write ϕI = ϕi1 ∧ ... ∧ ϕip and

ϕ̄J = ϕ̄j1 ∧ ... ∧ ϕ̄jq ,
?̄ϕI ∧ ϕ̄J = (−1)q(n−p)+n2

2 −nϕI
∗ ∧ ϕ̄J∗ ,

where I∗ ∈ {1, ..., n}n−p, J∗ ∈ {1, ..., n}n−q, I ∪ I∗ = J ∪ J∗ = {1, ..., n} and sgn
(

1...n
II∗

)
=

sgn
(

1...n
JJ∗

)
= 1. The Hodge star is then extended to Γ(X,C∞X (Λp,q

X )) by conjugate-linearity.
Note that

?̄?̄ϕI ∧ ϕ̄J = (−1)n(p+q)+n2
ϕI ∧ ϕ̄J ,

and thus
?̄?̄θ = (−1)n(p+q)+n2

θ for all θ ∈ Γ(X,C∞X (Λp,q
X )).

Using the Hodge star operator, we find through integration by parts that∫
X
∂̄∗θ ∧ ?̄η :=

∫
X
θ ∧ ?̄∂̄η

=
∫
X
∂̄η ∧ ?̄θ

=
∫
X
∂(η ∧ ?̄θ) + (−1)p+q

∫
X
η ∧ ∂̄?̄θ

=
∫
X
d(η ∧ ?̄θ) +

∫
X

(−?̄∂̄?̄)θ ∧ ?̄η =
∫
X

(−?̄∂̄?̄)θ ∧ ?̄η.

Thus the formal adjoint is
∂̄∗ = −?̄∂̄?̄.

Similarly, one can define the twisted version of the Hodge star operator

?̄ : Γ(X,C∞X (Λp,q
X ⊗ E))→ Γ(X,C∞X (Λn−p,n−q

X ⊗ E∗))

by the identity
〈θ, η〉h,g dVg = θ ∧ ?̄η,

where h denotes the Hermitian metric for E → X. The notation here requires some clarifi-
cation. The wedge product on the right hand side includes the pairing between E and E∗:
if we write θ = θIJ̄dz

I ∧ dz̄J and ?̄η = ξKL̄dz
K ∧ dz̄L with θIJ̄ and ξKL̄ local sections of E

and E∗ respectively then

θ ∧ ?̄η = 〈θIJ̄ , ξKL̄〉 dzI ∧ dz̄J ∧ dzK ∧ dz̄L

The computation of the formal adjoint ∂̄∗ in the untwisted case carry through in the
same way to the twisted setting. If in addition to the orthonormal frame ϕ1, ..., ϕn of T ∗X,z
we also fix an orthonormal frame e1, ..., er for Ez then

?̄ϕI ∧ ϕ̄J ⊗ eα = (−1)q(n−p)+n2
2 −nϕI

∗ ∧ ϕ̄J∗ ⊗ e∗α,

where e∗1, ..., e∗r denotes the dual frame for E∗z . It follows that

?̄?̄θ = (−1)n(p+q)+n2
θ.
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Moreover, one has ∂̄∗ = −?̄∂̄?̄ for the same reason as in the untwisted case. Hence

�?̄ = −∂̄?̄∂̄?̄?̄− ?̄∂̄?̄∂̄?̄ = −?̄?̄∂̄?̄∂̄ − ?̄∂̄?̄∂̄?̄ = ?̄�.

Thus ?̄ maps harmonic E-valued (p, q)-forms to harmonic E∗-valued (n − p, n − q)-forms.
We therefore obtain the following theorem.

2.3.4 Theorem (Kodaira-Serre Duality). The operator ?̄ yields a ring isomorphism

Hp,q

∂̄
(X,E) ∼= Hn−p,n−q

∂̄
(X,E∗).

Proof. It suffices to show that the pairing Hp,q

∂̄
(X,E) ⊗ Hn−p,n−q

∂̄
(X,E∗) → Hn,n

∂̄
(X) ∼= C

given by the cup product
[α] ` [β] :=

∫
X
α ∧ β

is non-degenerate. But
[α] ` [?̄α] =

∫
X
|α|2h,gdVg > 0

whenever [α] 6= 0.

2.3.3 Preparations
Some preliminary remarks about the proof

Somewhat informally speaking the Hodge Theorem 2.3.1 asserts in part that the image of
the operator � is precisely the orthogonal complement of the kernel of �. Since the operator
� is symmetric, i.e., it satisfies

(�θ, η) = (θ,�η),
the invertibility of � on the orthogonal complement of its kernel appears to be a familiar
fact of linear algebra. Of course, this ‘fact’ is generally true in finite-dimensional Hermitian
vector spaces, which is certainly not the case in the setting of the Hodge Theorem.

Let us review the argument in finite-dimensions. Suppose T : H → H is a linear operator
on a finite-dimensional Hermitian vector space. Consider the adjoint operator T ∗ : H → H
defined by the relation

(2.7) (T ∗v, w) = (v, Tw).

Evidently Image(T )⊥ = Kernel(T ∗), i.e., we have an orthogonal decomposition

(2.8) H = Image(T )⊕Kernel(T ∗).

Of course, if T is symmetric, i.e., T ∗ = T , then we get the finite-dimensional analogue of the
situation above.

It seems reasonable to try to extend the finite-dimensional argument to the infinite-
dimensional setting. However, one runs into several problems. First, in order to conclude

73



(2.8) from (2.7), one must know that the kernel of T ∗ and the image of T are closed subspaces.
It is easy to see that Kernel(T ∗) ⊂ H is closed: if {vj} ⊂ Kernel(T ∗) and vj → v in H then

|T ∗v|2 = (v, TT ∗v) = lim
j

(vj, TT ∗v) = lim
j

(T ∗vj, T ∗v) = 0,

so v ∈ Kernel(T ∗). However, in the infinite-dimensional case Image(T ) need not be closed.
As a possible remedy, one might try to replace H by its Hilbert space completion. If T is

initially continuous then T will extend to a continuous linear map on the completion. How-
ever, in the situation under consideration T := � is not continuous on H := Γ(X,C∞(Λp,q

X ))
with respect to the L2

p,q(g, h)-topology. And then there is the finite-dimensionality of the
kernel of T , which would not follow from the continuity of T .

It therefore seems somewhat miraculous that the Hodge Theorem is true.
Here is how the situation is remedied.

(o.) To simplify things, one eliminates the kernel of � by considering in its stead the
operator �+ Id. (This modification makes getting back to � rather easy.)

i. The pre-Hilbert space Γ(X,C∞(Λp,q
X ⊗E)) is completed to the Hilbert space L2

p,q(g, h).

ii. Although �+ Id : Γ(X,C∞(Λp,q
X ⊗E))→ Γ(X,C∞(Λp,q

X ⊗E)) is not continuous, it has
many extensions to operators defined on a dense subspaces of L2

p,q(g, h); the domain
of the extension. For such a ‘densely defined operator’ F there is a procedure for
defining the ‘Hilbert space adjoint’ F ∗.1 A simple formal computation shows that on
Γ(X,C∞(Λp,q

X ⊗ E)) any extension F satisfies

F ∗ = (�+ Id)∗ = �+ Id = F,

but the problem is that (a) the domain of F ∗ might be different from the domain
of F , and (b) even if the two domains are the same, it might not be the case that
F ∗ = F outside Γ(X,C∞(Λp,q

X )). A densely defined operator F that is equal to its
adjoint is unsurprisingly called a self-adjoint operator. We will show how to construct
a self-adjoint extension of �+ Id.

iii. Now we are faced with two more problems.

iii.a. Although we can invert F on its domain (since it is bounded below by Id), we do
not know that when we apply the inverse to an element of Γ(X,C∞(Λp,q

X ⊗ E))
we end up with an element of Γ(X,C∞(Λp,q

X ⊗ E)) again; a priori we only know
that the inverse is in L2

p,q(g, h). We will show that this is indeed the case; this is
the hardest part of the proof of the Hodge Theorem.

1The Hilbert space adjoint of an unbounded linear map T : H1 → H2 between Hilbert spaces is defined
as follows. Let D ⊂ H1 be the domain of the operator T . We define

Domain(T ∗) := {η ∈ H2 ; Lη : D 3 x 7→ 〈Tx, η〉 is bounded}.

One can extend Lη to a bounded linear functional on H1 by defining it to be 0 on D⊥. By the Riesz
Representation Theorem this extension, still denoted Lη, is given by Lη := 〈·, T ∗η〉 for some unique vector
T ∗η ∈ H1 that satisfies ||T ∗η||1 = ||Lη||1∗, and it is easy to see that η 7→ T ∗η is linear.
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iii.b. The kernel of � corresponds to the Eigenspace of F associated to the eigenvalue
1, but nothing so indicates that this eigenspace is finite-dimensional. To obtain
finite-dimensionality we show that F−1 is a compact operator. We then invoke
the Spectral Theorem for Compact Self-Adjoint Operators to conclude the finite-
dimensionality of the 1-eigenspace of F−1, which is the 1-eigenspace of F .

Both iii.a and iii.b require the use of the theory of Sobolev spaces, which we will use
without proof.

Extension of the ∂̄-Laplacian

First extension: currents

For θ ∈ L2
p,q(g, h) we can define the current, i.e., the continuous linear functional on the

space Γ(X,C∞(Λp,q
X ⊗E)) of (automatically compactly supported) smooth (p, q)-forms with

a certain topology which we do not discuss here, by

(�θ)(η) := (θ,�η)g.

One has the following estimate: if η is supported on a compact set K then

|�θ(η)| ≤ sup
X
|�η|g,h · ||θ||g,h ·

(∫
K
dVg

)1/2
≤ Cθ,K sup

K
(|η|g,h + |∇η|g,h + |∇2η|g,h).

The latter estimate means that the linear functional �θ is continuous with respect to the
aforementioned topology. The current �θ is a ‘concrete’ object with which we can get
started.

2.3.5 Definition. If θ ∈ L2
p,q(g, h) then the distribution �θ is said to be in L2

p,q(g, h) in
the sense of distributions if there exists α ∈ L2

p,q(g, h) such that

(α, η) = (θ,�η)

for all smooth η ∈ L2
p,q(g, h).

The subspace{
φ ∈ L2

p,q(g, h) ; �φ ∈ L2
p,q(g, h) in the sense of distributions

}
⊂ L2

p,q(g, h)

of L2
p,q(X, g) is aptly named the maximal domain of �. Although we can extend � to this

larger subspace, it is not clear that the resulting operator is self adjoint. Indeed, while its
Hilbert space adjoint �∗ agrees with � on smooth compactly supported forms, it might
happen that the domain of �∗ is not the same as the domain of �. There are also other
properties that we need from the extension of �, that do not obviously hold if we take the
maximal extension.

Instead we construct in the next paragraph a different extension.
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Friedrichs Extension of �

Suppose H is a Hilbert space with inner product ( , ) and Q is a Hermitian form defined
on a dense subspace D of H such that Q(x, x) ≥ ||x||2 for all x ∈ D . Suppose, furthermore,
that D is a Hilbert space with respect to the inner product determined by Q. Let x ∈ H.
Then the linear functional y 7→ (y, x) on D is continuous with respect to Q, since

|(y, x)|2 ≤ ||x||2||y||2 ≤ ||x||2Q(y, y).

Thus by the Riesz Representation Theorem there is an element Tx ∈ D such that Q(Tx, y) =
(x, y). The operator T : H → D is clearly well-defined, and the estimate

(2.9) ||Tx||2 ≤ Q(Tx, Tx) = (x, Tx) ≤ ||x|| · ||Tx||

shows that T is bounded. Moreover, if Tx = 0 then 0 = Q(Tx, y) = (x, y) = 0 for all y ∈ D ,
so by the density of D , x = 0. Finally, note that

(x, Ty) = Q(Tx, Ty) = Q(Ty, Tx) = (y, Tx) = (Tx, y),

so that T is also symmetric. Since T is bounded, Domain(T ∗) = H, and thus T is self-adjoint.
We let F = T−1 and Domain(F ) = T (H). Then we check that if x, y ∈ T (H) then

(Fx, y) = (T−1x, y) = Q(x, y) = Q(y, x) = (T−1y, x) = (Fy, x) = (x, Fy).

This computation shows that F : T (H) → H is symmetric, but in fact, as a possibly
unbounded operator F : H → H whose domain is T (H), it is is self adjoint.

2.3.6 Proposition (Friedrichs). The operator F , with its domain Domain(F ) = T (H),
is the unique self adjoint operator with domain in D such that Q(x, y) = (Fx, y) for all
x ∈ Domain(F ) and y ∈ D . Moreover, the equation Fu = x has a solution u for all x ∈ H,
namely, u = Tx.

Proof. First note that, by construction, u = Tx solves the equation Fu = x.
Let us prove that F is self-adjoint, i.e., that

T (H) = Domain(F ∗) := {y ∈ H ; T (H) 3 x 7→ (Fx, y) = Q(x, y) is bounded}.

i. If y = Tz ∈ T (H) then for x ∈ T (H) (and even x ∈ D)

Q(x, y) = Q(x, Tz) = Q(Tz, x) = (z, x) = (x, z),

so x 7→ Q(x, y) is bounded on T (H), i.e., T (H) ⊂ Domain(F ∗).

ii. Conversely, suppose y ∈ Domain(F ∗), i.e., ` : Domain(F ) 3 x 7→ Q(x, y) is bounded.
By extending ` continuously to the closure of Domain(F ) in H and then by 0 to
Domain(F )⊥, we may assume ` is bounded on all of H. By the Riesz Representation
Theorem there exists z ∈ H such that `(ζ) = (ζ, z). In particular, for ζ ∈ H we have

(ζ, Tz) = (Tζ, z) = `(Tζ) = Q(Tζ, y) = (ζ, y).

Thus y = Tz ∈ T (H), which shows that Domain(F ∗) ⊂ T (H).
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Therefore F is self-adjoint. Moreover, the above argument works for any operator F with
domain in D and satisfying Q(x, y) = (Fx, y) for all x ∈ Domain(F ) and all y ∈ D , and
hence F is unique.

We shall now apply Proposition 2.3.6 to construct the extension of � to a self-adjoint
unbounded operator on L2

p,q(g, h). We take as our inner product

Q(θ, η) = (∂̄θ, ∂̄η) + (∂̄∗θ, ∂̄∗η) + (θ, η).
Our Hilbert space H will be L2

p,q(g, h), while D will be the completion of Γ(X,Λp,qT ∗X ⊗ E)
with respect to the inner product Q. The inclusion ι : Γ(X,Λp,qT ∗X ⊗ E) ↪→ L2

p,q(g, h)
extends uniquely (by density) to a bounded linear map ι : D → L2

p,q(g, h) with norm ≤ 1.
In fact, ι : D → L2

p,q(g, h) is injective. Indeed, Suppose {θn} is a sequence of smooth forms
converging to θ in L2

p,q(g, h) and to 0 in D . Then

||θ||2 = lim ||θn||2 ≤ limQ(θn, θn) = 0,
and thus θ = 0.

We are thus in a position to apply Proposition 2.3.6. Let F be the operator associated
to Q. By integration by parts we find that for every pair of smooth forms θ, η,

Q(θ, η) = ((Id +�)θ, η),
and thus F is a self-adjoint extension of the Hermitian operator (Id + �)|Γ(X,Λp,qT ∗X⊗E). In
particular, the set of all smooth (p, q)-forms on X form a dense subset of the domain of F .

Of course, since the identity operator is regular and self-adjoint, we obtain an extension
of � by setting

�θ := Fθ − θ, θ ∈ Domain(F ).
2.3.7 Remark. One can now extend the notion of Harmonic forms to include those forms
in L2

p,q(g, h) that also lie in the kernel of (the extension of) �. In principle, we might then
get new, non-smooth harmonic forms. Indeed, new harmonic forms may well appear if the
metric g for X is not smooth enough. However, for sufficiently smooth (e.g. C∞) metric g
Harmonic forms are smooth, i.e., this (or any) extension of � does not increase the size of
the kernel. The smoothness of Harmonic forms is one of the main difficulties in establishing
the Hodge Theorem. �

Analytic properties of the Friedrichs extension

Gårding’s Inequality and the Regularity Theorem for F

The two results proved in the present section are crucial in our proof of the Hodge Theorem.
2.3.8 Theorem (Gårding’s Inequality). Let X be a complex manifold with a Hermitian
metric and let E → X be a Hermitian holomorphic vector bundle. For each compact subset
K ⊂⊂ X there is a positive constant C = C(K) such that

||θ||21 ≤ CQ(θ, θ).
for all smooth E-valued (p, q)-forms θ with support in K.
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2.3.9 Corollary (Rellich Compactness). If X is a compact complex manifold then the
inclusion D ↪→ L2

p,q(g, h) is a compact linear operator.

Proof. Gårding’s inequality and the obvious inequality Q(θ, θ) . ||θ||21 for all smooth E-
valued (p, q)-forms θ onX shows that D is quasi-isometric to the Sobolev spaceW 1,2(X,E)p,q.
By Relich’s Compactness Theorem the inclusion W 1,2(X,E)p,q ↪→ L2

p,q(g, h) is a compact
operator, and the result follows.

Before proving Theorem 2.3.8, we perform some local calculations. Fix a relatively com-
pact coordinate chart K in X. Let us choose a local basis {ω1, ..., ωn} of (1, 0)-forms that is
pointwise orthonormal with respect to the metric associated to g. Let L1, ..., Ln be a dual
basis of vector fields, i.e., ωi(Lj) = δij.We write ωI = ωi1 ∧ ...∧ωip and ω̄J = ω̄j1 ∧ ...∧ ω̄jq . A
(p, q)-form θ with support in K can be written θ = θIJ̄ω

I ∧ ω̄J , and the expression is unique
if we assume, as we do, that the functions θIJ̄ are skew-symmetric in I and J . Of course, θ
is smooth if and only if the functions θIJ̄ are smooth.

We can choose local coordinates at a given point p of X such that dzi(p) = ωi(p). In these
coordinates, Lj(p) = ∂

∂zj
, and the metric g is given by gij̄(z) = (δij̄ + O(|z − p|))dzi ∧ dz̄j.

We also choose a frame for E that is orthonormal at the point p. From Propositions 2.2.2
and 2.2.5 we obtain

(�θ)IJ̄ = −
(
δAC̄ε

¯̀C̄
J̄ ε

kA
N + δMP̄ δBJ̄ε

kB
M ε

¯̀N̄
P̄

)
LkL`(θIN̄) + ... .

In this multiple sum (over all the indices except I and J) there is a lot of cancellation.
In fact, we claim that the only non-zero terms occur when k = `. Note that if the latter
is the case, then in fact J = N . To show that there are no other terms, suppose k 6= `.
Then the only possibly non-zero terms occur for J 6= N . But then among these, the only
non-zero terms occur for {Jk} = {N`}. It follows that for some multiindex R and one of its
permutations R′, J = (`R) and N = (kR′). But for any choice of ordering,

δAC̄ε
¯̀C̄
J̄ ε

kA
N + δMP̄ δBJ̄ε

kB
M ε

¯̀N̄
P̄ = δAC̄ε

¯̀C̄
J̄ ε

kA
N + δMP̄ εkJM ε

¯̀N̄
P̄

= δAC̄ε
C̄
R̄ε

A
R′ + δMP̄ εk`RM ε

¯̀̄kR̄′
P̄

= δAC̄ε
C̄
R̄ε

A
R′ − δMP̄ εk`RM εk̄

¯̀R̄′
P̄ = 0.

We have thus proved the following.

2.3.10 Proposition. If θ is a smooth E-valued (p, q)-form then in any local chart, in which
θ = θIJ̄ω

I ∧ ω̄J as above, one has

�θ = −(LkLkθIJ̄)ωI ∧ ω̄J + lower order terms

and
�θ = −(LkLkθIJ̄)ωI ∧ ω̄J + lower order terms,

where ‘lower order terms’ means derivatives of the functions θIJ̄ of order ≤ 1.
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Proof of the Gårding Inequality. Using a partition of unity, it suffices to consider a single
coordinate chart in K.

Integration by parts applied to Proposition 2.3.10 then shows that

(�θ, θ) =
n∑
k=1
||(LkθIJ)ωI ∧ ω̄J ||2 +O(||θ||1||θ||0)

and also
(�θ, θ) =

n∑
k=1
||(LkθIJ)ωI ∧ ω̄J ||2 +O(||θ||1||θ||0).

It follows that

Q(θ, θ) = ||θ||20 + 1
2

 n∑
k=1
||(LkθIJ)ωI ∧ ω̄J ||2 +

n∑
k=1
||(LkθIJ)ωI ∧ ω̄J ||2

+O(||θ||1||θ||0)

Now,
||θ||1||θ||0 ≤ ε||θ||21 + 1

4ε ||θ||
2
0 and ||θ||20 ≤ Q(θ, θ).

Moreover, all first order derivatives are linear combinations of Lk and Lk. It follows that

||θ||21 . Q(θ, θ) + ||θ||1||θ||0
. Q(θ, θ) + ε||θ||21 + 1

ε
||θ||20

. Q(θ, θ) + ε||θ||21.

Taking 0 < ε << 1 completes the proof.

2.3.11 Theorem (Regularity for F ). Let η ∈ W s,2(X,E)p,q, the Sobolev space of E-valued
(p, q)-forms whose derivatives up to order s are in L2, for some s ≥ 0. Let θ = Tη ∈ D be
the unique solution to the equation

Fθ = η.

Then θ ∈ W s+2,2(X,E)p,q. In particular, if

η ∈ Γ(X,C∞(Λp,q
X ⊗ E)) and (I +�)θ = η

in the sense of currents then θ ∈ Γ(X,C∞(Λp,q
X ⊗ E)).

By definition of the Sobolev norm on a compact manifold the statement of Theorem
2.3.11 is purely local. Thus in order to prove Theorem 2.3.11, it is sufficient to establish the
following somewhat stronger result.

2.3.12 Theorem. Let U ⊂ X be an open coordinate chart, χ ∈ C∞0 (U) a smooth function,
and χ1 ∈ C∞0 (U) another smooth function such that χ1|Support(χ) ≡ 1. Let η ∈ L2

p,q(g, h)
such that χ1η ∈ Γ(X,C∞(Λp,q

X ⊗E)), and let θ = Tη ∈ D be the unique solution of Fθ = η.
Then there exists a constant C depending on s, χ and χ1 but not on η such that

||χθ||2s+2 ≤ C(||χ1η||2s + ||θ||20).
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2.3.13 Remark. Since, by definition, smooth forms inW s,2(X,E)p,q form a dense subspace,
Theorem 2.3.12 immediately implies Theorem 2.3.11. Moreover, Theorem 2.3.12 and the
Sobolev Embedding Theorem imply that η is smooth wherever Fη is smooth. �

We now embark on the proof of Theorem 2.3.12. Let us fix coordinate charts V ⊂⊂ U ⊂
X and a C∞-function χ1 with support in U such that χ1|V ≡ 1.

2.3.14 Lemma. For each C∞-function χ with compact support in V ,

||χθ||21 . ||χ1Fθ||2 + ||θ||2

uniformly for θ ∈ Γ(U,C∞(Λp,q
X )).

Proof. Let A be a first order differential operator. Then

(Aχθ,Aχθ) = (χAθ,Aχθ) +O(||θ|| · ||χθ||1)
= (Aθ, χAχθ) +O(||θ|| · ||χθ||1)
= (Aθ,Aχ2θ) + (Aθ, [χ,A]χθ) +O(||θ|| · ||χθ||1)
= (Aθ,Aχ2θ) + (θ, A∗[χ,A]χθ) +O(||θ|| · ||χθ||1)
= (Aθ,Aχ2θ) +O(||θ|| · ||χθ||1).

Here we use the fact that the formal adjoint A∗ of A is a 1st order differential operator,
the commutator [A,χ] is a 0th order operator, and there are no boundary terms because of
compact support.

Taking A = ∂̄ and then A = ∂̄∗, we have

(∂̄χθ, ∂̄χθ) = (∂̄θ, ∂̄χ2θ) +O(||θ|| · ||χθ||1)

and
(∂̄∗χθ, ∂̄∗χθ) = (∂̄∗θ, ∂̄∗χ2θ) +O(||θ|| · ||χθ||1).

It follows that for ε > 0 sufficiently small there exists C = O(1/ε) such that

Q(χθ, χθ) = Q(θ, χ2θ) +O(||θ|| · ||χθ||1)
= (Fθ, χθ) +O(||θ|| · ||χθ||1)
≤ ||χ1Fθ||2 + ε||χθ||21 + C||θ||2.

An application of Gårding’s Inequality completes the proof.

2.3.15 Remark. The same proof works if χ, instead of being a single function, is a matrix
of smooth functions with compact support, acting on the components of θ, i.e., a smooth
vector bundle endomorphism of Λp,q

X ⊗ E over U . �

For the remainder of the present paragraph we use the notation χ̃ for some function (or
matrix of functions) obtained from the the function (or matrix of functions) χ; for example,
any derivative of χ, including the commutator [∂̄, χ], etc.
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2.3.16 Lemma. Let χ and θ be as in Lemma 2.3.14, let α be a multiindex with |α| = k and
let Dα act on forms componentwise. Then

Q(Dαχθ,Dαχθ) = Q(θ, χ(Dα)∗Dαχθ) +O(||χ̃θ||k||χθ||k+1).

Here (Dα)∗ denotes the formal adjoint of Dα.

Proof. We repeatedly use the fact that the commutator of a differential operator of order k
with a differential operator of order ` is a differential operator of order k + ` − 1, applied
here in the case ` = 1. We compute that

(∂̄Dαχθ, ∂̄Dαχθ) = (Dαχ∂̄θ, ∂̄Dαχθ) +O(||χ̃θ||k||χθ||k+1)
= (∂̄θ, χ(Dα)∗∂̄Dαχθ) +O(||χ̃θ||k||χθ||k+1)
= (∂̄θ, ∂̄χ(Dα)∗Dαχθ) + (∂̄θ, [χ(Dα)∗, ∂̄]Dαχθ) +O(||χ̃θ||k||χθ||k+1)
= (∂̄θ, ∂̄χ(Dα)∗Dαχθ) + ([∂̄∗, χDα, ]∂̄θ,Dαχθ) +O(||χ̃θ||k||χθ||k+1)
= (∂̄θ, ∂̄χ(Dα)∗Dαχθ) +O(||χ̃θ||k||χθ||k+1).

Repeating the calculation with ∂̄ replaced by ∂̄∗ yields

(∂̄∗Dαχθ, ∂̄∗Dαχθ) = (∂̄∗θ, ∂̄∗χ(Dα)∗Dαχθ) +O(||χ̃θ||k||χθ||k+1).

Adding these and observing that (θ, χ(Dα)∗Dαχθ) = ||Dαχθ||2 completes the proof.

Proof of Theorem 2.3.12. For s = 0 we use Lemma 2.3.14 to get

||χθ||22 ∼
∑
j

||∂xjχθ||21 + ||χθ||21 .
∑
j

||∂xjχθ||21 + ||χ1Fθ||2 + ||θ||2.

But by Gårding’s Inequality and Lemma 2.3.16,

||∂xjχθ||21 . Q(∂xjχθ, ∂xjχθ)
= Q(θ, χ(∂xj)∗∂xjχθ) +O(||χ̃θ||1||χθ||2)
= (Fθ, χ(∂xj)∗∂xjχθ) +O(||χ̃θ||1||χθ||2)
= (χ1Fθ, χ(∂xj)∗∂xjχθ) +O(||χ̃θ||1||χθ||2)
. ||χ1Fθ||2 + ||χ̃θ||21 + ε||χθ||22
. ||χ1Fθ||2 + ε||χθ||22.

Taking ε sufficiently small gives us the case s = 0.
By induction, suppose the result has been proved for s− 1. Then

||χθ||2s+2 ∼
∑
j

||Dβχθ||21 + ||χθ||2s+1 .
∑
j

||Dβχθ||21 + ||χ̃Fθ||2s−1 + ||θ||2.
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But now

||Dαχθ||21 . Q(Dαχθ,Dαχθ)
= Q(θ, χ(Dα)∗Dαχθ) +O(||χ̃θ||s+1||χθ||s+2)
= (Fθ, χ(Dα)∗Dαχθ) +O(||χ̃θ||s+1||χθ||s+2)
= (χ1Fθ, χ(Dα)∗Dαχθ) +O(||χ̃θ||s+1||χθ||s+2)
≤ ||χ1Fθ||s||χ(Dα)∗Dαχθ||−s +O(||χ̃θ||s+1||χθ||s+2)
. ||χ1Fθ||2s + ||χ̃θ||s+1 + ε||χθ||2s+2

. ||χ1Fθ||2s + ||χ1Fθ||s−1 + ε||χθ||2s+2

. ||χ1Fθ||2s + ε||χθ||2s+2.

In the second-to-last estimate we used the inductive hypothesis. Putting everything together
yields

||χθ||2s+2 . ||χ̃Fθ||2s + ||θ||2 + ε||χθ||2s+2.

Taking ε sufficiently small completes the proof.

2.3.4 Proof of the Hodge Theorem
Smoothness of Harmonic forms

Fix λ ∈ R. Suppose θ ∈ W s,2(X,E)p,q satisfies �θ = λθ. Then by definition, Fθ = (λ+ 1)θ.
It follows from Lemma 2.3.12 that θ ∈ W s+2,2(X,E)p,q, and thus by induction

θ ∈
⋂
s≥0

W s,2(X,E)p,q.

By the Sobolev Embedding Theorem θ ∈ Γ(X,Λp,q(T ∗X) ⊗ E). In particular, taking λ = 0
proves the smoothness part of Item 1 of the Hodge Theorem 2.3.1. Finite dimensionality of
Hp,q(g, h) (and, in fact, of all the eigenspaces of F ) will be handled below.

Solutions are orthogonal to harmonic forms

We turn next to the necessity of the condition in Item 2 of Theorem 2.3.1. Let ϕ ∈ L2
p,q(g, h)

and suppose we want to solve the equation �u = ϕ. If a solution u exists then one has

(ϕ, θ) = (�u, θ) = (u,�θ).

In particular, ϕ ⊥ Kernel(�).

Compactness of the the inverse of F

Recall the operator T = F−1 : L2
p,q(g, h) → D defined in Section 2.3.3. As we showed on

page 76, T is bounded. Since the composition of a bounded operator and a compact operator
is a compact operator, Corollary 2.3.9 implies the following lemma.
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2.3.17 Lemma. Let ι : D ↪→ L2
p,q(g, h) denote the inclusion. Then the operator

L := ι ◦ T : L2
p,q(g, h)→ L2

p,q(g, h)

is compact.

End of the proof of the Hodge Theorem

Since || · ||L2 ≤ || · ||D , the estimate (2.9) implies that ||Tξ||L2 ≤ ||ξ||L2 . Thus the eigenvalues
of L are no more than 1. Moreover, since F is positive-definite and self-adjoint, so is L, and
thus all the eigenvalues of L are positive.

By the Spectral Theorem for compact self-adjoint operators there is a discrete set of
numbers 1 = λ1 > λ2 > .... such that λm → 0 and the subspaces

Km(X,E) := {θ ∈ Γ(X,Λp,q
X ⊗ E) ; Lθ = λmθ}

are finite dimensional and provide a decomposition of L2
p,q(g, h), i.e.,

L2
p,q(g, h) =

⊕
m≥1

Km(X,E)

in the sense of Hilbert spaces (meaning that every element on the left hand side is a possibly
infinite sum of elements of the components on the right, convergent with respect to the
Hilbert norm). Observe that for any θ ∈ Km(X),

�θ = (λ−1
m − 1)θ = 1− λm

λm
θ.

In particular, K1(X,E) = Hp,q(g, h).
Let us fix bases {

θ
(m)
j ; 1 ≤ j ≤ Nm

}
⊂ Km(X,E), m = 1, 2, ... .

Let ϕ ∈ L2
p,q(g, h). Decompose ϕ orthogonally in L2

p,q(g, h) as

ϕ =
∞∑
m=1

Nm∑
j=1

cjmθ
(m)
j

Let
Gp,qϕ :=

∞∑
m=2

Nm∑
j=1

λmcjm
1− λm

θ
(m)
j .

Then Gp,qHp,q(g, h) = {0}. Moreover, the inequality

|λm|
|1− λm|

≤ 1
1− λ2

, m ≥ 2
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show that Gp,qϕ is convergent and

||Gp,qϕ||L2 ≤ 1
1− λ2

||ϕ||L2 .

Next,

�Gp,q(ϕ− Pp,qϕ) =
∞∑
m=2

Nm∑
j=1

λmcjm
1− λm

�θ(m)
j =

∞∑
m=2

Nm∑
j=1

cjmθ
(m)
j = ϕ− Pp,qϕ.

Since ∂̄� = �∂̄ and ∂̄∗� = �∂̄∗, the operators ∂̄ and ∂̄∗ map eigenforms of a given
eigenvalue to eigenforms of the same eigenvalue. It follows that Gp,q∂̄ = ∂̄Gp,q−1 and Gp,q∂̄

∗ =
∂̄∗Gp,q+1.

It remains to show that Gp,q is compact. But the formula for Gp,q, coupled with the fact
that λm → 0, shows that for any ε > 0 there is a finite-rank (therefore compact) operator
Aε and an operator Bε whose norm is at most ε, such that

(2.10) Gp,q = Aε +Bε.

Indeed, we choose mo such that λmo < ε(1− λmo) and take

Aε
mo∑
m=2

Nm∑
j=1

cjmθ
(m)
j :=

mo∑
m=2

Nm∑
j=1

λmcjm
1− λm

θ
(m)
j .

But any operator is compact if and only if it has a decomposition of the form (2.10). Hence
Gp,q is compact, and the Hodge Theorem is proved.

2.3.5 Laplacians of Kähler manifolds and the ∂∂̄-Lemma
The crucial feature of Kähler manifolds that we will use below is the characterization that a
metric g on X is Kähler if and only if each point of X lie is a holomorphic coordinate system
with respect to which the metric is Euclidean to second order (Theorem 1.5.21).

2.3.18 Lemma. On a Kähler manifold the operators � = ∂̄∂̄∗ + ∂̄∗∂̄ and ∆∂ = ∂∂∗ + ∂∗∂
agree, and are equal to 1

2∆, where ∆ = dd∗ + d∗d is the real Laplace Beltrami Operator. In
particular, ∂� = �∂.

Proof. We restrict to (p, q)-forms. In the untwisted case the Bochner-Kodaira Identity reads

� = ∇̄∗∇̄+ Θ(g(p,0) ⊗ det g)]̄g .

A straightforward repetition of the proof of the Bochner-Kodaira Identity for the operator
∂ in place of ∂̄ (which only makes sense in the untwisted case) shows that

∆∂ = ∇∗∇+ Θ(g(0,q) ⊗ det g)]g .
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But then

�−∆∂ = −gij̄(∇i∇j̄ −∇j̄∇i) + Θ(g(·) ⊗ det g)]̄g −Θ(g(·) ⊗ det g)]g ,

and the right hand side vanishes by direct computation. Therefore � = ∆∂.
Next, since d = ∂ + ∂̄,

∆ = �+ ∆∂ + ∂̄∂∗ + ∂∗∂̄ + ∂∂̄∗ + ∂̄∗∂ = �+ ∆∂ + ∂∂̄∗ + ∂̄∗∂ + ∂∂̄∗ + ∂̄∗∂.

We wish to show that ∂∂̄∗ + ∂̄∗∂ = 0. Since (as the reader can verify) ∂∂̄∗ + ∂̄∗∂ is a first
order differential operator, we may study it in Kähler coordinates, i.e., coordinates in which
the metric is Euclidean to second order. Using Proposition 2.2.5 (note that the covariant
derivatives are now the usual partial derivatives, since we are in the untwisted case) and the
formula

∂ϕ = ε
(kI)
M

∂ϕIJ̄
∂zk

dzM ∧ dz̄J ,

we have

(∂∂̄∗ϕ)MJ̄ = (−1)pε(kI)
M δ`j̄

∂

∂zk
∂

∂z`
ϕIj̄J̄ = −(−1)p+1δ`j̄

∂

∂z`
ε

(kI)
M

∂

∂zk
ϕIj̄J̄ = −(∂̄∗∂ϕ)MJ̄ .

Finally, if � = ∆∂ then ∂� = ∂∆∂ = ∆∂ = �∂. The proof is complete.

With the aid of the Hodge Theorem, we can now use the previous lemma to prove the
following important result.

2.3.19 Theorem (∂∂̄-Lemma). Let X be a compact Kähler manifold and let ϕ be a d-
closed (p, q)-form on X. Assume moreover that ϕ is d-, ∂- or ∂̄-exact. Then there exists a
(p− 1, q − 1)-form ψ on X such that ∂∂̄ψ = ϕ. Moreover, if p = q and ϕ is Hermitian then
the exists such a ψ so that

√
-1ψ is Hermitian.

Proof. Since � = ∆∂ = 1
2∆, the kernels of these operators are all the same, and consist of

harmonic forms.
Let us assume first that ϕ is ∂̄-exact. Then ϕ is orthogonal to the harmonic forms, and

by the Hodge Theorem
ϕ = (∂̄∂̄∗ + ∂̄∗∂̄)G∂̄(ϕ) = ∂̄∂̄∗G∂̄(ϕ),

where G∂̄ is the Green operator of �. The last equality holds because ∂̄ and G∂̄ commute.
Now, since 0 = dϕ = ∂ϕ+ ∂̄ϕ, we must have ∂ϕ = 0 by type. Thus the form η = ∂̄∗G∂̄(ϕ)

satisfies
∂η = −∂̄∗∂G∂̄(ϕ) = −∂̄∗G∂̄(∂ϕ) = 0.

Since η ∈ Image(∂̄∗), η is orthogonal to the harmonic forms, and thus

η = (∂∂∗ + ∂∗∂)G∂(η) = ∂∂∗G∂(η),

where again the last equality holds because ∂ and G∂ commute. Thus we have

ϕ = ∂̄(∂̄∗G∂̄(ϕ)) = ∂̄η = ∂̄∂(∂∗G∂(η)) = ∂̄∂(∂∗∂̄∗G∂G∂̄(ϕ)),
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which establishes the case of ∂̄-exact ϕ. The case of ∂-exact is the same, with ∂ and ∂̄
interchanged in the argument. And since any d-exact form is a sum of ∂-exact and ∂̄-exact
forms, the d-exact case follows as well.

Finally, if ϕ is Hermitian then
√
-1∂∗∂̄∗G∂G∂̄(ϕ)

is Hermitian. The proof is complete.

An important application of the ∂∂̄-Lemma is the following result.
2.3.20 Theorem. Let X be a compact Kähler manifold and L → X a holomorphic line
bundle. Let ω be a Hermitian (1, 1)-form in the cohomology class c1(L). Then there is a
metric e−ϕ for L such √

-1
2π ∂∂̄ϕ = ω.

Proof. Fix any smooth metric e−ϕo for L. Then θ := ω −
√

-1
2π ∂∂̄ϕo is Hermitian and d-

cohomologically trivial. It follows from the ∂∂̄-Lemma 2.3.19 that

θ =
√
-1

2π ∂∂̄f

for some real function f , and then the metric e−(ϕo+f) has curvature ω.

2.4 L2 Estimates for the ∂̄ Equation
In complex analytic geometry one often tries to construct holomorphic functions, or holo-
morphic sections of a given vector bundle. The existence of such functions already implies
that the vector bundle in question (which is the trivial line bundle if we are considering
functions) admits a possibly singular Hermitian metric with some sort of positivity.

By contrast, if a holomorphic vector bundle E → X has a Hermitian metric with suf-
ficiently positive curvature, one would like to construct sections of this holomorphic vector
bundle. The usual technique is to first construct a smooth section, and then correct this
section to be holomorphic.

One can check whether a smooth section s is holomorphic by examining ∂̄s; s is holo-
morphic if and only if ∂̄s = 0. If a linear correction s − u of s is holomorphic then u must
be a solution of the equation

∂̄u = ∂̄s.

The right hand side is a given E-valued (0, 1)-form, and one wants to choose u so that the
desired properties of s are not destroyed after subtracting u.

We shall use this philosophy in the next two chapters. In the present chapter, we focus
on a specific way of solving the equation ∂̄u = f for a given ∂̄-closed E-valued (0, 1)-form
(or more generally, (p, q)-form). There are several approaches to the problem, but the most
general seems to be obtaining a solution with L2 estimates, and this is the approach we shall
pursue.
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2.4.1 Compact Kähler Manifolds
In the case of a compact manifold, all smooth forms have compact support. Thus the methods
of the 1-dimensional case can be applied to the setting of compact manifolds, resulting in a
proof of Hörmander’s Theorem that, as the reader will later see, is much less technical than
the proof of Hörmander’s Theorem in the case of general pseudoconvex Kähler manifolds.

Though there is a definite need for the general case of Hörmander’s Theorem in some
of the deeper applications to algebraic and complex geometry, the compact case already
has applications to important results in algebraic geometry and in the geometry of compact
Kähler manifolds.

Hörmander’s Theorem on compact Kähler manifolds

2.4.1 Theorem. Let (X, g) be a compact Kähler manifold and let E → X be a holomorphic
vector bundle with Hermitian metric h. Fix p, q with 0 ≤ p ≤ n and 1 ≤ q ≤ n. Assume
that, as linear transformations acting on E-valued (p, q)-forms pointwise,

(2.11) Θ(g(p) ⊗ det(g)⊗ h)]̄g ≥ c · Id

for some positive constant c. Then for every ∂̄-closed E-valued (p, q)-form ϕ such that∫
X
|ϕ|2g,hdVg < +∞

there exists a E-valued (p, q − 1)-form u such that

∂̄u = ϕ and
∫
X
|u|2g,hdVg ≤

1
c

∫
X
|ϕ|2g,hdVg.

Moreover, Hp,q

∂̄
(X,E) = {0}.

Remark. Note that the vanishing of Hp,q

∂̄
(X,E) does not follow immediately from the

solvability of ∂̄, because we are only producing square-integrable solutions. In fact, even for
smooth data ϕ there are always non-smooth solutions u of the equation ∂̄u = ϕ when q > 1.

Although we could use the Functional Analysis Lemma 2.1.6, we will give a direct proof
that uses similar ideas from functional analysis, but that will produce for us a smooth solution
when the data is smooth. �

Proof. Let ϕ be the form given in the hypotheses. For any smooth, E-valued (p, q)-form ψ
The Bochner-Kodaira-Nakano Identity implies the estimate

(2.12) ||ψ||2 ≤ 1
c

(
||∂̄ψ||2 + ||∂̄∗ψ||2

)
.

Now consider the bilinear form (·, ·)H defined on smooth sections of Λp,q
X ⊗ E by

(ψ1, ψ2)H := (∂̄ψ1, ∂̄ψ2) + (∂̄∗ψ1, ∂̄
∗ψ2).
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The inequality (2.12) implies that || · ||H is a norm. Define H to be the Hilbert space
completion of Γ(X,C∞(Λp,q

X ⊗ E)) with respect to the norm || · ||H .
Let λϕ : L2

p,q(g, h)→ C by
λϕ(ψ) := (ψ, ϕ).

By Cauchy-Schwarz
|λϕ(ψ)|2 ≤ ||ϕ||

2

c
||ψ||2H ,

and thus λϕ ∈ H ∗. Therefore by the Riesz Representation Theorem there exists v ∈ H
such that

||v||2H ≤
||ϕ||2

c
and (v, ψ)H = λϕ(ψ), ψ ∈H .

The latter means that

(2.13) (∂̄v, ∂̄ψ) + (∂̄∗v, ∂̄∗ψ) = (ϕ, ψ), ψ ∈H .

In particular, the latter holds for smooth ψ. Thus �v = ϕ in the weak sense. We also note
that, by Theorem 2.3.12, v lies in the Sobolev space W 1,2.

Now, since ∂̄ϕ = 0 we claim that ∂̄v = 0. Indeed, for any smooth form θ one has

0 = (ϕ, ∂̄∗θ) = (∂̄v, ∂̄∂̄∗θ) + (∂̄∗v, ∂̄∂̄∗θ) = (∂̄v, ∂̄∂̄∗θ) = (∂̄∗∂̄v, ∂̄∗θ).

Choosing a sequence of smooth forms vj that converges to v in W 1,2 and setting θ := ∂̄vj,
we have

0 = lim
j

(∂̄∗∂̄v, ∂̄∗∂̄vj) = ||∂̄∗∂̄v||2,

which proves that ∂̄∗∂̄v = 0, and hence ||∂̄v||2 = (∂̄∗∂̄v, v) = 0, which proves our claim.
With the vanishing of ∂̄v in hand, (2.13) shows that the twisted form u := ∂̄∗v satisfies

(u, ∂̄∗ψ) = (ϕ, ψ), i.e., ∂̄u = ϕ (in the weak sense)

and
||u||2 = ||v||2H ≤

||ϕ||2

c
.

Finally, suppose ϕ is smooth. Then by the Hodge Theorem 2.3.1.2 the solution v of
�v = ϕ is smooth, and thus so is u = ∂̄∗v. In particular, by definition of Hp,q

∂̄
(X,E),

Hp,q(X,E) = {0}.
2.4.2 Remark. The vanishing of the cohomology in Theorem 2.4.1 can also be deduced
from the Hodge Theorem and the formal Bochner-Kodaira Identity. Indeed, by Theorem
2.3.2 every cohomology class in Hn,q

∂̄
(X,E) contains a unique harmonic form. If ϕ is such a

harmonic form then by the Bochner-Kodaira Identity we have

0 = �ϕ = ∇̄∗∇̄ϕ+ Θ(h)]gϕ.

Taking inner product with ϕ yields

0 = (�ϕ, ϕ) = ||∇̄ϕ||2 + (Θ(h)]gϕ, ϕ) ≥ c||ϕ||2,

and thus ϕ = 0 (and also ∇̄ϕ = 0, i.e., harmonic forms are ‘parallel’). �
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Positivity and Vanishing

If we unravel the right hand side of the assumption (2.11) in Theorem 2.4.1 we discover the
formula (

Θ(g(p,0) ⊗ det g ⊗ h)]̄gϕ
)α
i1...ipj̄1...j̄q

:= −
q∑

k=1
gi

¯̀Θα
βij̄k

ϕβ
Ipj̄1...(¯̀)k...j̄q

+
q∑

k=1

p∑
ν=1

R r ¯̀
iν j̄k

ϕαi1...(r)ν ...ipj̄1...(¯̀)k...j̄q

−
q∑

k=1
Rs̄

j̄k
ϕαIpj̄1...(s̄)k...j̄q .

It is hard to tell from this expression whether the assumption (2.11) holds for given metrics
g and h. A few special cases are easier to handle.

Kodaira Vanishing

Let L → X be a holomorphic line bundle on a complex manifold X of complex dimension
n, and let e−ϕ be a smooth Hermitian metric for L. The positivity of the curvature ∂∂̄ϕ of
e−ϕ means precisely that the (1, 1)-form

ω :=
√
-1

2π ∂∂̄ϕ

is a Kähler form. (Thus, a posteriori, every complex manifold admitting a line bundle with a
metric of positive curvature is necessarily Kähler.) We therefore can, and do, use the Kähler
form ω to define our Kähler metric g on X.

Suppose β is a smooth, L-valued (n, q)-form. Then

Θ(e−ϕ)]̄gβ

= 2π
q∑

k=1
gi

¯̀
gij̄kβj̄1...(¯̀)k...j̄qdz

1 ∧ · · · ∧ dzn ∧ dz̄j1 ∧ · · · ∧ dz̄jq

= 2πqβ

By Theorem 2.4.1 we have the following theorem.
2.4.3 Theorem (Kodaira Vanishing Theorem). Let X be a compact Kähler manifold and
let L → X be a holomorphic line bundle admitting a smooth metric of positive curvature.
Then

Hn,q

∂̄
(X,L) = {0}.

Vanishing theorems for q > 1

Let (X,ω) be a Kähler manifold. Suppose L → X is a line bundle with smooth Hermitian
metric e−ϕ whose curvature Ω =

√
-1∂∂̄ϕ is not necessarily positive. Let

λ1(p) ≤ λ2(p) ≤ ... ≤ λn(p)

89



denote the eigenvalues of θp relative to ωp, thought of as Hermitian forms on T 1,0
X,p. (These

eigenvalues depend on the point p, but nature of this dependence will not be important to
us.) Fix a correspoinding ω-orthonormal basis ξ1(p), ..., ξn(p) of eigenvectors for T 1,0

X,p, and
let αi ∈ T 1,0∗

X,p be defined by
αi(v) = ω(ξi, v), v ∈ T 1,0

X,p.

Given an L-valued (n, q)-form β, we can write β = βJ̄α
1 ∧ ...∧αn ∧ ᾱJ ⊗ e. We compute

that

Θ(e−ϕ)]gβ =
q∑

k=1
gi

¯̀Ωij̄k
βj̄1...(¯̀)k...j̄qα

1 ∧ ... ∧ αn ∧ ᾱJ ⊗ e

=
q∑

k=1
δi

¯̀
λiδij̄kβj̄1...(¯̀)k...j̄qα

1 ∧ ... ∧ αn ∧ ᾱJ ⊗ e

= (λj1 + ...+ λjq)βJ̄α1 ∧ ... ∧ αn ∧ ᾱJ ⊗ e.

Since ω =
√
-1∑i α

i ∧ ᾱi and Ω =
√
-1∑i λiα

i ∧ ᾱi, we have

Ω ∧ ωq−1 = (
√
-1)q(q − 1)!

∑
|J |=q

(λj1 + · · ·+ λjq)αj1 ∧ ᾱj1 ∧ · · · ∧ αjq ∧ ᾱjq

and
ωq = (

√
-1)qq!

∑
|J |=q

αj1 ∧ ᾱj1 ∧ · · · ∧ αjq ∧ ᾱjq .

By Theorem 2.4.1 we have the following theorem.

2.4.4 Theorem. Let (X,ω) be a compact Kähler manifold, let L → X be a holomorphic
line bundle with smooth metric e−ϕ, and let q ∈ {1, ..., n}. If there exists a constant c > 0
such that √

-1∂∂̄ϕ ∧ ωq−1 ≥ cωq.

Then
Hn,q

∂̄
(X,L) = {0}.

2.4.5 Remark. Note that if q = 1 then
√
-1∂∂̄ϕ satisfies the hypotheses of Theorem 2.4.4

if and only if
√
-1∂∂̄ϕ is positive definite, and the latter condition is independent of ω. On

the other hand, if q > 1 the hypotheses of Theorem 2.4.4 depend both on
√
-1∂∂̄ϕ and ω. �

Positivity for vector bundles and Nakano Vanishing

Continuing in the case p = n on a Kähler manifold (X, g), let us pass to the case of a higher
rank vector bundle E with Hermitian metric h.

Recalling that the curvature Θ(h) of the Chern connection for h is a linear map from
Γ(X,E) to Γ(X,Λ1,1T ∗X ⊗E), we can define a quadratic form on the fibers of T 1,0

X ⊗E → X
by

〈ξ ⊗ v, η ⊗ w〉h,Θ(h) := h(Θ(h)ξ,η̄v, w).
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2.4.6 Definition. Let E → X be a holomorphic vector bundle of rank r with Hermitian
metric h on a complex manifold X of complex dimension n. Fix a Hermitian metric g on X.

(i) We say that h has positive curvature in the sense of Griffiths at a point x ∈ X if there
exists c > 0 such that

〈ξ ⊗ v, ξ ⊗ v〉h,Θ(h) ≥ c · h(v, v)g(ξ, ξ)

for all v ⊗ ξ ∈ T 1,0
X,x ⊗ Ex.

(ii) We say that h has positive curvature in the sense of Nakano if there exists c > 0 such
that 〈 ρ∑

j=1
ξj ⊗ vj,

ρ∑
k=1

ξk ⊗ vk
〉
h,Ω(h)

≥ c
ρ∑

j,k=1
h(vj, vj)g(ξk, ξk)

for all ξ1 ⊗ v1, ..., ξρ ⊗ vρ ∈ T 1,0
X,x ⊗ Ex, where ρ = min(n, r).

2.4.7 Remark. Elements of fibers (T 1,0
X ⊗E)x = T 1,0

X,x⊗Ex can be seen as linear maps from
T 1,0
X,x to E∗x. The rank of each such linear map is called the rank of the tensor. The rank of

a non-zero tensor can be any integer between 1 and min(dimC(X), rank(E)). A tensor has
rank 1 if and only if it is indecomposable, i.e., of the form ξ ⊗ v for some ξ ∈ T 1,0

X,x and some
v ∈ Ex.

The different notions of positivity can be explained more clearly in terms of rank. The
metric h for E → X is Griffiths positive (resp. non-negative) if and only if the quadratic
form {·, ·} is positive (resp. non-negative) on all tensor of rank 1. Nakano positivity for h is
equivalent to the positivity of {·, ·}.

Demailly has introduced intermediate notions of positivity. One says that h has k-positive
curvature in the sense of Demailly if {·, ·} is positive on all tensor of rank k. �

Clearly these notions of positivity do not depend on the choice of the metric g. Moreover,
we have the following theorem.

2.4.8 Theorem (Nakano Vanishing Theorem). Let X be a compact Kähler manifold and
let E → X be a holomorphic vector bundle admitting a smooth metric whose curvature is
positive in the sense of Nakano. Then

Hn,q

∂̄
(X,E) = {0}

for all q ≥ 1.
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Akizuki-Nakano Vanishing

Let E → X be a holomorphic vector bundle over the Kähler manifold (X, g). For general
(p, q), the Bochner-Kodaira Identity reads

(�ϕ)αi1...ipj̄1...j̄q = −gij̄∇i∇j̄ϕ
α
i1...ipj̄1...j̄q

+
q∑

k=1
gi

¯̀Ωα
βij̄k

ϕβ
Ipj̄1...(¯̀)k...j̄q

+
q∑

k=1

p∑
ν=1

R r ¯̀
iν j̄k

ϕαi1...(r)ν ...ipj̄1...(¯̀)k...j̄q

+
q∑

k=1
Rs̄

j̄k
ϕαIpj̄1...(s̄)k...j̄q .

for any smooth E-valued (p, q)-form ϕ.
When the vector bundle E → X is trivial, we also have a well-defined ∂ operator, but

in general we must use its covariant version, which we have denoted ∇1,0. Let us derive a
formula for the covariant ∂-Laplacian

∆1,0 := ∆∇1,0 = ∇1,0(∇1,0)∗ + (∇1,0)∗∇1,0

for (p, q)-forms with values in a holomorphic vector bundle E → X. Note that the derivation
is not completely symmetric to the derivation of a formula for �, since the vector bundle
E → X is holomorphic, and not anti-holomorphic.

We can carry out the derivation in the same way as for �, so we will be sketchy, leaving
verification of fine details to the reader. Like Propositions 2.2.2 and 2.2.5, we have

(∇1,0ϕ)αioi1...ipJ̄ =
p∑

k=0
(−1)k∇ikϕ

α
io...îk...ip

and
((∇1,0)∗ϕ)αi1...ip−1J̄

= −gij̄∇j̄ϕ
α
ii1...ip−1J̄

.

Therefore we have

((∇1,0)∗∇1,0ϕ)αi1...ipJ̄ = −gij̄∇j̄∇iϕ
α
i1...ipJ̄

+
p∑

k=1
gij̄∇j̄∇ikϕ

α
i1...(i)k...ipJ̄

and
(∇1,0(∇1,0)∗ϕ)αi1...ipJ̄ = −

p∑
k=1

gij̄∇ik∇j̄ϕ
α
i1...(i)k...ipJ̄ ,

and thus
(∆1,0ϕ)αi1...ipJ̄ = −gij̄∇j̄∇iϕ

α
i1...ipJ̄

−
p∑

k=1
gij̄[∇ik ,∇j̄]ϕαi1...(i)k...ipJ̄ .
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We can then compute, along the same lines as in the proof of Theorem ??, that

(∆1,0ϕ)αi1...ipJ̄ = −gij̄∇j̄∇iϕ
α
i1...ipJ̄

−
q∑

k=1
gi

¯̀Ωα
βij̄k

ϕβ
i1...(`)k...ipJ̄

+
q∑

k=1

p∑
ν=1

R r ¯̀
iν j̄k

ϕαi1...(r)ν ...ipj̄1...(¯̀)k...j̄q

+
q∑

k=1
Rs̄

j̄k
ϕαIpj̄1...(s̄)k...j̄q .

Since
(gij̄[∇i,∇j̄]ϕ)αIJ̄ = gij̄Ωα

βij̄ϕ
β

IJ̄

is the trace of the curvature in the base directions, we finally conclude that

(�ϕ−∆1,0ϕ)αIJ̄ =
p∑

k=1
g`j̄Ωα

βik j̄
ϕβ
i1...(`)k...ipJ̄

+
q∑

k=1
gi

¯̀Ωα
βij̄k

ϕβ
Ij̄1...(¯̀)k...j̄q

− gij̄Ωα
βij̄ϕ

β

IJ̄
.

In particular, if E is a line bundle, we have the following result.
2.4.9 Proposition. Let X be a Kähler manifold and let L → X be a holomorphic line
bundle with Hermitian metric e−ϕ. Then with Ω = ∂2ϕ

∂zi∂z̄j
dzi ∧ dz̄j,

�ϕ−∆1,0ϕ =
p∑

k=1
gνj̄Ωik j̄

ϕi1...(ν)k...ipJ̄ +
q∑

k=1
gi

¯̀Ωij̄k
ϕIpj̄1...(¯̀)k...j̄q − g

ij̄Ωij̄ϕ.

2.4.10 Remark. If we take L to be the trivial line bundle with the trivial metric e−ϕ = 1
then we recover the identity

�ϕ = ∆∂ϕ

discussed in the previous section. �

We can finally prove the following generalization of the Kodaira Vanishing Theorem.
2.4.11 Theorem (Akizuki-Nakano Vanishing Theorem). Let X be a compact Kähler man-
ifold and let L → X be a holomorphic line bundle admitting a smooth metric of positive
curvature. Then

Hp,q

∂̄
(X,L) = {0}

for all p+ q > n.
Proof. As in the proof of Theorem 2.4.3, we take a positively curved metric e−ϕ for L→ X
and let g be the metric whose metric form is

√
-1

2π ∂∂̄ϕ. Then by Proposition 2.4.9 the identity

�ϕ = ∆1,0ϕ+ (p+ q − n)ϕ

holds for all smooth L-valued (p, q)-forms. It follows that

||∂̄ϕ||2 + ||∂̄∗ϕ||2 = ||∇1,0ϕ||2 + ||(∇1,0)∗ϕ||2 + (p+ q − n)||ϕ||2 ≥ (p+ q − n)||ϕ||2

for all smooth L-valued (p, q)-forms. If the latter estimate replaces (2.11) in the statement
of Theorem 2.4.1 then, with c = p+ q−n > 0, the proof of Theorem 2.4.1 goes through.
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2.4.2 Complete Kähler manifolds
Let (X, g) be a Hermitian manifold and let E → X be a holomorphic vector bundle with
smooth Hermitian metric h. We define the Hilbert spaces L2

p,q(g, h) to be the Hilbert space
completion of the space Γo(X,Λp,q

X ⊗ E) of smooth compactly supported E-valued (p, q)-
forms. (This time, since X is not smooth, we must restrict to compactly supported forms.)

The maximal extension of ∂̄

We have the operator ∂̄ : Γ(X,Λp,qT ∗X⊗E)→ Γ(X,Λp,q+1T ∗X⊗E) defined on smooth sections,
and we extend ∂̄ to a densely-defined operator L2

p,q(g, h) → L2
p,q+1(g, h) following the same

path, which we now recall.
Since every element of L2

p,q(g, h) is trivially locally integrable, we can extend ∂̄ as on
operator on all of L2

p,q(g, h) in the sense of currents: for ϕ ∈ L2
p,q(g, h),

∂̄ϕ(ψ) := (ϕ, ∂̄∗ψ), ψ ∈ Γo(X,Λp,q+1T ∗X ⊗ E),

where ∂̄∗ is the formal adjoint of ∂̄.
We can construct a densely defined extension of ∂̄ if we take the domain of the extension

of ∂̄ to be any subspace H of L2
p,q(g, h) containing Γo(X,Λp,qT ∗X ⊗ E) such that for each

ϕ ∈ H the E-valued (p, q + 1)-current ∂̄ϕ is represented by integration against some form
Fϕ ∈ L2

p,q+1(g, h), meaning

∂̄ϕ(ψ) = (Fϕ, ψ) for all ψ ∈ Γo(X,Λp,q+1
X ⊗ E).

(We will shorten the terminology and simply say that ∂̄ϕ ∈ L2
p,q+1(g, h) in the sense of

currents, or simply that ∂̄ϕ ∈ L2
p,q+1(g, h).) Each such subspace H yields a different densely

defined operator.
In this chapter, we will take the so-called maximal extension Tp,q of ∂̄ defined by the

domain
Domain(Tp,q) := {ϕ ∈ L2

p,q ; ∂̄ϕ ∈ L2
p,q+1(g, h)}.

2.4.12 Proposition. The operator T = Tp,q is closed.

Proof. Let {ϕj} ⊂ Domain(T ) be a sequence that converges to some ϕ ∈ Domain(T ) such
that Tϕj → Φ in L2

p,q+1(g, h). Then for all η ∈ Γo(X,Λp,q+1
X ⊗ E) we have

(Tϕ− Φ, η) = lim(Tϕ− Tϕj, η) = lim(ϕ− ϕj, ∂̄∗η) = 0.

Thus Tϕ = Φ.

The Hilbert space adjoint T ∗p,q

By Section 2.1, the maximal extension Tp,q of ∂̄ has a Hilbert space adjoint. We recall that

Domain(T ∗p,q) = {α ∈ L2
p,q+1(g, h) ; |(α, Tp,qψ)| ≤ Cα||ψ|| for all ψ ∈ Domain(Tp,q)}.

Below we will need the following simple proposition.
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2.4.13 Proposition. If χ ∈ C∞o (X) and ϕ ∈ Domain(T ∗p,q) ∩Domain(Tp,q+1) then

χϕ ∈ Domain(T ∗p,q) ∩Domain(Tp,q+1).

Moreover,

Tp,q+1(χϕ) = χTp,q+1ϕ+ ∂̄χ ∧ ϕ and T ∗p,q(χϕ) = χT ∗ϕ− grad′′χyϕ,

where, for a function f , grad′′f is the (0, 1)-vector field defined by

g(ξ, grad′′f) = ∂f(ξ), ξ ∈ T 1,0
X .

Proof. We compute that, as currents,

∂̄(χϕ) = ∂̄χ ∧ ϕ+ χTp,q+1ϕ,

so clearly χϕ ∈ Domain(Tp,q+1) and the formula for Tp,q+1 holds. Next, if ψ ∈ Domain(Tp,q)
then the calculation just completed shows that χψ ∈ Domain(Tp,q). Thus

|(χϕ, Tp,qψ)| = |(ϕ, Tp,q(χ̄ψ)− ∂̄χ̄ ∧ ψ)|
≤ Cϕ||χ̄ψ||+ ||ϕ|| · ||∂̄χ̄ ∧ ψ||
≤ (Cϕ sup |χ|+ ||ϕ|| sup

X
|∂χ|)||ψ||,

which shows that χϕ ∈ Domain(T ∗p,q) and

(χϕ, Tp,qψ) = (ϕ, Tp,q(χ̄ψ))− (ϕ, ∂̄χ̄ ∧ ψ) = (χT ∗p,qϕ, ψ)− (grad′′χyϕ, ψ),

and the formula for T ∗p,q follows.

Complete Kähler metrics and the Basic Estimate

Our next goal is to extend Hörmander’s Theorem from compact Kähler manifolds to more
general complete Kähler manifolds. The intuitive idea is that when X has a complete Kähler
metric its boundary is infinitely far away, so partitions of unity can be brought to bear when
the forms being studied are square-integrable.

Complete Riemannian manifolds and exhaustion functions

Recall that in Riemannian geometry one has the notion of a complete (connected) Rie-
mannian manifold (M, g): The Riemannian metric g induces a distance function, with the
distance δg(x, y) between two points x, y ∈ M being the infimum of the lengths of any two
paths connecting those two points. (In general, a curve realizing this infimum, which is
called the minimizing geodesic, need not exist.) The underlying manifold with this distance
function is a metric space, and we say that a Riemannian manifold is complete if this induced
metric space is complete.
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The celebrated Hopf-Rinow Theorem says that the completeness property of the Rie-
mannian manifold is equivalent to the condition that for some (and hence any) xo ∈M the
function

ψo : M 3 x 7→ δg(x, xo) ∈ [0,∞)

is proper. In general the function ψo is not smooth, but it is Lipschitz with constant 1, and
thus it is almost everywhere differentiable. Moreover, |dψo|g ≤ 1. We can therefore smooth
ψo to a function ψ satisfying

|dψ|g ≤ 2 and |ψ(x)− ψo(x)| ≤ 1.

The function ψ : M → [−1,∞) is then also proper.
It is not hard to show, on the other hand, that the Riemannian manifold (M, g) is

complete if there exists a smooth proper function ψ : M → [A,∞) on M such that |dψ|g is
uniformly bounded.

2.4.14 Remark. Note that the constant A plays no role in the completeness of (M, g), but
we must have it if we insist on using the word ‘proper’. In complex analysis, it is customary
to avoid this trivial issue by introducing the notion of an exhaustion function. �

We summarize the discussion in the following proposition.

2.4.15 Proposition. A Riemannian manifold (M, g) is complete if and only if there exists
an exhaustion function ψ ∈ C∞(M) such that |dψ|g ≤ 1.

Approximation of twisted (p, q)-forms on complete Kähler manifolds

For the rest of the chapter, we employ the following convention: we fix p and q, and let

T := Tp,q−1 and S := Tp,q.

Since the operator of primary interest is T , while the operator S comes in to take care of
the compatibility condition for the data, it is useful to distinguish these two operators more
clearly, as this notation does.

On a complete Kähler manifold forms in Domain(S)∩Domain(T ∗) can be approximated
by smooth forms, with respect to the norm

(2.14) ϕ 7→ ||ϕ||+ ||T ∗ϕ||+ ||Sϕ||.

2.4.16 Theorem. Let (X,ω) be a complete Kähler manifold and let E → X be a holo-
morphic Hermitian vector bundle. Then for any E-valued (p, q)-form ϕ ∈ Domain(T ∗) ∩
Domain(S) there exist smooth, compactly supported E-valued (p, q)-forms {ϕk} such that

lim
k→∞
||ϕ− ϕk||+ ||T ∗ϕ− ∂̄∗ϕk||+ ||Sϕ− ∂̄ϕk|| = 0.
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Proof. Fix an exhaustion function ψ ∈ C∞(X) such that |dψ|ω ≤ 1 and a function χ ∈
C∞(R) such that χ(r) = 1 for r ≤ 0 and χ(r) = 0 for r ≥ 1. Let fk(x) := χ(ψ(x)− k + 1).
Then fk ∈ C∞o (X), and in fact fk is supported in the compact set Xk := {x ∈ X ; ψ(x) ≤
k}. For any ϕ ∈ Domain(T ∗) ∩ Domain(S) Proposition 2.4.13 implies that the compactly
supported form

Φk := fkϕ

lies in Domain(S) ∩Domain(T ∗) and satisfies

SΦk = fkSϕ+ ∂̄fk ∧ ϕ and T ∗Φk = fkT
∗ϕ− (grad0,1fk)yϕ.

We estimate that

||SΦk − Sϕ|| ≤ ||(1− fk)Sϕ||+ (sup
X
|dfk|)||1X−Xkϕ|| ≤ C(||1X−Xkϕ||+ ||1X−XkSϕ||),

and the right hand side converges to 0 as k →∞ because ϕ and Sϕ are in L2. Since

||grad0,1fk|| = ||∂fk|| =
√

2||dfk||,

a similar calculation shows that ||T ∗Φk − T ∗ϕ|| → 0 as k →∞. Therefore

||ϕ− Φk||+ ||T ∗ϕ− T ∗Φk||+ ||Sϕ− SΦk|| → 0 as k →∞.

Using a partition of unity {χi}, we can write Φk = Φ1
k + · · ·+ ΦN

k with each Φi
k := χifkϕ

supported in some coordinate chart U i, and, again by Proposition 2.4.13, lying in the domain
of T ∗. Using mollifiers in the coordinate chart Ui we can approximate Φi

k by a compactly
supported smooth form ϕik that converges to Φi

k in the Sobolev 1-norm. Thus with ϕk :=
ϕ1
k + · · ·+ ϕNk we have

||Φk − ϕk||+ ||T ∗Φk − ∂̄∗ϕk||+ ||SΦk − ∂̄ϕk|| .
N∑
i=1
||Φi

k − ϕk||+ ||d(Φi
k − ϕk)|| → 0

as k →∞. Thus by the triangle inequality

||ϕ− ϕk||+ ||T ∗ϕ− ∂̄∗ϕk||+ ||Sϕ− ∂̄ϕk|| → 0

as k →∞. The proof is complete.

2.4.17 Remark. The norm (2.14) is often called the graph norm, since it is the restriction
of the norm of L2

p,q ⊕ L2
p,q−1 ⊕ L2

p,q+1 to the graph of the operator T ∗ ⊕ S. �

The basic estimate for complete Kähler metrics

We can now prove the following version of the Basic Estimate.
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2.4.18 Theorem (The Basic Estimate: Complete Kähler metric case). Let (X, g) be a
complete Kähler manifold and let E → X be a holomorphic vector bundle with Hermitian
metric h. Then for all E-valued (p, q)-forms ϕ ∈ Domain(T ∗) ∩ Domain(S) one has the
estimate

||T ∗ϕ||2 + ||Sϕ||2 ≥ (Θ(g(p,0) ⊗ det g ⊗ h)]̄gϕ, ϕ).

Proof. By Theorem 2.4.16 the smooth compactly supported E-valued forms are dense, and
thus the result follows from integration by parts applied to the Bochner-Kodaira-Nakano
Identity and the obvious inequality ||∇̄ϕ||2 ≥ 0.

Hörmander’s Theorem for Complete Kähler metrics

We shall now use Theorem 2.4.18 to establish the following result.

2.4.19 Theorem (Hörmander’s Theorem; complete metric case). Let (X, g) be a complete
Kähler manifold and let E → X be a holomorphic vector bundle with Hermitian metric h.
Assume that

Θ(g(p) ⊗ det g ⊗ h)]g ≥ cIdΛp,qX ⊗E

for some c > 0. Then for each E-valued (p, q)-form ϕ such that

∂̄ϕ = 0 and
∫
X
|ϕ|2h,gωn < +∞

there exists a E-valued (p, q − 1)-form u such that

∂̄u = ϕ and
∫
X
|u|2h,gωn ≤

1
c

∫
X
|ϕ|2h,gωn.

Proof. Since Kernel(S) is a closed subspace of L2
p,q(g, h) we can replace the latter by the for-

mer. Restricting the Basic Estimate to Kernel(S) then gives us that for all ψ ∈ Domain(T ∗)∩
Kernel(S),

(2.15) |(ϕ, ψ)|2 ≤ ||ϕ||2||ψ||2 ≤ ||ϕ||
2

c
||T ∗ϕ||2,

where the last inequality follows from Theorem 2.4.18. The Functional Analysis Lemma
2.1.6 with H1 = L2

p,q(g, h) and H2 = Kernel(S) then yields a (p, q)-form u such that Tu = ϕ
and ||u|| ≤ c−1||ϕ||, as desired.

Comparison of L2 norms from comparison of metrics

Let X be a complex manifold and E → X a holomorphic vector bundle with Hermitian
metric h. Fix Hermitian metrics g and γ with metric forms ω and θ respectively, and assume
γ ≥ g.

Choose an ω-orthonormal basis of (1, 0)-forms α1, ..., αn such that

θ = λ1
√
-1α1 ∧ ᾱ1 + · · ·+ λn

√
-1αn ∧ ᾱn.
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Then λi ≥ 1 for 1 ≤ i ≤ n.
Given a E-valued (p, q)-form η, one can locally write

η = ηIJ̄α
I ∧ ᾱJ

with ηIJ̄ local sections of E. With the notation λI = λi1 · · ·λip and λJ̄ = λj1 · · ·λjq , the
norms of η with respect to the metrics (g, h) and (γ, h) are respectively

|η|2h,g = 1
p!q!

∑
|I|=p,|J |=q

|ηIJ̄ |2h and |η|2h,γ = 1
p!q!

∑
|I|=p,|J |=q

|ηIJ̄ |2h
λIλJ̄

.

In particular,
|η|2h,γ ≤ |η|2h,g.

On the other hand, the volume forms for the two metrics are

dVg = (
√
-1)nα1 ∧ ᾱ1 ∧ · · ·αn ∧ ᾱn and dVγ = λ1 · · ·λn(

√
-1)nα1 ∧ ᾱ1 ∧ · · ·αn ∧ ᾱn,

so dVg ≤ dVγ, and hence it is in general hard to compare the L2-norms of (p, q)-forms with
respect to these two metrics.

However, there is one exceptional but important case: the case p = n. In this case

|η|2h,γdVγ = 1
n!q!

∑
|I|=n,|J |=q

|ηIJ̄ |2h
λJ̄

(
√
-1)nα1 ∧ ᾱ1 ∧ · · ·αn ∧ ᾱn

≤ 1
n!q!

∑
|I|=n,|J |=q

|ηIJ̄ |2h(
√
-1)nα1 ∧ ᾱ1 ∧ · · ·αn ∧ ᾱn

= |η|2h,gdVg.

(The case q = n also works. However, a moment’s thought shows that we must view q as
fixed, but that we can manipulate p because it can be pushed into the holomorphic vector
bundle E.) Consequently one has the comparison of L2-norms: if η is a E-valued (n, q)-form
and γ ≥ g then

||η||2h,γ ≤ ||η||2h,g.

This monotonicity of norms is very useful if one wants to generalize Hörmander’s Theorem
2.4.19 to the setting in which the manifold X is complete Kähler but the metric g is not
necessarily complete. Indeed, of g is a Hermitian (resp. Kähler) metric and g∗ is a complete
Hermitian (resp. Kähler) metric then for every ε > 0 the metric gε := g + εg∗ is a complete
Hermitian (resp. Kähler) metric that dominates g.

There is also of course the problem that the monotonicity of L2-norms only works when
p = n, but this matter is dealt with by another clever trick.
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Hörmander’s Theorem for complete Kähler manifolds

We can now remove the hypothesis of completeness for the metric g in Theorem 2.4.19.

2.4.20 Theorem (Hörmander’s Theorem). Let X be a complete Kähler manifold with metric
g that is not necessarily complete, and let E → X be a holomorphic vector bundle with
Hermitian metric h. Assume that

(2.16) Θ(g(p,0) ⊗ det g ⊗ h)]̄g ≥ cIdΛp,qX ⊗E

for some c > 0. Then for each E-valued (p, q)-form ϕ such that∫
X
|ϕ|2h,gωn < +∞ and ∂̄ϕ = 0

in the sense of distributions, there exists a E-valued (p, q − 1)-form u such that

∂̄u = ϕ and
∫
X
|u|2h,gωn ≤

1
c

∫
X
|ϕ|2h,gωn.

Proof. Fix a complete Kähler metric g∗ and write gε := g+ εg∗. If ε > 0 is sufficiently small
then there exist constants cε > 0 such that

lim
ε→0

cε = c and Θ(g(p,0) ⊗ det g ⊗ h)]gε ≥ cεIdΛp,qX ⊗E.

In order to exploit the monotonicity of L2-norms with respect to the Kähler metrics, one
uses the following trick to identify E-valued (p, q)-forms with Ẽ-valued (n, q)-forms for some
holomorphic vector bundle Ẽ. We have used this trick at the bundle level, but not at the
metric level.

Let Ẽ := Λp,0T ∗X ⊗ K∗X ⊗ E and set h̃ = g(p,0) ⊗ det g ⊗ h. Then h̃ is a metric for Ẽ
satisfying

Θ(h̃)]gε ≥ cεIdΛn,qX ⊗Ẽ
,

and moreover for any E-valued (p, q)-form, a.k.a. Ẽ-valued (n, q)-form, η

|η|2h,g = |η|2h̃,g.

We emphasize that the metric h̃ involves the metric g and not the metric gε, and so in this
sense h̃ is ‘ε-static’.

Now let ϕ ∈ L2
p,q(g, h) = L2

n,q(g, h̃). Then by monotonicity∫
X
|ϕ|2h̃,gεdVgε ≤

∫
X
|ϕ|2h̃,gdVg =

∫
X
|ϕ|2h,gdVg < +∞,

so by Theorem 2.4.19 there exists uε ∈ L2
n,q(h̃, gε) such that

∂̄uε = ϕ and
∫
X
|uε|2h̃,gεdVgε ≤

1
cε

∫
X
|ϕ|2h̃,gεdVgε ≤

1
cε

∫
X
|ϕ|2h̃,gdVg.
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Now, for 0 < ε < εo, gε ≤ gεo , and hence by monotonicity again∫
X
|uε|2h̃,gεodVgεo ≤

∫
X
|uε|2h̃,gεdVgε ≤

1
cε

∫
X
|ϕ|2h,gdVg.

Thus since cε → c, {uε} lies in a fixed ball inside L2
n,q(h̃, gεo). By Alaoglu’s Theorem we can

choose a subsequence uo,jo := uεjo that converges weakly in L2
n,q(h̃, gεo). Choosing ε1 < εo,

we have a weakly convergent subsequence

{u1,j1 ; j1 = 1, 2, ...} ⊂ {uo,jo ; jo = 1, 2, ...} ∩ L2
n,q(h̃, gε1).

Continuing inductively, we choose εk+1 < εk and a weakly convergent subsequence

{uk+1,j ; j = 1, 2, ...} ⊂ {uk,j ; j = 1, 2, ...} ∩ L2
n,q(h̃, gεk+1).

Assuming further that εk → 0, the sequence {uj := uj,j} converges weakly to some

u ∈
⋂
k≥o

L2
n,q(h̃, gεk).

Since |u|2
h̃,gεk

dVgεk is an increasing sequence (in k), by the Monotone Convergence Theorem
∫
X
|u|2h,gdVg =

∫
X
|u|2h̃,gdVg = lim

k→∞

∫
X
|u|2h̃,gεkdVgεk ≤

1
c

∫
X
|ϕ|2h̃,gdVg = 1

c

∫
X
|ϕ|2h,gdVg.

Finally, since the convergence is weak,

(u, ∂̄∗ψ) = lim(uj, ∂̄∗ψ) = lim(ϕ, ψ) = (ϕ, ψ)

for any compactly supported ψ. Thus ∂̄u = ϕ, and the proof is complete.

Weakly pseudoconvex Kähler manifolds

An important class of complete Kähler manifolds in complex analysis is the class of weakly
pseudoconvex manifolds.

2.4.21 Definition. A complex manifold X is said to be weakly pseudoconvex if X has a
smooth plurisubharmonic exhaustion function.

2.4.22 Theorem. If X is a weakly pseudoconvex Hermitian (resp. Kähler) manifold then
X has a complete Hermitian (resp. Kähler) metric.

Proof. Fix a Hermitian form ω and a smooth plurisubharmonic exhaustion function ψ. Then

ω̃ = ω +
√
-1∂∂̄e2ψ

is Hermitian, and it is Kähler if ω is Kähler. Moreover

ω̃ = ω + 4e2ψ√-1∂ψ ∧ ∂̄ψ + 2e2ψ√-1∂∂̄ψ ≥ 4
√
-1∂(eψ) ∧ ∂̄(eψ).
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Note that for any real-valued function ρ, dρ = ∂ρ+ ∂̄ρ = ∂ρ+ ∂ρ, so that

|dρ|2ω̃ = g∗ω̃(∂ρ+ ∂ρ, ∂ρ+ ∂ρ) = g∗ω̃(∂ρ, ∂ρ) + g∗ω̃(∂ρ, ∂ρ) = 2g∗ω̃(∂ρ, ∂ρ) = 2|∂ρ|2ω̃.

Thus
|d(eψ)|2ω̃ = 2|∂(eψ)|2ω̃ ≤ 1

2 .

Since the exponential function is increasing and proper (as a function from R to (0,∞)), eψ
is also a smooth exhaustion function. By Proposition 2.4.15, (X, ω̃) is complete.

Thus Hörmander’s Theorem holds on weakly pseudoconvex manifolds.

2.4.23 Remark. In the latter proof, if we can replace the exponential function by χ ◦ ψ
where χ : [0,∞) → [0,∞) is any non-constant convex increasing function. (Observe that a
bounded increasing convex function on [0,∞) is necessarily constant, and thus in fact χ ◦ ψ
is also a plurisubharmonic exhaustion.) We then compute that

ω̃ = ω+
√
-1(χ′ ◦ψ)∂∂̄ψ+χ′′(ψ)

√
-1∂ψ ∧ ∂̄ψ ≥ χ′′(ψ)

√
-1∂ψ ∧ ∂̄ψ =

√
-1∂(h ◦ψ)∧ ∂̄(h ◦ψ),

where h is a real-valued function satisfying (h′)2 = χ′′, i.e.,

h(x) = C +
∫ x

o

√
χ′′(t)dt.

Note that as χ is convex, h is necessarily increasing, so in order for h◦ψ to be an exhaustion,
it is necessary and sufficient that h is an exhaustion of R, i.e., limx→+∞ h(x) = +∞. �

One might wonder whether every complete Kähler manifold is weakly pseudoconvex.

2.4.24 Example. Let (X,ω) be a compact Kähler manifold and let Y ⊂ X be a complex
hypersurface. Then Z := X − Y is complete Kähler. Indeed, denoting by LY → X the
holomorphic line bundle associated to Y , let T ∈ H0(X,O(LY )) be a holomorphic section
such that Y = {x ∈ X ; T (x) = 0} and let e−λ be any smooth metric for LY → X such that

sup
X
|T |2e−λ < 1.

The function
τ := − log |T |2e−λ ∈ C∞(X − Y )

is a negative exhaustion function of X − Y that further satisfies

sup
X
τ ≤ 0, ∂τ = ∇

1,0T

T
and

√
-1∂∂̄τ = −

√
-1∂∂̄λ.

Note that −
√
-1∂∂̄λ is a smooth Hermitian (1, 1)-form on X. Therefore for C > 0 sufficiently

large
√
-1∂∂̄τ ≥ −Cω. Now consider the function ρ := φ(τ), where φ ∈ C∞(R) is a convex

nondecreasing function. We compute that
√
-1∂ρ ∧ ∂̄ρ = φ′(τ)2√-1∂τ ∧ ∂̄τ
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and that √
-1∂∂̄ρ = φ′(ρ)

√
-1∂∂̄τ + φ′′(τ)

√
-1∂τ ∧ ∂̄τ.

Therefore the Hermitian form

ω̃ := Cω +
√
-1∂∂̄ρ = Cω + φ′(τ)

√
-1∂∂̄τ + φ′′(τ)

√
-1∂τ ∧ ∂̄τ ≥ Cω + φ′(τ)

√
-1∂∂̄τ

is a Kähler form as long as φ′ < 1, while

ω̃ −
√
-1∂ρ ∧ ∂̄ρ = Cω + φ′(ρ)

√
-1∂∂̄τ + (φ′′(τ)− φ′(t)2)

√
-1∂τ ∧ ∂̄τ

shows that if φ′ < 1 then the Kähler form ω̃ defines a complete metric as long as φ′′ ≥ (φ′)2.
The function

φo := 1
2

(
t+ log −1

t

)
satisfies

φ′o(t) = 1
2 −

1
2t <

1
8 and φ′′o(t)− (φ′o(t))2 = 1

2t2 + 1
2t −

1
2 > 1

if t < −4
3 .

On the other hand, Z need not be weakly pseudoconvex. Indeed, if Xo is any complex
manifold of dimension at least 2, let X be the blowup of a point in Xo and let Y be the
exceptional divisor. A plurisubharmonic function on Z = X − Y = Xo − {p} must extend
across p, and hence must be constant on Xo. Therefore such a function cannot give an
exhaustion of X − Y . �

Skoda’s Estimate

It is sometimes useful to replace the condition (2.16) in Hörmander’s Theorem by a less
uniform condition. To be more precise, let Υ be a (not necessarily positive) Hermitian
(1, 1)-form on the complete Kähler manifold X with (possibly non-complete) Kähler metric
g. We say that Υ is (p, q, E)-positive if the endomorphism

(Υ⊗ IdΛp,qX ⊗E)]̄g

acts positively on E-valued (p, q)-forms.
Instead of Condition (2.16), one could consider the assumption

Θ(g(p,0) ⊗ det g ⊗ h)]̄g ≥ (Υ⊗ IdΛp,qX ⊗E)]̄g

for some (p, q, E)-positive Υ.
Such a Hermitian (1, 1)-form Υ defines a Hermitian metric for Λp,q

X ⊗ E by the formula

(2.17) 〈θ, η〉Υ,h,g :=
〈
(Υ⊗ IdΛp,qX ⊗E)]̄gθ, η

〉
g,h

=
q∑
j=1

gi
¯̀Υij̄k

θαI,j̄1...(¯̀)k...j̄qη
β

K,L̄
hαβ̄g

IK̄gLJ̄ ,

where, locally, θ = θα
I,J̄
eα ⊗ dzI ∧ dz̄J , η = ηα

I,J̄
eα ⊗ dzI ∧ dz̄J and Υ = Υij̄

√
-1dzi ∧ dz̄j.

We then have the following theorem.

103



2.4.25 Theorem (Hörmander-Skoda-Demailly Theorem). Let X be a complete Kähler man-
ifold with not necessarily complete metric g and let E → X be a holomorphic vector bundle
with Hermitian metric h. Assume that X admits a complete Kähler metric (which need
not be g). Suppose that the curvature operator Θ(g(p) ⊗ det g ⊗ h)]g is bounded below by a
q-nonnegative Hermitian (1, 1)-form Υ, i.e., that

Θ(g(p) ⊗ det g ⊗ h)]g ≥ (Υ⊗ IdΛp,qX ⊗E)]̄g ≥ 0 on Λp,q
X ⊗ E.

Then for each Υ-nondegenerate E-valued (p, q)-form ϕ such that

∂̄ϕ = 0 and
∫
X
|ϕ|2Υ,h,gdVg < +∞

there exists a E-valued (p, q − 1)-form u such that

∂̄u = ϕ and
∫
X
|u|2h,gdVg ≤

∫
X
|ϕ|2Υ,h,gdVg,

where | · |Υ,h,g is the norm associated to the inner product (2.17).

Sketch of proof. For any smooth compactly supported E-valued (p, q)-form α we have shown
that ∣∣∣(ϕ, α)g,h

∣∣∣2 ≤ (∫
X
|ϕ|2Υ,h,gdVg

)
·
∫
X

〈
(Υ⊗ IdΛp,qX ⊗E)]̄gα, ᾱ

〉
g,h
dVg.

The proof now proceeds as in that of Hörmander’s Theorem.

A final remark on regularity

An important question in applications is that of regularity of the solutions provided by
Hörmander’s Theorem. More precisely, if the data ϕ is a smooth E-valued (p, q)-form, is the
form provided by Theorem 2.4.25 also smooth?

The answer to the question comes from our work on interior regularity for the Hodge
Theorem. If q = 1 then u is a section of E, and we have

�u = ∂̄∗∂̄u = ∂̄∗ϕ.

Since the right hand side is smooth, we conclude that the section u is smooth.
If q > 1 the situation is a little more delicate. In fact, it is not true that if a given form u

is mapped by ∂̄ to a smooth form then u itself is smooth. The case q = n gives the extreme
example: ∂̄u = 0 in the sense of distributions for absolutely any u. From this fact it follows
that for every q ≥ 2 there is a non-smooth (p, q − 1)-form u such that ∂̄u is smooth.

Nevertheless, if the form ϕ is smooth and ∂̄-closed, there always exists at least one smooth
solution of the equation ∂̄u = ϕ. Indeed, the Hörmander-Demailly-Skoda Theorem tells us
there is some solution in L2

p,q−1(g, h), and provides us with an estimate. If we take the
solution uo of minimal norm, it of course satisfies the same estimate. However, since its
norm is minimal, ∂̄∗uo = 0. (Indeed, the function

f(ε) := ||uo + ε∂̄ψ||2 = ||uo||2 + 2Re ε(uo, ∂̄ψ) + ε2||∂̄ψ||2, ε ∈ C,
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is minimized at ε = 0, and thus (uo, ∂̄ψ) = 0.) Thus the minimal solution uo satisfies

�uo = ∂̄∗∂̄u = ∂̄∗ϕ,

as in the case q = 1. Hence uo is smooth by the ellipticity of �.

2.5 Integrability of Involutive Structures
The principal goal of this section is to give a proof of the Newlander-Nirenberg Theorem
1.3.10 and its close cousin, Theorem 1.3.13.

Our approach to the proofs of both theorems makes crucial use of the involutive (as
opposed to integrable) inhomogeneous Cauchy-Riemann Equations. More specifically, we
shall require both L2 estimates and regularity theorems or their solutions. We therefore
begin with the study of this equation.

Since both theorems are clearly local, we work in a small neighborhood Ω ⊂ R2n.

2.5.1 The Inhomogeneous Involutive Cauchy-Riemann Equations
Regularity

In fact, regularity theory for the ∂̄J -equation does not require involutivity.
Let ω1, ..., ωn be a frame for T ∗1,0Ω , and let L1, ..., Ln be the dual frame for T 1,0

Ω . Then we
can write

(2.18) df =
n∑
j=1

(Ljf)ωj + (L̄jf)ω̄j,

so that
∂Jf =

n∑
j=1

(Ljf)ωj and ∂̄Jf =
n∑
j=1

(L̄jf)ω̄j.

In particular, from (2.18) we see that any first order derivative can be represented as a linear
combination of the Lj and L̄j.

2.5.1 Lemma. Let f ∈ L2(Ω) have compact support in Ω and assume L̄1f, . . . , L̄nf ∈ L2(Ω).
Then f is in H1 and for any compact subset K ⊂⊂ Ω containing the support of f ,

(2.19)
∑
|α|≤1
||Dαf ||L2 . ||f ||L2 +

n∑
j=1
||L̄jf ||L2 .

Proof. First assume f ∈ C∞o (K). Denote by L̄∗j the formal adjoint of L̄j. Then L̄∗j is defined
by ∫

Ω
L̄∗jfϕ̄dV =

∫
Ω
fLjϕ̄dV,
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so integration by parts shows that A := Lj + L̄∗j is a 0th order operator. Thus∫
Ω
|Ljf |2dV =

∫
Ω
|Af − L̄∗jf |2dV =

∫
Ω
|Af |2dV + 2Re

∫
Ω
AfL̄∗jfdV +

∫
Ω
|L̄∗jf |2dV

=
∫

Ω
(A∗Af + 2Re L̄jAf)f̄dV +

∫
Ω

(L̄jL̄∗jf)f̄dV

=
∫

Ω
((A∗A+ 2Re L̄jA+ [L̄j, L̄∗j ])f)f̄dV +

∫
Ω
|L̄jf |2dV

Note that (A∗A + 2Re L̄jA + [L̄j, L̄∗j ]) is a 1st-order differential operator. Thus, since any
first order derivative can be represented as a linear combination of the Lj and L̄j, we have

∑
|α|≤1
||Dαf ||L2 .

n∑
j=1
||L̄jf ||2L2 +

n∑
j=1
||Ljf ||2L2

.
n∑
j=1
||L̄jf ||2L2 + ||f ||L2

n∑
j=1
||Dαf ||L2

.
n∑
j=1
||L̄jf ||2L2 + 1

ε
||f ||2L2 + ε

n∑
j=1
||Dαf ||2L2 ,

and (2.19) follows by taking ε > 0 sufficiently small. If f is not smooth, we can convolve it
with a mollifier to reduce the the smooth case. The proof is finished.

As in the deduction of Theorem 2.3.12 from Gårding’s Inequality 2.3.8, one proves the
following result.

2.5.2 Lemma. Let Ω ⊂ R2n be an open set and let s be some positive integer. Let K ⊂ Ω be
a compact set and let U ⊂ Ω be a relatively compact open set such that K ⊂ U . If f ∈ L2(U)
and L̄jf ∈ Hs(U) for all 1 ≤ j ≤ n then

(2.20)
∑

|α|≤s+1

∫
K
|Dαf |2dV .

∫
U
|f |2dV +

∑
|α|≤s

n∑
j=1

∫
U
|DαL̄jf |2dV.

In particular, if f ∈ L2
`oc(Ω) and L̄1f, . . . , L̄nf ∈ Hs

`oc(Ω) then f ∈ Hs+1
`oc (Ω).

2.5.3 Remark. By the Sobolev Embedding Theorem any f satisfying the hypotheses of
Lemma 2.5.2 has continuous derivatives of order s− n− 1, and that

(2.21)
∑
|α|≤1

sup
K
|Dαf |2dV .

∫
U
|f |2dV +

∑
|α|≤n+2

n∑
j=1

∫
U
|DαL̄jf |2dV,

which we deduce by taking s = n+ 2. �
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A priori estimates for ∂̄J

Unlike regularity, for the L2 estimates of Hörmander-type one does require an involutive
almost complex structure. From now on, we assume that the almost complex structure J is
involutive.

Given a smooth function ϕ on a domain Ω ⊂ R2n, we define the L2 norm of a function u
to be

||u||ϕ :=
(∫

Ω
|u|2e−ϕdV

)1/2
,

and L2 norm of a (0, 1)-form θ = θj̄ω̄
j to be

||θ||ϕ :=
(∫

Ω
|θ|2e−ϕdV

)1/2
,

where | · | in the is the Euclidean norm. We denote its associated inner product (θ, θ′)ϕ. We
define L2(ϕ) to be the closure of all the smooth functions in Ω whose L2 norm is finite. Since
J is involutive, which means that

∂̄2
J = ∂2

J = ∂J ∂̄J + ∂̄J∂J = 0,

all of the methods in the proof of the basic estimate go through to prove the following
theorem.

2.5.4 Theorem. Let Ω ⊂ R2n be a relatively compact open set with smooth boundary and
defining function ρ, and let ϕ ∈ C∞(Ω). Then for any (0, 1)-form θ in the domains of ∂̄J
and ∂̄∗J we have the estimate

||∂̄∗Jθ||2Ω + ||∂̄Jθ||2Y ≥
∫

Ω
θiθj(LiL̄jϕ)e−ϕdV.

Now consider the function ϕ(x) = M2|x|2 for some constantM >> 0. Then at the origin
we have

(LiL̄jϕ)(0) = M2θiθj(LiL̄jxkxk)|x=0 = M2(Lixk)(0)(Ljxk)(0) ≥ εijM
2,

where (εij) is some fixed positive definite n × n-matrix. Thus in a sufficiently small neigh-
borhood of the origin, if we choose M larger than the smallest eigenvalue of (εij) then

θiθj(LiL̄jϕ) ≥M |θ|2.

Thus, perhaps again by shrinking Ω and then taking M large enough, we have the estimate

||∂̄∗Jθ||2Ω + ||∂̄Jθ||2Y ≥
∫

Ω
|θ|2e−ϕdV.

for all smooth (0, 1)-forms θ in the domain of ∂̄∗J . We therefore have the following Theorem.
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2.5.5 Theorem. Let Ω ⊂ R2n be a relatively compact open set with smooth boundary and
defining function ρ, and let ϕ ∈ C∞(Ω). Then for any (0, 1)-form θ in the domains of ∂̄J
and ∂̄∗J we have the estimate

||∂̄∗Jθ||2Ω + ||∂̄Jθ||2Y ≥
∫

Ω
|θ|2e−ϕdV.

Consequently, one can establish Hörmander’s Theorem for the operator ∂̄J . In combina-
tion with the regularity results of the previous paragraph, we have the following theorem.

2.5.6 Theorem. Let Ω ⊂ R2n be a sufficiently small neighborhood of the origin, and let
ϕ(x) = M |x|2 for some sufficiently large positive constant M . Then for any smooth (0, 1)-
form θ on Ω such that ||θ||ϕ < +∞ and ∂̄Jθ = 0 there exists a smooth function u on Ω such
that

∂̄Ju = θ and ||u||2ϕ ≤ ||θ||2ϕ.

The D′′-equation

If one has a D′′-holomorphic frame for V , i.e., a frame e1, ..., er such that D′′eν = 0 for every
ν ∈ {1, ..., r}, then the D′′-equation reduces to (r copies of) the ∂̄J -equation, since in this
case

D′′(ανeν) = (∂̄Jαν)eν .

But if such a frame exists then Theorem 1.3.13 is already proved (see Proposition 2.5.9).
To describe the D′′-equation locally we shall nevertheless fix a smooth frame e1, ..., er.

By the Liebniz rule for D′′

D′′(αiei) =
(
∂̄Jα

i
)
⊗ ei + (−1)degαiαi ∧D′′ei.

Writing D′′ei := Ajiej, we see that

D′′(αiei) =
(
∂̄Jα

i − (−1)degαjAij ∧ αj
)
⊗ ei.

In particular, D′′ differs from the (only locally defined) operator

∂̄J(αi ⊗ ei) :=
(
∂̄Jα

i
)
⊗ ei.

It is an exercise in very basic inequalities to modify what was done above for ∂̄J so that the
same results hold for D′′. Leaving this exercise to the reader, we state the outcome, which
is the direct analogue of Theorem 2.5.6 above.

2.5.7 Theorem. Let Ω ⊂ R2n be a sufficiently small neighborhood of the origin, and let
ϕM(x) = M |x|2 for some positive constant M . Define the inner products

(f1, f2)ϕM :=
∫

Ω
f1 · f̄2e

−ϕMdV and
(
α1, α2

)
ϕM

:=
∫

Ω
δij̄
〈
αi, αj

〉
e−ϕMdV,
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on Cr-valued functions and Cr-valued (0, 1)-forms respectively, where 〈α, β〉 denotes the Eu-
clidean inner product of C-valued 1-forms in R2n. Then there exists Mo > 0 such that for
any M ≥ Mo and any smooth Cr-valued (0, 1)-form θ on Ω such that ||θ||ϕM < +∞ and
D′′θ = 0 there exists a smooth Cr-valued function u on Ω such that

D′′u = θ and ||u||2ϕM ≤ ||θ||
2
ϕM
.

2.5.2 Proof of the Newlander-Nirenberg Theorem
A ‘linear’ criterion for integrability

Recall that an almost complex structure J is integrable if and only if one can choose local
coordinates in which J is constant (see Proposition 1.3.6). Let us state an equivalent form
of this condition.

2.5.8 Proposition. Let J be an almost complex structure on a manifold X of dimension
2n. Then J is integrable if and only if every point p ∈ X has a neighborhood U and smooth
functions f 1, ..., fn : U → C such that

df 1(q) ∧ · · · ∧ dfn 6= 0 and ∂̄Jf
1(q) = · · · = ∂̄Jf

n = 0 at each point of U.

Proof. By Proposition 1.3.6 we may assume that J is the standard almost complex structure
for X. If X is a complex manifold, the needed functions are just given by the complex
coordinates in any chart. In the other direction, let F = (f 1, .., fn). Then F is a local
diffeomorphism, and after shrinking U we may assume F is a diffeomorphism onto its image.
Finally, the complexification dF : TU ⊗ C→ TF (U) ⊗ C satisfies

dF ◦ J = ∂JF ◦ J =
√
-1∂JF =

√
-1dF,

as desired.

We shall produce the functions f 1, ..., fn as solutions of the linear ∂̄J equation, under the
hypothesis that ∂̄2

J = 0.

Conclusion of the proof

In view of Proposition 2.5.8 we must find functions f1, ..., fn ∈ Ker∂̄J such that df1, ..., dfn
are linearly independent in a neighborhood of the origin in R2n.

Let g1, ..., gn be C-valued real polynomials of degree m+ 1 on R2n such that

dgi − ωi vanishes to order m at the origin, 1 ≤ i ≤ n.

Then
∂̄Jg

i(x) = Ci
j̄(x)ω̄j(x),

109



is a ∂̄J -closed form, where the matrix of functions Cij̄(x) vanishes to order m at 0. We claim
there for any ε > 0 there are functions ui such that

∂̄Ju
i = ∂̄Jg

i and |dui(0)| < ε.

Indeed, by Theorem 2.5.6 there is a smooth solution ui to the equation. Moreover, perhaps
after shrinking the neighborhood Ω, (2.21) provides a solution ui such that

sup
Ω
|dui| < ε

as soon as m ≥ 2n. It follows that the Cr-functions

f i = gi − ui

satisfy
∂̄Jf

i = 0 and |df i(0)− ωi(0)| < ε.

In particular, the forms df 1, ..., dfn are linearly independent in a neighborhood of the origin.
The Newlander-Nirenberg Theorem is thus proved.

2.5.3 Proof of Theorem 1.3.13
Integrability for the underlying manifold: Proof of Theorem 1.3.13.i

As one might expect, Item (i) of Theorem 1.3.13 follows from the Newlander-Nirenberg
Theorem. In fact, D′′D′′ = 0 implies that ∂̄J ∂̄J = 0. Indeed, let p ∈ X and let s ∈
Γ(X,C∞(V )) satisfy s(p) 6= 0. If α is a (p, q)-forms near p then

0 = D′′D′′(α⊗ s) = D′′
(
∂̄Jα⊗ s+ (−1)degαα ∧D′′s

)
= ∂̄J ∂̄Jα⊗ s+ (−1)degα+1∂̄Jα ∧D′′s+ (−1)degα∂̄Jα ∧D′′s+ α ∧D′′D′′s
= ∂̄J ∂̄Jα⊗ s,

and hence ∂̄J ∂̄Jα = 0 for all (p, q)-forms α.
From here on we assume that the underlying manifold X is a complex manifold, i.e., that

J is the standard almost complex structure for X.

Holomorphic frame: proof of Theorem 1.3.13.ii

To complete the proof of Theorem 1.3.13 we need only find a ‘holomorphic’ frame in a
neighborhood of every point of the base manifold X, as the next proposition shows.

2.5.9 Proposition. Let X be a complex manifold and let V → X be smooth vector bundle
with operator D′′ satisfying

D′′α⊗ s = ∂̄α⊗ s+ (−1)degαα ∧D′′s.
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Suppose there is an open cover {Uj}j∈J for X and sections ejν ∈ Γ(Uj,C∞(V )), 1 ≤ ν ≤ r,
such that D′′ejν ≡ 0 for all 1 ≤ ν ≤ r. Then the transition functions gij : Ui∩Uj → GL(r,C)
defined by

(gij)νµejν = eiµ

are holomorphic, and hence V → X is a holomorphic vector bundle.

Proof. We note simply that

0 = D′′eiµ = D′′((gij)νµejν) = (∂̄(gij)νµ)⊗ ejν + (gij)νµ ∧D′′ejν = (∂̄(gij)νµ)⊗ ejν ,

so that ∂̄(gij)νµ = 0, as claimed.

End of the proof of Theorem 1.3.13. Let B ⊂ X be an open set that we identify with the
unit ball in Cn. In view of Proposition 2.5.9 we must find sections e1, ..., er ∈ KerD′′ that
are linearly independent in a neighborhood of the origin in B.

Let e1, ..., er be any smooth frame for V . For each i ∈ {1, ..., r} the V -valued (0, 1)-form
θi := D′′ei satisfies D′′θi = 0. We claim there for any ε > 0 there is a neighborhood U ⊂ B
of the origin and Cr-valued functions ui such that

D′′ui = θi and sup
U
|ui| < ε.

Indeed, by Theorem 2.5.7 there is a smooth solution ui to the equation. Moreover, by (2.21)

sup
U
|ui|+ |dui| < ε

on a suffciently small neighborhood U of the origin. It follows that the V -valued functions

ei = ei − ui, 1 ≤ i ≤ r,

satisfy
D′′ei = 0

and the collection e1, ..., er is a small perturbation of the constant functions e1, ..., er. In
particular, e1, ..., er is a frame. This completes the proof of Theorem 1.3.13.
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Chapter 3

Applications

3.1 Projective manifolds
Because every complex vector space (of finite dimension) admits global coordinates, it is often
useful to embed a complex manifold in complex Euclidean space and exploit the ambient
coordinates, or any other nice complex analytic properties of the ambient vector space.

Unfortunately, unlike the real case (proved by Whitney), not every complex manifold
embeds as a submanifold of Euclidean space. Indeed, if X is a compact complex manifold of
positive dimension then X cannot be embedded in a vector space, because then any linear
function would restrict to the embedding as a holomorphic, hence constant, function.

The next best choice is the projectivization P(V ) of a complex vector space V of finite
dimension, since these are the simplest compact complex manifolds: they have projective
coordinates, as well as a number of other very useful properties, most of which we do not
discuss in these notes. However, one additional property (which is quite related to the
existence of projective coordinates is important enough to discuss here.

3.1.1 Proposition. The line bundle O(1) → P(V ) admits a smooth Hermitian metric h
of positive curvature. In particular, since O(1) is not trivial, the form

√
-1Θ(h) is a closed

nondegenerate (1, 1)-form that is not exact.

Proof. After fixing a basis for V , we assume that P(V ) = Pn.
The tautological line bundle O(−1)→ Pn has a metric defined by the Euclidean metric

in Cn+1: if z ∈ ` then z ∈ Cn+1, and square norm of z is simply its square norm as a vector
in Cn+1. We call this metric the Euclidean metric for O(−1)→ Pn.

Let us compute the curvature of the Euclidean metric. We work in the chart

Uo = {[1, ζ1, ..., ζn] ; ζ ∈ Cn},

which we can do without loss of generality because any other chart Uj in the standard atlas
for Pn is diffeomorphic to Uo via the diffeomorphism that swaps z0 and zj. The fiber over
[1, ζ] ∈ Uo is just the set of vectors

{(t, tζ) ∈ C× Cn ; t ∈ C},
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and the square norm is

|t|2(1 + |ζ|2) = |t|2e−ϕE(ζ), ϕE(ζ) = − log(1 + |ζ|2).

The curvature of the Chern connection of the Hermitian line bundle (O(−1), e−ϕE)→ Pn is
the (1, 1)-form over Uo given by

√
-1∂∂̄ϕE([1, ζ]) = −

√
-1dζ∧̇dζ̄
1 + |ζ|2 +

√
-1(ζ̄ · dζ) ∧ (ζ · dζ̄)

(1 + |ζ|2)2

= −
√
-1dζ∧̇dζ̄

(1 + |ζ|2)2 −
|ζ|2
√
-1dζ∧̇dζ̄ −

√
-1(ζ̄ · dζ) ∧ (ζ · dζ̄)

(1 + |ζ|2)2 .

The first term is strictly negative, and the second term is non-positive by the Cauchy-Schwarz
Inequality. Thus the dual bundle (O(1), eϕE)→ Pn has positive Chern curvature.

The dual metric eϕE is denoted e−ϕFS , and is called the Fubini-Study metric. This metric
assigns to a linear functional λ ∈ O(1)[z] the squared-norm

|λ|2e−ϕFS([z]) :=
∣∣〈λ, z〉∣∣2
||z||2

.

The curvature

(3.1)
√
-1∂∂̄ϕFS =

√
-1dζ∧̇dζ̄

(1 + |ζ|2)2 + |ζ|
2√-1dζ∧̇dζ̄ −

√
-1(ζ̄ · dζ) ∧ (ζ · dζ̄)

(1 + |ζ|2)2 .

of the Fubini-Study metric is a Kähler metric that is, unfortunately, also called the Fubini-
Study metric.
3.1.2 Definition. A complex manifold X is called a (complex) projective manifold if it
can be embedded as a submanifold of some complex projective space P(V ).
3.1.3 Example. Consider the Hopf manifold Hopfc(V ) (c.f. Example 1.1.8). We claim that
Hopfc(V ) is not Kähler, i.e., it does not admit a closed non-degenerate 2-form. Indeed, any
form ω defines a class in H2

dR(Hopfc(V )), but since Hopfc(V ) ∼= S1×S2n−1, H2(Hopfc(V )) =
{0}. Therefore ω = dθ for some smooth 1-form θ, and we find that∫

Hopfc(V )
ωn =

∫
Hopfc(V )

d(θ ∧ d(θn−1)) = 0

by Stokes’ Theorem. But then ωn must vanish somewhere, so ω cannot be nondegenerate.
On the other hand, P(V ) has a closed non-degenerate 2-form, namely the curvature of

O(1) multiplied by
√
-1, and hence so does any submanifold of P(V ). �

One could wonder if every Kähler submanifold is projective, but this is not the case either.
We state without proof that for a generic basis v1, ..., v2n of R2n, the quotient Cn/(Zv1⊕ ...⊕
Zv2n), which is a complex manifold diffeomorphic to a real torus of dimension 2n, is Kähler
but not projective.

The natural question is then to decide which compact complex manifolds are projec-
tive. The answer was provided by Kodaira, in the following result known as the Kodaira
Embedding Theorem.
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3.1.4 Theorem (Kodaira Embedding Theorem). A compact complex manifold X embeds
in some projective space if and only if X admits a positively curved holomorphic Hermitian
line bundle.

The principal goal of this section is to prove the Kodaira Embedding Theorem.

3.1.1 Compact complex manifolds with positive line bundles
An interpolation theorem

The most important technical tool in the basic theory of projective manifolds is the following
result on finding solutions of ∂̄ with prescribed vanishing at a finite number of points. This
theorem will be used to establish a number of important properties of projective manifolds,
including the fundamental Kodaira Embedding Theorem.

3.1.5 Theorem. Let X be a compact complex manifold of complex dimension n and let
F → X be a holomorphic line bundle with a smooth Hermitian metric e−ϕ whose curvature
is positive. Fix a Kähler form ω on X, a holomorphic line bundle L → X with smooth
Hermitian metric e−η, N points p1, ..., pN , and positive integers k1, ..., kN . Then there exists
an integer mo > 0 with the following property. For every integer m ≥ mo and every smooth
F⊗m ⊗ L-valued (0, 1)-form α such that

∂̄α = 0,
∫
X
|α|2ωe−(mϕ+η)dVω < +∞ and |α(zi)|2e−(mϕ(zi)+η(zi))

|zi|2(n+ki)
∈ L1

`oc(pi), 1 ≤ i ≤ N,

where zi is any local coordinate vanishing at pi, there exists a section u ∈ Γ(X,C∞(F⊗m⊗L))
such that

∂̄u = α and |u(zi)|2e−(mϕ(zi)+η(zi))

|zi|2ki
vanishes at pi, 1 ≤ i ≤ N.

Proof. Fix open coordinate neighborhoods Ui = {|zi| < 1}, 1 ≤ i ≤ N such that

(i) the line bundles F and L are trivial on each Ui, and

(ii) for each i one has Ui ∩ {p1, ..., pN} = pi, and zi(pi) = 0.

Set Vi = {|zi| < 1/2} and fix non-negative functions χi ∈ C∞o (Ui) such that χ|Vi ≡ 1,
1 ≤ i ≤ N . Fix an integer m and let α be an F⊗m ⊗ L-valued (0, 1)-form such that the
assumptions of the theorem hold. For ε ≥ 0 define the function

ψε :=
N∑
i=1

χi log(|zi|2 + ε2)(n+ki)

and the metric e−ϕm,ε := e−(mϕ+η+ψε) for F⊗m ⊗ L → X. Observe that e−ϕm,ε ↗ e−ϕm,o

pointwise as ε↘ 0.
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Since ψε is plurisubharmonic on ⋃i Vi and uniformly bounded on X − ⋃i Vi, there is a
constant mo such that if m ≥ mo then

√
-1(∂∂̄ϕm,ε + Ricci(ω)) ≥ ω.

The conditions on α in the hypotheses imply that

C :=
∫
X
|α|2ωe−ϕm,0dVω < +∞,

and hence ∫
X
|α|2ωe−ϕm,εdVω ≤ C

for all ε > 0. By Hörmander’s Theorem 2.4.1 there exists uε such that

∂̄uε = α and
∫
X
|uε|2e−ϕm,εdVω ≤ C.

Since the metric e−ϕm,ε is a decreasing function of ε, one can use the argument in the proof
of Theorem 2.4.20 to construct a measurable section u of F⊗m ⊗ L → X such that ∂̄u = α
and

(3.2)
∫
X
|u|2e−ϕm,odVω < +∞.

Since α is smooth, regularity of ∂̄ for (0, 1)-forms implies that u is also smooth. The estimate
(3.2) therefore implies that u vanishes to order ki at pi for each i. The proof is complete.

Theorem 3.1.5 implies a very useful interpolation theorem. To state this theorem it is
convenient to introduce the notion of jets of sections. While it is possible to define k-jets in
the category of C r for any k ≤ r, the holomorphic category affords us a short cut.

3.1.6 Definition (k-jets). Let H → X be a holomorphic line bundle and let k ∈ N. Two
germs s, σ ∈ OX,x(H) are said to be k-equivalent if Ordx(s−σ) ≥ k. An equivalence class is
called a k-jet of sections of H at x. The set of equivalence classes is a sheaf denoted JkX(H),
and its stalks are denoted JkX,x(H). We denote the projection map jkOX,x(H)→ JkX,x(H).

If a frame ξ forH and local coordinates z near x are chosen then for any k-jet γ ∈ JkX,x(H)
there exists a unique polynomial P (z) ∈ C[z] of degree k such that γ = jkx(P (z)ξ). Thus
k-jets are an invariant way of capturing the kth order Taylor polynomial of a holomorphic
section.

3.1.7 Theorem. Let X be a compact complex manifold of complex dimension n and let
F → X be a holomorphic line bundle with a smooth Hermitian metric e−ϕ whose curvature
is positive. Fix a Kähler form ω on X, a holomorphic line bundle L → X with smooth
Hermitian metric e−η, point x1, ..., xN ∈ X and integers k1, ..., kN ∈ N. Then there is an
integer mo with the following property. For every integer m ≥ mo and any finite collection
of jets γj ∈ J

kj
X,xj

(F⊗m ⊗ L), 1 ≤ j ≤ N there exists a section s ∈ H0(X,O(F⊗m ⊗ L)) such
that

(3.3) jkjx s = γj, 1 ≤ j ≤ N.
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Proof. Let

Ui := {|zi| < 1}, Vi := {|zi| < 1/2}, χi ∈ C∞o (Ui), 1 ≤ i ≤ I,

and mo be as in the proof of Theorem 3.1.5, applied to the set of point x1, ..., xN and the
multiplicities k1 + 1, ..., kN + 1, and fix frames ξi and ζi for F |Ui and L|Ui respectively.

Now let m ≥ mo, x1, ..., xN ∈ X and γi ∈ JkiX,xi(F
⊗m ⊗ L), 1 ≤ ν ≤ N . Let Pi be the

unique polynomial of degree ki such that

γi = jkixi

(
Pi(zi)ξ⊗mi ⊗ ζi

)
, 1 ≤ i ≤ N.

Consider the smooth section
s̃ :=

N∑
i=1

χiPi(zi)ξ⊗mi ⊗ ζi.

The section s̃ is holomorphic on (X − ⋃i Ui) ∪ (⋃i Vi), and satisfies (3.3). Therefore the
F⊗m ⊗ L-valued (0, 1)-form α := ∂̄s̃ satisfies the hypotheses of Theorem 3.1.5, and hence
there is a smooth section u that vanishes to order ki = degPi + 1 and satisfies ∂̄u = α.
Evidently s := s̃− u is the section we seek.

Line bundles with meromorphic sections

If a holomorphic line bundle L → X has a meromorphic section s that is not identically
zero then the divisor D = Ord(s) defines a line bundle LD such that s = sD. It follows
that L = LD. Therefore the question of whether every holomorphic line is of the form LD
is equivalent to the question of whether every holomorphic line bundle has a non-identically
zero meromorphic section. The present paragraph gives a useful sufficient condition that
guarantees a positive answer to the latter question.

3.1.8 Theorem. Let X be a compact complex manifold. Suppose there is a holomorphic
line bundle F → X with a smooth Hermitian metric e−ϕ whose curvature ∂∂̄ϕ is strictly
positive, i.e., the (1, 1)-form

√
-1∂∂̄ϕ is a Kähler form. Then every holomorphic line bundle

on X has a meromorphic section.

Proof. Since X has a metric of strictly positive curvature, it has a closed positive (1, 1)-form
and therefore it is Kähler. We fix a Kähler form ω on X, which for instance may be taken
to be

√
-1∂∂̄ϕ, i.e., the Kähler form associated to the curvature form of L.

Let L→ X be a holomorphic line bundle and fix x ∈ X. By Theorem 3.1.7 there exists
an integer m such that the line bundles F⊗m ⊗ L → X and F⊗m → X have holomorphic
sections σ1 and σ2 with σi(x) 6= 0, i = 1, 2. Thus

s := σ1/σ2 ∈ ΓM (X,L)− {0},

and the proof is complete.
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Proof of the Kodaira Embedding Theorem

Maps into projective spaces

Let X be a compact complex manifold and let F → X be a holomorphic line bundle. The
vector space of global holomorphic sections H0(X,O(F )) consists of harmonic sections. In
fact, with respect to any metric, ||∂̄s||2 = (�s, s) and hence

H0(X,O(F )) = H0,0(X,F ).

In particular, H0(X,O(F )) is a finite-dimensional vector space.
For x ∈ X, define

φF (x) := {s ∈ H0(X,O(F )) ; s(x) = 0}.

If every element of H0(X,O(F )) vanishes at x then φF (x) = H0(X,O(F )), and otherwise
φF (x) is a hyperplane in H0(X,O(F )). Indeed, the evaluation map

ex : H0(X,O(F ))→ Fx

has rank 0 or 1. The set of hyperplanes in H0(X,O(F )) is of course P(H0(X,O(F ))∗), the
projectivization of the dual space of H0(X,O(F )).

3.1.9 Definition. The set Bs(F ) of points x ∈ X such that φF (x) = P(ΓO(X,F )∗) is called
the (set theoretic) base locus of F . A holomorphic line bundle is said to be free or base-point
free if Bs(F ) = ‰.

Thus we obtain a well-defined map

φF : X − Bs(F )→ P(H0(X,O(F ))∗).

In particular, a basepoint-free line bundle F → X results in a map of X to some projective
space.

A less intrinsic way to write down the map φF is as follows. Let s0, ..., sN ∈ H0(X,O(F ))
be a basis. We assign to x ∈ X − Bs(F ) the point

[s0(x), ..., sN(x)] ∈ PN .

(This realization of the map φ|F | shows immediately that the map is holomorphic.) To see
that [s0, ..., sN ] : X − Bs(F )→ PN is the map φ|F | expressed in projective coordinates, note
that since si ∈ H0(X,O(F )) = (H0(X,O(F ))∗)∗, the sections s0, ..., sN , when seen as a basis
of vectors, serve as coordinates for H0(X,O(F ))∗. Consider the dual basis {α0, ..., αk} of
H0(X,O(F ))∗, i.e.,

〈
αj, s

k
〉

= δkj . A typical point ξ ∈ H0(X,O(F ))∗ may then be written

ξ =
〈
ξ, sj

〉
αj.
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Now, the point evaluation ξx at x is a linear function on H0(X,O(F )) with values in Fx,
and thus there exist λj(x) ∈ Fx such that

ξx = λj(x)⊗ αj.

But then λj(x) =
〈
ξx, s

j
〉

= sj(x). On the other hand,

φF (x) = {s ∈ H0(X,O(F )) ; ξxs = 0} corresponds to the subspace Cξx ∈ P(H0(X,O(F ))∗),

and with respect to the basis α0, ..., αN of H0(X,O(F ))∗ this subspace is

[s0(x), ..., sN(x)] ∈ PN .

More generally, instead of starting with the full vector space H0(X,O(F )), one can start
with a subspace V ⊂ H0(X,O(F )) and define

φ|V |(x) := {σ ∈ V ; σ(x) = 0} and Bs(V ) := {x ∈ X ; σ(x) = 0 for all σ ∈ V }

One then obtains a map
φ|V | : X − Bs(V )→ P(V ∗).

In particular, a basepoint free subspace V ⊂ ΓO(X,F ) results in a holomorphic map of X
to some complex projective space.

In fact, the converse is true. Indeed, suppose φ : X → PN is a holomorphic map from a
complex manifold X. Letting F := φ∗H and si := φ∗zi, 0 ≤ i ≤ N , we see that

V := spanC{s0, ..., sN} ⊂ ΓO(X,F ) is basepoint free and φ = φ|V |.

Thus all holomorphic maps to projective space are of the form φ|V | for some subspace V
of holomorphic sections of a holomorphic line bundle.

3.1.10 Remark. Note that while the sections zi of H→ Pn are independent, their restric-
tions to φ(X) need not be. Thus V is not in general isomorphic to Cn+1, and may well
have smaller dimension. And by the same token, there may be sections of the restriction
H|φ(X) → X that do not extend to holomorphic sections of H→ Pn. �

With our more complete understanding of projective maps, Theorem 3.1.4 is a conse-
quence of the following more precise result.

3.1.11 Theorem (Kodaira’s Embedding Theorem Again). Given a positive line bundle
F → X, there is an integer m >> 0 such that the map φF⊗m is an embedding.
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Properties of embeddings of compact manifolds

An embedding of a manifoldM into a manifold P is by definition a proper injective immersion
F : M → P . If M is compact, the requirement of properness is of course vacuous.

Let φF : X → P(H0(X,O(F ))∗) be a holomorphic map, i.e., assume that F → X is
basepoint free. In order for φF to separate two distinct points x, y ∈ X, it suffices to show
that there is a section σ ∈ (H0(X,O(F )) such that σ(x) = 0 6= σ(y). Indeed, if such a
section σ exists then φF (x) and φF (y) are distinct hyperplanes (H0(X,O(F )), for the first
contains σ and the second does not.

To prove that φF is an immersion, i.e., to show that for each x ∈ X the linear map

dφF (x) : T 1,0
X,x → T 1,0

P((H0(X,O(F ))∗),φF (x)

is injective, it is enough to show that for each x ∈ X and v ∈ T 1,0
X,x − {0} there exists a

global section σ ∈ (H0(X,O(F )) such that σ(x) = 0 and dσ(x)v 6= 0. (Note that at a point
where σ vanishes, dσ is well-defined, and given by ∇σ for any connection ∇ for the line
bundle F → X.) Indeed, there exists a section τ ∈ (H0(X,O(F )) that does not vanish at
x, and if we complete the two independent sections τ and σ to a basis {τ, σ, s2, ..., sN} of
(H0(X,O(F )) then in the coordinate chart

CN ∼=O U{τ 6=0} ⊂ P((H0(X,O(F ))∗)

the map φF is given by

G : {y ∈ X ; τ(y) 6= 0} 3 y 7→
(
σ(y)
τ(y) ,

s1(y)
τ(y) , ...,

sN (y)
τ(y)

)
∈ U{τ 6=0},

and then dG(x)v =
(
dσ(x)v
τ(x) , ∗, ..., ∗

)
6= 0, i.e., dφF (x) is injective.

Proof of Theorem 3.1.11

We show that there is an integer mo > 0 such that for all m ≥ mo the map

(3.4) φF⊗m : X → P(H0(X,O(F⊗m))∗)

is an injective immersion. As just explained, we must show that for each x ∈ X and each
set of independent α1, ..., αn ∈ T ∗1,0X,x ⊗ F⊗m there are sections σ1, ..., σn ∈ H0(X,O(F⊗m)),
1 ≤ i ≤ n, such that

σi(x) = 0 and dσi(x) = αi, 1 ≤ i ≤ n.

By Theorem 3.1.7, for each x ∈ X there exists mx ∈ N such that for all m ≥ mx there
are sections σ1, ..., σn ∈ H0(X,O(F⊗m)) with these properties, i.e., such that φF⊗m is an
immersion at x. Since being an immersion is an open property, there is an open cover {Ui}i∈I
and positive integers {mi}i∈I such that for each i ∈ I the map φF⊗m|Ui is an immersion for
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every m ≥ mi. Since X is compact, one can find a finite subcover {Ui1 , ..., Uiν}. Taking
m1 := max1≤j≤νmij , we see that for each m ≥ m1 the map (3.4) is an immersion.

Next we claim that there exists m2 such that for all m ≥ m2 the map (3.4) is injective.
As explained earlier, it suffices to show that for each pair of distinct points x, y ∈ X there is
a section s ∈ H0(X,O(F⊗m)) such that s(x) = 0 6= s(y). We shall distinguish between pairs
of points (x, y) that are ‘close together’ and those that are ‘far apart’. To do so, consider the
compact complex manifold X ×X, and its diagonal submanifold ∆X := {(x, x) ; x ∈ X}.

We begin by showing that if x, y ∈ X are distinct points that are close together then for
sufficiently large m (uniformly in x and y) one has φF⊗m(x) 6= φF⊗m(y), i.e., if we define the
map

Φm : X×X−∆X 3 (x, y) 7→ (φF⊗m(x), φF⊗m(y)) ∈ P(H0(X,O(F⊗m)))×P(H0(X,O(F⊗m)))

then Φm(y, z) avoids the diagonal ∆P(H0(X,O(F⊗m))). Indeed, if x ∈ X and m ≥ m1 then
by the first part of the proof the map φF⊗m is an immersion near x. Hence by the Inverse
Function Theorem there is a neighborhood Ux of x in X such that φF⊗m|Ux is biholomorphic
onto its image. In particular, Φm|Ux×Ux−∆X

avoids the diagonal ∆P(H0(X,O(F⊗m))). Therefore,
with

A :=
⋃
x∈X

Ux × Ux ⊂ X ×X and A′ := A−∆X ⊂ X ×X −∆X ,

the map Φm|A′ avoids the diagonal. Note that the open subset A′ covers ∆X , and thus the
closed subset (X ×X −∆X)− A′ = X ×X − A of X ×X −∆X is compact.

Next we deal with the points that are ‘far apart’. By Theorem 3.1.7, for each (x, y) ∈ X×
X−A there exists a positive integer m(x,y) such that if m ≥ m(x,y) then φF⊗m(x) 6= φF⊗m(y).
Since the latter condition is open, the same constant mx,y will work for all (x̃, ỹ) in an open
neighborhood of (x, y) in X × X − ∆X . Thus there is an open cover {Ui} of X × X − A
such that for each index i there is a positive integer µi so that if m ≥ µi and (x, y) ∈ Ui
then φF⊗m(x) 6= φF⊗m(y). Since X × X − A is compact, we can pass to a finite subcover
{Ui1 , ..., UiN}. Thus, with

mo := max(m1, µi1 , ..., µiN}

we find that if m ≥ mo then the map φF⊗m is an embedding, as claimed.

3.2 Stein manifolds

3.2.1 Holomorphic Convexity
3.2.1 Definition. Let Y be a complex manifold.

a. For a compact subset K ⊂ Y , the holomorphic hull or O(Y )-hull of K is the set

K̂ = K̂O(Y ) :=
{
z ∈ Y ; |f(z)| ≤ sup

K
|f | for all f ∈ O(Y )

}
.
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b. We say Y is holomorphically convex if for every compact subset K ⊂ Y the O(Y )-hull
K̂ ⊂ Y is also compact.

The following result, which we shall use later, is a direct analogue of Theorem ?? (and
has the same proof).

3.2.2 Theorem. A manifold Y is holomorphically convex if and only if any sequence {yj} ⊂
Y with no accumulation point there is a subsequence {yjk} and a function f ∈ O(Y ) such
that

lim
k→∞
|f(yjk)| = +∞.

Thus a holomorphically convex manifold imposes growth conditions of sorts on its holo-
morphic functions. However, this growth condition does not immediately imply that there
are many holomorphic functions. Indeed, one easily checks that compact complex manifolds
are holomorphically convex.

Even if there are many holomorphic functions, it might happen that there are deficiencies
in the algebra of global holomorphic functions. The following example is instructive.

3.2.3 Example. Let Ω ⊂ Cn be a domain of holomorphy containing the origin. Consider
the blowup (see Example 1.1.17)

Ω̃o :=
{
(z, `) ∈ Ω× Pn−1 ; z ∈ `

}
of Ω at the origin, with its blowdown map π : Ω̃o → Ω defined by π(z, `) = z. Note that π
is proper. Indeed, the projection Ω × Pn−1 → Ω is clearly proper, and the restriction of a
proper map to a closed subset is proper.

Since π−1(0) is a complex submanifold biholomorphic to Pn−1, every f ∈ O(Ω̃o) is con-
stant on π−1(0). Thus every holomorphic function on Ω̃o is of the form f = π∗g for some
g ∈ O(Ω).

In particular, no f ∈ O(Ω̃o) can separate the points or tangents of π−1(0). On the
other hand, if K ⊂ Ω̃o is a compact set, then π(K) is a compact subset of Ω. And since
O(Ω̃o) = π∗O(Ω),

K̂O(Ω̃o) = π−1
(
π̂(K)O(Ω)

)
.

Since π is proper, K̂O(Ω̃o) is compact and therefore Ω̃o is holomorphically convex. �

3.2.2 The definition of a Stein manifold
3.2.4 Definition. A complex manifold Y is said to be Stein if

a. Y is holomorphically convex,

b. O(Y ) separates points, i.e., for any distinct pair of points x, y ∈ Y there exists f ∈
O(Y ) such that f(x) 6= f(y), and
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c. O(Y ) separates tangents, i.e., for any x ∈ Y and any α ∈ T 1,0
Y,x there exists f ∈ O(Y )

such that df(x) = α.

3.2.5 Remark. Property 3 of Definition 3.2.4 is equivalent to the property that every
point of Y has a coordinate chart U whose coordinates are the restrictions to U of global
holomorphic functions on Y . �

3.2.6 Remark. Properties 2 and 3 of Definition 3.2.4 seem rather similar in nature; if
3 holds then 2 holds at least for points x and y that are sufficiently close together, and
conversely if 2 holds then at least we can find a single function with a non-zero differential.
We shall see that, in fact, if Y is holomorphically convex then Property 2 implies Property
3 and vice versa. �

3.2.3 A few examples
3.2.7 Example. Any holomorphically convex open subset of Cn is Stein. For example, Cn

itself is Stein, and the unit ball B ⊂ Cn is Stein. In fact, any convex domain Ω ⊂ Cn. �

3.2.8 Proposition. If ι : V ↪→ Y is a proper holomorphic injective immersion of a complex
manifold V into a Stein manifold Y then V is also a Stein manifold.

Proof. Since the inverse image of a compact set by a proper map is by definition compact,
we see that V is holomorphically convex. Next, since ι : V → Y and dι : T 1,0

V → T 1,0
Y

are injective maps, ι∗ : O(Y ) → O(V ) and ι∗ : T ∗1,0Y → T ∗1,0V are surjective, and thus
ι∗O(Y ) ⊂ O(V ) separates points and tangents. The proof is complete.

We thus find ourselves with an enormous collection of Stein manifolds.

3.2.9 Example. All closed submanifolds of Cn are Stein.

3.2.10 Example. Let X ⊂ PN be a projective submanifold. Let s ∈ H0(PN ,O(H)) be any
holomorphic section of the hyperplane line bundle H → PN , and let H := {s = 0} be its
zero variety. Then Y := X −H is a closed submanifold of PN −H ∼= CN . Therefore Y is a
Stein manifold.

By Chow’s Theorem Y is cut out by polynomials in CN . Such subsets of CN are called
affine varieties, or affine manifolds if they are also smooth. Thus a projective manifolds is
a compactification of a particular kind of Stein manifold.

On the other hand, not every Stein manifold has a projective compactification. Indeed,
any Stein manifold with a projective compactification must have finite topology, and there
are many Stein manifolds with non-finite topology. �

On the other hand, there are many important Stein manifolds that are not obviously
closed complex submanifolds of some complex Euclidean space. For example, the unit ball
is Stein, but it is not at all obvious that there is a closed submanifold of some complex
Euclidean space that is biholomorphic to the unit ball. In fact it is not hard to show, using
the maximum principle, that there is no algebraic embedding (meaning the components of
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the embedding are polynomials) of the ball in any complex Euclidean space. But the unit
ball does embed in complex Euclidean space as a (non-affine) complex submanifold. In fact,
there is a converse to Example 3.2.9:

3.2.11 Theorem. For every Stein manifold X there exists a positive integer N and a proper
holomorphic embedding X ↪→ CN .

Theorem 3.2.11 has some similarities with Kodaira’s Embedding Theorem; one can obtain
an injective holomorphic submersion X → CN for some N by using the same ideas. However,
getting this map to be proper is significantly more complicated, and as a consequence we
will not prove Theorem 3.2.11 in these notes.

3.2.4 The Levi Problem for Stein manifolds
The classical Levi problem is the problem of characterizing domains of holomorphy geomet-
rically. As Stein manifolds are the manifold analogues of domains of holomorphy, the general
Levi problem may be stated as follows.

3.2.12 Problem. Characterize Stein manifolds geometrically.

The goal of this paragraph is to present Grauert’s solution of the Levi problem.

Strictly plurisubharmonic exhaustions on Stein manifolds

We begin with the following ‘strengthening’ of Definition 2.4.21.

3.2.13 Definition. A complex manifold Y is said to be strongly pseudoconvex if there is a
strictly plurisubharmonic exhaustion function u ∈ C∞(Y ).

The property of being strongly pseudoconvex is a geometric property, albeit complex
geometric: it says that the trivial line bundle has a positively curved metric whose weight
function is moreover proper.

3.2.14 Theorem. Let Y be a Stein manifold, K a compact subset of Y , and U a neighbor-
hood of K̂O(Y ). Then there is a strictly plurisubharmonic exhaustion u ∈ C∞(Y ) such that
u < 0 on K but u > 0 on Y − U . In particular, Y is strongly pseudoconvex.

3.2.15 Remark. In Chapter 2 we showed that every weakly pseudoconvex manifold has a
complete Kähler metric (Theorem 2.4.22). Thus Theorem 3.2.14 implies that every Stein
manifold is complete Kähler. �

Proof of Theorem 3.2.14. It suffices to assume K = K̂O(Y ). Since Y is holomorphically
convex, there are compact sets K1 = K,K2, ..., such that for all i ≥ 1

Ki = ̂(Ki)O(Y ), Ki ⊂ interior(Ki+1) and
⋃
i≥1

Ki = Y.
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Fix open sets Ui such that U1 ⊂ U and Ki ⊂ Ui ⊂ Ki+1.
For each i ≥ 1, choose functions fik ∈ O(Y ), k = 1, ..., ki such that

sup
Ki

|fik| < 1 and max
k
|fik(z)| > 1 for all z ∈ Ki+2 − Ui.

By taking large powers of the fik if necessary, we can assume that

sup
Ki

ki∑
k=1
|fik|2 < 2−i and inf

Ki+2−Ui

ki∑
k=1
|fik|2 > i.

Moreover, by the compactness of Ki and Property (3) of Stein manifolds, we can also make
sure that at each point p ∈ Ki there are n functions among the functions fik, 1 ≤ k ≤ ki,
that form a local coordinate system near p.

Now set
u := −1 +

∞∑
i=1

ki∑
k=1
|fik|2.

The sum converges uniformly on each Ki, and in fact u is smooth.1 Moreover, u > i− 1 on
Y − Ui. Finally,

√
-1∂∂̄u(ξ, ξ) =

∞∑
i=1

ki∑
k=1
|dfik(ξ)|2.

At each x ∈ Y and each ξ ∈ TY,x − {0} at least one of the summands on the right hand side
is strictly positive, and therefore u is strictly plurisubharmonic. The proof is complete.

3.2.16 Remark. We note that property (2) regarding point separation was not used in the
definition of the function u above. As a consequence of Theorem 3.2.20 below, we can then
deduce that on a Stein manifold Y , the point separation property of O(Y ) is a consequence
of properties (1) (holomorphic convexity) and (3) (tangent separation). �

Solving ∂̄ on strongly pseudoconvex manifolds

As a warm-up to Grauert’s solution of the Levi problem, we establish the following theorem.

3.2.17 Theorem. Let X be a strongly pseudoconvex manifold of complex dimension n, let
E → X be a holomorphic vector bundle and let q be a positive integer. Then for any ∂̄-closed
E-valued (p, q)-form α on X there exists a E-valued (p, q−1)-form u on X such that ∂̄u = α.
Moreover, if α is smooth then one can choose u smooth (and if q = 1 all such u are smooth).

1Perhaps the simplest way to see the smoothness of u is to consider the function

F (z, ζ̄) := −1 +
∞∑
i=1

ki∑
k=1

fik(z)fik(ζ)

on the complex manifold X ×X†, where X† is the complex manifold with the complex conjugate structure
of X. For the same reasons as above, F converges locally uniformly on X×X† and is therefore holomorphic.
Restricting to the real submanifold z = ζ establishes the smoothness (and even real-analyticity) of u.
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Proof. By Theorem 2.4.22 X is complete Kähler. Let ϕ be a strictly plurisubharmonic
exhaustion function on X. We take ω :=

√
-1∂∂̄ϕ as our Kähler form and denote by g the

corresponding Kähler metric. If h is a smooth function of one real variable then
√
-1∂∂̄h ◦ ϕ = h′(ϕ)

√
-1∂∂̄ϕ+ h′′(ϕ)

√
-1∂ϕ ∧ ∂̄ϕ.

If we take h to be convex and sufficiently rapidly increasing then the strictly plurisubharmonic
function ψ = h ◦ ϕ satisfies

Θ(g(p) ⊗ det g ⊗ e−ψ)]g ≥ ω

and
C :=

∫
X
|α|2ωe−ψdVω < +∞.

By 2.4.20 there exists a locally integrable (p, q − 1)-form uo on X such that

∂̄uo = α and
∫
X
|uo|2ωe−ψdVω < +∞.

By Paragraph 2.4.2 the solution u of ∂̄u = α with minimal norm is smooth.

Theorem 3.2.17 yield the following outcome.

3.2.18 Corollary. Let E → X be a holomorphic vector bundle on a Stein manifold X.
Then

Hp,q

∂̄
(X,E) = 0 for all p ≥ 0 and q ≥ 1.

3.2.19 Remark. Since Λp,0
X is a holomorphic vector bundle, the result for general p follows

from the case p = 0. �

Grauert’s Characterization of Stein manifolds

The following theorem of Grauert completes the solution to the Levi Problem.

3.2.20 Theorem (Grauert). Every strongly pseudoconvex manifold is Stein.

The proof has three steps, corresponding to the three properties in Definition 3.2.4.

Step 1: Strongly pseudoconvex manifolds are holomorphically convex

Let Y be a strongly pseudoconvex manifold and let u denote a smooth, strictly plurisubhar-
monic exhaustion of Y . We will prove that Y is holomorphically convex by using Theorem
3.2.2. As such, we will seek to construct a holomorphic function with prescribed values along
a given sequence of points. Something similar was proved in the previous chapter, namely,
Theorem 3.1.7. Of course, in the projective case we could only expect to interpolate at a
finite set of points, but in the strongly pseudoconvex case the manifold carries much more
positivity than can be carried by any holomorphic line bundle on a compact manifold.
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Since Y has a strictly plurisubharmonic exhaustion function, it is complete Kähler. We
fix a not necessarily complete Kähler form ω, and denote by dV the volume form associated
to ω.

Let {yj} ⊂ Y be a closed discrete subset. We choose disjoint neighborhoods Uj in Y with
biholomorphic maps φj : Uj → B such that φj(yj) = 0 and Ui ∩ {yj}j≥1 = yi. Next choose a
smooth function χ ∈ C∞o (B) such that 0 ≤ χ ≤ 1 and χ ≡ 1 in B1/2(0).

Observe that for all j ≥ 1 and all ε ∈ (0, 1),

Supportχ(φj) log
(
|φj|2 + ε2

)
⊂ Uj, χ(φj) log

(
|φj|2 + ε2

)
≤ log 2 on Uj

and

(3.5)
∣∣∣∣χ(φj) log

(
|φj|2 + ε2

)∣∣∣∣ ≤ log 2 on Uj − φ−1
j (B1/2(0)).

Consider the (1, 1)-form
√
-1∂∂̄

∞∑
j=1

nχ(φj) log
(
|φj|2 + ε2

)
.

At each point of Y the sum is actually finite, and in fact consists of at most one non-zero
term. Since log(| · |2 +ε2) is plurisubharmonic, it is clear that there is a smooth non-negative
function g ∈ C∞(Y ) such that

√
-1∂∂̄

∞∑
j=1

χ(φj) log
(
|φj|2 + ε2

1 + ε2

)n
≥ −gω

for all z ∈ Y and all ε ∈ (0, 1).
For an increasing convex function h : R→ (0,∞) we have seen that

√
-1∂∂̄(h(u)) ≥ h′(u)

√
-1∂∂̄u.

By choosing h sufficiently rapidly increasing, we can guarantee that
√
-1∂∂̄h(u) is as positive

as we like. In particular, by replacing u with h(u) we can assume that
√
-1∂∂̄u ≥ (g + 1)ω −

√
-1Ricci(ω).

Thus
√
-1∂∂̄u+ Ricci(ω) +

√
-1∂∂̄

∞∑
j=1

χ(φj) log
(
|φj|2 + ε2

1 + ε2

)n
≥ ω.

By taking h to grow even more rapidly if necessary, we can also assume that

(3.6)
∑
j≥1

j2
∫
Uj
|φ∗j ∂̄χ|2e−udV < +∞.

To simplify notation, let

ψε := u+
∑
j≥1

χ(φj) log
(
|φj|2 + ε2

1 + ε2

)n
.

126



Let f̃ ∈ C∞(Y ) be defined by

f̃ :=
∞∑
j=1

j · χ(φj)

Observe that f̃(yj) = j for all j ≥ 1, and that α := ∂̄f̃ = ∑∞
j=1 jφ

∗
j ∂̄χ is supported on the

set ⋃
j≥1

Uj − φ−1
j (B1/2(0)).

Therefore by (3.5) and (3.6) ∫
Y
|α|2e−ψεdV ≤ C2 < +∞,

where
C2 = 2n sup

B
|∂̄χ|

∑
j≥1

j2
∫
Uj
e−udV.

In particular, C2 is independent of ε.
By Hörmander’s Theorem 2.4.20 for each ε ∈ (0, 1) there is a function fε ∈ C∞(Y ) such

that
∂̄fε = α and

∫
Y
|fε|2e−ψεdV ≤ C2,

where C2 is independent of ε.
Since log

(
|·|2+ε2
1+ε2

)n
is increasing in ε, so is ψε. Thus e−ψεo ≤ e−ψε for any εo > 0 and all

ε ≤ εo, and therefore

L2
0,0(e−ψε , ω) ⊂ L2

0,0(e−ψεo , ω) and
∫
Y
|fε|2e−ψεodV ≤ C2.

By Alaoglu’s Theorem the sequence {fε} is weak-* compact in each Hilbert space L2
0,0(e−ψεo , ω),

and since Hilbert spaces are self-dual we can use a diagonal argument to extract a subse-
quence {fj} ⊂ {fε} whose limit fo lies in each L2

0,0(e−ψε , ω). By the Monotone Convergence
Theorem fo ∈ L2

0,0(e−ψo , ω), and in fact

(3.7)
∫
Y
|fo|2 exp

−
u+

∑
j≥1

χ(φj) log(|φj|2n)

 dV ≤ C2

(though here the precise estimate does not matter).
Now, elliptic regularity implies that fo is smooth.2 Since |φj|−2ndV is not locally in-

tegrable near the origin yj, it follows from (3.7) that fo(yj) = 0. Thus the holomorphic
function f := f̃ − fo satisfies

f(yj) = f̃(yj)− fo(yj) = j.

In view of Theorem 3.2.2, Y is holomorphically convex.
2Alternatively, f̃ is smooth and fo − f̃ is holomorphic, so fo = f̃ + (fo − f̃) is smooth.
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Step 2: separating points on strongly pseudoconvex manifolds

In the previous section we showed that given a sequence {yj} ⊂ Y with no accumulation
point, there is a function f ∈ O(Y ) such that f(yj) = j.

To separate two points x and y, we simply choose the sequence {yj} ⊂ Y such that
y1 = x and y2 = y. We then have a function f ∈ O(Y ) such that f(x) = 1 and f(y) = 2.
Thus O(Y ) separates x and y.

Step 3: separating tangents on strongly pseudoconvex manifolds

To separate tangents is quite similar. First we note that if, in the proof of holomorphic
convexity, we replace n by n + 1 then the function fo we obtain vanishes to second order
along the points of {yj}.

Let us, therefore, replace n by n + 1. Now, suppose γ ∈ T 1,0∗
X , x. Fix a coordinate

neighborhood U of x and a biholomorphic map φ : U → B such that φ(x) = 0. Choose
a holomorphic function g ∈ O(B) such that dg(0) = (φ−1)∗γ; for example, we can take
g(z) = (φ−1)∗γ · z. Next, with χ as in the proof of holomorphic convexity above, let

f̃ = χ(φ)φ∗g.

Then f̃ ∈ C∞o (Y ) is supported in U , and df̃(x) = γ. Moreover, α := ∂̄f̃ satisfies

∫
Y
|α|2 exp

−
u+ χ(φ) log

(
|φ|2 + ε2

1 + ε2

)n+1

 dV ≤ C2 < +∞,

where C2 is independent of ε. The rest of the proof is essentially the same as the proof of
holomorphic convexity, but let us give a little more of a sketch.

As in the proof of holomorphic convexity, if we replace u by h(u) where h is a sufficiently
rapidly increasing convex function, we have

√
-1∂∂̄

u+ χ(φ) log
(
|φ|2 + ε2

1 + ε2

)n+1
+
√
-1Ricci(ω) ≥ ω.

By Hörmander’s Theorem and the limiting argument as above there is a function fo such
that

∂̄fo = α and
∫
Y
|fo|2 exp

(
−
(
u+ χ(φ) log |φ|2(n+1)

))
dV < +∞.

Again f = f̃ − fo is holomorphic, so fo ∈ C∞(Y ), and as such the integrability of fo implies
that such that

fo(x) = 0 and dfo(x) = 0.
It follows in particular that

f := f̃ − fo ∈ O(Y ) and df(x) = γ.

Thus O(Y ) separates tangents, and the proof of Grauert’s Theorem 3.2.20 is complete.
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Pseudoconvex domains in a Stein manifold

Let Y be a complete Kähler manifold and let Ω be an open set in Y . The domain Ω is a
complex manifold in its own right, and thus it is pseudoconvex if it has a plurisubharmonic
exhaustion.

3.2.21 Theorem. If Y is a Stein manifold and Ω ⊂⊂ Y is pseudoconvex then Ω is a Stein
manifold.

Proof. Let ψ ∈ C∞(Ω) be a plurisubharmonic exhaustion for Ω. Since Y is Stein, it has a
strictly plurisubharmonic function u ∈ C∞(Y ). But then ψ+u is a strictly plurisubharmonic
exhaustion for Ω. By Grauert’s Theorem, Ω is Stein.
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Chapter 4

The L2 Extension Theorem

In this chapter we study L2 extension of holomorphic sections from complex submanifolds.
As we know quite well by now, when working with L2 estimates it is often convenient to

work with holomorphic top forms taking values in a holomorphic line bundle, rather than just
sections of a vector bundle. In that case, we have to modify what we mean by ‘extension’,
since forms of top degree have different degrees on the submanifold and on the ambient
space.

4.1 Digression: The Adjunction Formula
Let V be a smooth hypersurface in a complex manifold X. We choose an open cover {Uj}
and a family of holomorphic functions {fj ∈ O(Uj)} such that Uj ∩ V = {fj = 0} and
dfj|Uj∩V is never zero. The functions fj are holomorphic because a smooth hypersurface is
irreducible and the associated divisor 1 · V has only non-negative multiplicities (all of which
are 0 except the one associated to the irreducible hypersurface V , which is 1). We will
abusively call V a smooth divisor.

The line bundle LV given by the transition functions gij = fi/fj therefore has a holo-
morphic section sV defined by the local functions fi over Ui. Differentiating the tautological
identity fi = gijfj gives

dfi = gijdfj + fjdgij.

In particular, on V itself we have

(4.1) dfi = gijdfj.

On V the differential forms dfj are not arbitrary sections of T ∗X |V , but rather local sections of
the so-called co-normal bundle N∗X/V , i.e., the vector bundle whose local sections annihilate
the tangent bundle of V . Since V is a hypersurface the vector bundle N∗X/V → V has rank
1, i.e., it is a line bundle. Note that the dual of N∗X/V , which is by definition the normal
bundle NX/V = (TX |V )/TV , is in general not a holomorphic subbundle of TX |V (though it
can be realized as a smooth subbundle of TX |V if some additional data is given, for example,
a Hermitian metric).
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The relation (4.1) thus tells us that the local sections {dfj} piece together to form a
global section dsV of the line bundle (LV )|V ⊗ N∗X/V . Moreover, because V is smooth, the
section dsV is nowhere zero, and thus the line bundle (LV )|V ⊗N∗X/V is trivial. We have thus
proved the following proposition.

4.1.1 Proposition (Adjunction). The line bundle LV → X associated to a smooth divisor
V ⊂ X is an extension to X of the normal bundle NX/V → V .

4.1.2 Remark. The section dsV can also be defined by

dsV = ∇sV |V ,

where∇ is any connection for LV . Since any two connections differ by a global endomorphism
and sV vanishes on V , the right hand side is independent of the connection ∇. �

One can interpret the adjunction formula as a formula that relates the canonical bundle
KV of V to KX |V , the canonical bundle of X restricted to V . Indeed, one has the obvious
formula

(4.2) KX |V = KV ⊗N∗X/V ,

which simply says that fj locally provide coordinate functions transverse to V . Equivalently,
Formula (4.2) is obtained by taking the determinant of the formula T ∗1,0X |V = T ∗V ⊗ N∗X/V
(which is also obvious). Thus Proposition 4.1.1 is equivalent to the following proposition.

4.1.3 Proposition (Adjunction Formula). If V ⊂ X is a smooth complex hypersurface
then

KV = (KX ⊗ LV )|V .

4.1.4 Remark. Given any local section f of KV , the section

f ∧ dsV

defines a section of (KX ⊗LV )|V . Conversely, dsV divides the restriction to V of any section
F of KX ⊗ LV .

The section f of KV can also be computed from the section F by means of the residue
theorem: F/sV is a meromorphic top form on X, that is holomorphic except for a simple pole
along V . If we choose local coordinates for X at a point of V , such that sV is one of those
coordinates and the remaining coordinates along V are z, then writing F = f̃(z, sV )dz1 ∧
... ∧ dzn−1 ∧ dsV ,

1
2π
√
-1

∫
|sV |=ε

F (sV , z)
sV

= f̃(z, 0)dz1 ∧ ... ∧ dzn−1 =: f(z).

Hence F |V = f ∧ dsV . �
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4.1.5 Example. The adjunction formula is handy in an inductive proof of the very useful
formula

(4.3) KPn = L−(n+1)H = H∗⊗(n+1)

for the canonical bundle of projective space. Indeed, in the case n = 1, consider the holo-
morphic 1-form dz on the finite part Uo = {[1, z] ; z ∈ C} of P1. If we change charts to
U1 = {[w, 1] ; w ∈ C}, then the coordinate change is w = 1/z, and we have

dz = −w−2dw.

We therefore see that dz extends to a meromorphic 1-form with a double pole at∞ = P1−Uo.
It follows that KP1 is the line bundle associated to the divisor −2∞, and since ∞ is just the
line w = 0 in C2 = {(z, w)}, we see that

KP1 = L−2∞ = H∗⊗2.

Now suppose KPn−1 = H∗⊗n has been proved. Fix a point p ∈ Pn and let H be any
projective hyperplane passing through p. Since any hyperplane in H is the intersection of a
hyperplane in Pn with H ∼= Pn−1, the line bundle H→ H used the compute KH

∼= KPn−1 is
the restriction to H of H→ Pn. The line bundle LH associated to H is also H (see Remark
??). Therefore by the Adjunction Formula II

KPn|H = (KH ⊗ LH)|H = H∗⊗(n+1)|H ,

and in particular, KPn,p = H∗⊗(n+1)
p . Since p is arbitrary, we have (4.3) �

The link between forms of top degree in a smooth hypersurface and those on the ambient
manifold is the Adjunction Formula (see Section 4.1). Let Z ⊂ X be a smooth hypersurface
and let T ∈ H0(X,O(LZ)) be a holomorphic section of the holomorphic line bundle associ-
ated to Z such that the divisor of T is Z, counting multiplicity. The adjunction formula tells
us that KZ = (KX ⊗ LZ)|Z . At the level of local sections, if F is a section of KX |Z then F
is divisible by dT , i.e., there exists a unique section f of KZ such that F |Z = f ∧ dT . Thus
when we say that a section f on Z has an extension f̃ to X, we mean that

f̃ |Z = f ∧ dT.

4.2 Extension in Stein manifolds without L2 estimates
Both for the purpose of motivation, and because we will use it later, we begin this chapter
with an extension theorem that does not involve any L2 estimates.

4.2.1 Theorem. Let X be a Stein manifold, Z ⊂ X a smooth hypersurface, T ∈ H0(X,O(LZ))
a holomorphic section whose divisor is Z, and L→ X a holomorphic line bundle. Then for
any f ∈ H0(Z,OZ(KZ ⊗ L)) there exists f̃ ∈ H0(X,OX(KX ⊗ LZ ⊗ L)) such that

f̃ |Z = f ∧ dT.
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We shall give two proofs of Theorem 4.2.1, which are essentially the same.

First proof. Let IZ denote the coherent ideal sheaf of germs of holomorphic functions van-
ishing at the points of Z. Then we have the short exact sequence

0→ IZ → OX → Q → 0.

The last sheaf in the sequence is the quotient Q = OX/IZ . This sheaf is supported on Z,
and its stalks at the points z ∈ Z are OZ,z.

We can twist the sequence with the line bundle KX ⊗ LZ ⊗ L. Moreover, we have
the adjunction isomorphism sending a germ of KX ⊗ LZ to a germ of KZ ; the map sends
F ∈ OX,x(KX ⊗ LZ) to F/dT ∈ OZ,x(KZ) for any x ∈ Z. We therefore have the exact
sequence of coherent sheaves

0→ IZ(KX ⊗ LZ ⊗ L)→ OX(KX ⊗ LZ ⊗ L)→ OZ(KZ ⊗ L)→ 0.

From the induced long exact sequence in cohomology we have

H0(X,OX(KX ⊗ LZ ⊗ L))→ H0(Z,OZ(KZ ⊗ L))→ H1(X,IZ(KX ⊗ LZ ⊗ L)).

By Cartan’s Theorem B the last term is zero, and hence

H0(X,KX ⊗ LZ ⊗ L)→ H0(Z,KZ ⊗ L)

is surjective, as desired.

Second proof. Fix a Kähler metric g for X, smooth metrics e−ϕo and e−λ for L → X and
LZ → X, and a smooth, strictly plurisubharmonic exhaustion function u such that

√
-1∂∂̄(ϕo + λ+ u) ≥ ωg and

∫
Z
|f |2e−(ϕo+u) < +∞.

Such a function u can be found because X is Stein; one can take a sufficiently rapidly
increasing convex function of some strictly plurisubharmonic exhaustion function on X. We
shall not use the function u explicitly any more, so let us write e−ϕ := e−(ϕo+u) for the metric
for L→ X, which of course satisfies

√
-1∂∂̄(ϕ+ λ) ≥ ωg and

∫
Z
|f |2e−ϕ < +∞.

Consider the singular Hermitian metric for LZ ⊗ L given by

e−ψ := e−ϕ

|T |2
.

Let {Uj}j≥1 be a locally finite open cover of X by coordinate neighborhoods such that

(i) for each j ≥ 1 the line bundles L|Uj and LZ |Uj are trivial, and
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(ii) if Uj ∩ Z 6= Ø then Uj ∼= (Uj ∩ Z) × D(0, εj) is a product, and T is the holomorphic
coordinate in the factor D(0, εj).

By condition (ii) we mean that on each Uj we fix trivializations ξj and τj of L|Uj and LZ |Uj ,
and if we write T = Tjτj in Uj then |Tj(p)| < εj for each p ∈ Uj. Thus if Uj ∩Z 6= Ø and xj
is a coordinate system for Uj ∩ Z then in the coordinates (xj, Tj),

Uj ∼= {(xj, Tj) ; xj ∈ Uj ∩ Z and |Tj| < εj}.

Next we define a collection of holomorphic sections f̃j ∈ H0(Uj,OUj(KX ⊗ LZ ⊗ L)) as
follows. If Uj ∩ Z = Ø then we set f̃j = 0. Otherwise, we may write

f |Uj∩Z := fjdx
1
j ∧ ... ∧ dxn−1

j ⊗ ξj, fj ∈ O(Uj ∩ Z).

We then define gj ∈ O(Uj) by gj(p) = fj(xj(p)) for p ∈ Uj and set

f̃j := gjdx
1
j ∧ ... ∧ dxn−1

j ∧ dTj ⊗ τj ⊗ ξj ∈ H0(Uj, KX ⊗ LZ ⊗ L).

Observe that
f̃j|Z∩Uj = f ∧ dT.

If we take εj sufficiently small, we also have the estimate

(4.4)
∫
Uj
|f̃j|2e−(ϕ+λ) ≤

∫
Uj∩Z

|f |2e−ϕ.

Let us define
Gij := f̃i − f̃j ∈ H0(Ui ∩ Uj, KX ⊗ LZ ⊗ L).

Then
Gij +Gjk +Gki = 0 on Ui ∩ Uj ∩ Uk and Gij|Z∩Ui∩Uj ≡ 0.

We seek holomorphic sections hj ∈ H0(Uj, KX ⊗ LZ ⊗ L) such that

Gij = hi − hj and hj|Z∩Uj ≡ 0.

If such functions are found then f̃i − hi = f̃j − hj on Ui ∩ Uj, and therefore

f̃ := f̃j − hj on Uj

is a globally defined holomorphic section of KX ⊗ LZ ⊗ L → X satisfying f̃ |Z = f ∧ dT ,
which is the desired conclusion. We shall now construct the sections hj.

By using a power series argument (in the variable Ti or Tj) and estimating the Cauchy
integral formula for the coefficients, we have the estimate

(4.5)
∫
Ui∩Uj

|Gij|2

|T |2
e−ϕ ≤

(
2−j +

∫
Ui∩Uj∩Z

|f |2e−ϕ
)
,
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again provided we take εj > 0 sufficiently small. (The factor 2−j is there to deal with the
case in which Uj ∩ Z = Ø or Ui ∩ Z = Ø but not both.)

Next fix a partition of unity {χj} subordinate to the cover {Uj}. Define the smooth
sections

h̃j :=
∑
k

χkGjk ∈ Γ(Uj,OUj(KX ⊗ LZ ⊗ L)).

Then h̃j vanish on Z ∩ Ui. Also, by (4.4) we have
∫
Uj
|h̃j|2e−(ϕ+λ) ≤ C2

(
2−j +

∫
Uj∩Z

|f |2e−ϕ
)
.

Now,

h̃i − h̃j =
∑
k

χk(Gik −Gjk) = Gij

∑
k

χk = Gij ∈ H0(Ui ∩ Uj,OUi∩Uj(KX ⊗ LZ ⊗ L)),

and thus ∂̄h̃i = ∂̄h̃j on Ui ∩ Uj. It follows that the LZ ⊗ L-valued (n, 1)-form α defined to
be ∂̄h̃i on Ui is well-defined, smooth and ∂̄-closed on Ω′. Moreover, by (4.5) and the local
finiteness of the cover {Uj} we find that

∫
Ω

|α|2e−ϕ

|T |2
< +∞.

(For this estimate we might have to increase the function u used to modify the metric e−ϕo at
the beginning of the proof, but increasing the growth of this function only improves matters
from the point of view of the Hörmander Theorem.) By Hörmander’s Theorem (??) there
exists a smooth section σ of KX ⊗ LZ ⊗ L→ Ω such that

∂̄σ = α and
∫

Ω

|σ|2e−ϕ

|T |2
< +∞.

In particular, σ vanishes on Z. Thus the sections hi := h̃i− σ|Ui are holomorphic, vanish on
Zj, and satisfy

hi − hj = Gij and
∫
Uj
|hj|2e−(ϕ+λ) ≤ C2

∫
Uj∩Z

|f |2e−ϕ.

This completes the proof.

4.3 Statement of the L2 extension theorem
4.3.1 Theorem. Let X be a Stein manifold and Z ⊂ X a smooth hypersurface. Assume
there exists a holomorphic section T ∈ H0(X,OX(LZ)) and a Hermitian metric e−λ for LZ
such that

e−λ|Z 6≡ ∞ dT (z) 6= 0 for all z ∈ Z and sup
X
|T |2e−λ ≤ 1.
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Fix a line bundle L→ X and a singular Hermitian metric e−ϕ for L such that

e−ϕ|Z 6≡ ∞,
√
-1∂∂̄ϕ ≥ 0 and

√
-1∂∂̄ϕ ≥ δ

√
-1∂∂̄λ

for some δ ∈ (0, 1]. Then for any holomorphic section f ∈ H0(Z,OZ(KZ ⊗ L)) such that∫
Z
|f |2e−ϕ < +∞

there exists a holomorphic section F ∈ H0(X,OX(KX ⊗ LZ ⊗ L)) such that

F |Z = f ∧ dT and
∫
X
|F |2e−(ϕ+λ) ≤ 48π

δ

∫
Z
|f |2e−ϕ.

Theorem 4.3.1 automatically holds for the larger class of essentially Stein manifolds,
provided the hypersurface Z is compatible with the essentially Stein property. More precisely,
the pair (X,Z) is said to be essentially Stein if there exists a hypersurface V ⊂ X such that
X − V is Stein and no component of Z is contained in V .

If the hypotheses of Theorem 4.3.1 apply to X and Z then they also apply to X ′ := X−V
and Z ′ := Z−V . We then obtain, for every f ∈ H0(Z,OZ(KZ̃⊗L)) ⊂ H0(Z ′,OZ′(KZ̃′⊗L))
such that ∫

Z′
|f |2e−ϕ ≤

∫
Z
|f |2e−ϕ < +∞,

a holomorphic section F ∈ H0(X ′, KX′ ⊗ LZ′ ⊗ L) such that

F |Z′ = f ∧ dT and
∫
X′
|F |2e−(ϕ+λ) ≤ 48π

δ

∫
Z′
|f |2e−ϕ.

The section F is defined on X ′, but we claim that it has a holomorphic extensions to X. If
this is the case then one has ∫

X
|F |2e−(ϕ+λ) =

∫
X′
|F |2e−(ϕ+λ)

because V and V ∩ Z are null sets in X and Z respectively.
The existence of these extensions is a consequence of the following lemma.

4.3.2 Lemma. Suppose Y is a complex manifold with a holomorphic line bundle L → Y
having a singular Hermitian metric e−ψ whose curvature current is bounded below by a smooth
Hermitian (1, 1)-form, that W ⊂ Y is a (possibly singular) subvariety such that e−ψ|W 6≡ ∞,
and that g ∈ H0(Y −W,OY−W (KY ⊗ L)) is a holomorphic section such that∫

Y−W
|g|2e−ψ < +∞.

Then there exists a unique holomorphic section g̃ ∈ H0(Y,OY (KY ⊗ L)) such that

g̃|Y−W = g.
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Proof. By the Identity Principle, the extension problem is local.
If W is singular then the singular locus Wsing of W is a complex subvariety of complex

codimension at least 2. If we have proved that the section g can be extended holomorphically
across the smooth locusWreg ofW , then g can also be extended holomorphically acrossWsing
by Hartogs’ Theorem. Thus it suffices to prove that g has a holomorphic extension across
Wreg. Moreover, by slicing with an appropriately generic hyperplane we may assume that
W is a hypersurface.

Let p ∈ Wreg and fix a relatively compact (in Y ) coordinate neighborhood U of p in Y
with coordinates z = (z1, ..., zn−1, zn) the following properties:
(i) L|U is trivial (with frame ξ, say),

(ii) U ∩Wsing = Ø and zi|U∩W , 1 ≤ i ≤ n− 1 are local coordinates on Wreg, and

(iii) z(x) = 0 and W ∩ U = {zn = 0}.
Our hypothesis on e−ψ implies that − log |ξ|2e−ψ is quasi-plurisubharmonic, hence locally
bounded above. In U −W we may write

g = h(z)dz1 ∧ ... ∧ dzn ⊗ ξ

where h ∈ O(U −W ). Let B = {y ∈ U ; |zi(y)| < 1 for 1 ≤ i ≤ n} Note that∫
B−W

|h(z)|2dV (z) ≤ sup
B

(|ξ|2e−ψ)−1
∫
B−W

|g|2e−ψ < +∞.

Writing w = (z1, ..., zn−1), we have the Laurent expansion

h(z) =
∑
j∈Z

Aj(w)(zn)j,

where for each j ∈ Z the function Aj is holomorphic on the unit polydisk Dn−1. Then we
have ∫

B−W
|h(z)|2dV (z) = lim

ε→0

∫
Dn−1

∫
ε≤|zn|<1

∑
j,k∈Z

Ak(w)Ak(w)(zn)j(z̄n)kdV (w)dA(zn).

Now, ∫
Dn−1

∫
ε≤|zn|<1

∑
j,k∈Z

Aj(w)Ak(w)(zn)j(z̄n)kdV (w)dA(zn)

=
∑
j,k∈Z

(∫
Dn−1

Aj(w)Ak(w)dV (w)
) ∫

ε≤|zn|<1
(zn)j(z̄n)kdA(zn)

=
(
log 1

ε

) ∫
Dn−1

∣∣A−1(w)
∣∣2 dV (w) +

∑
j∈Z−{−1}

π(1− ε2j+2)
2j + 2

∫
Dn−1

∣∣∣Aj(w)
∣∣∣2 dV (w).

The latter is bounded as ε→ 0 if and only if Aj = 0 for all j ≤ −1. Thus

h(z) =
∑
j∈N

Aj(w)(zn)j,

which shows that h has a holomorphic extension to B, as needed.
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4.4 Some Corollaries of the Extension Theorem

4.4.1 Extension from a hyperplane to a domain in Cn

The first version of the L2 extension theorem was proved by Ohsawa and Takegoshi. They
proved a result that looks rather different than our Theorem 4.3.1, but both theorems imply
the following corollary, which was also stated in the article [?] of Ohsawa and Takegoshi.
4.4.1 Theorem (Ohsawa-Takegoshi). Let Ω ⊂ Cn be a bounded pseudoconvex domain, let
ϕ ∈ PSH(Ω) and let H be an affine hyperplane in Cn. Assume that ϕ|H∩Ω 6≡ −∞. Then
there is a constant C depending only on the diameter of Ω such that for any f ∈ O(H ∩ Ω)
satisfying ∫

H∩Ω
|f |2e−ϕdA < +∞

there exists F ∈ O(Ω) such that

F |H∩Ω = f and
∫

Ω
|F |2e−ϕdV ≤ C

∫
H∩Ω
|f |2e−ϕdA.

Proof. Choose coordinates in Cn such that H = {zn = 0} and let

DH := sup
Ω
|zn|.

Then DH < +∞ because Ω is bounded. (Note that the finiteness of DH does not require
Ω to be bounded, but only that Ω be contained between two real hyperplanes H1 and H2
such that H1 ∩

√
-1H1 and H2 ∩

√
-1H2 are parallel to H. We call DH the H-diameter of Ω.)

The line bundle associated to H is of course trivial, and its canonical holomorphic section
is the coordinate function T = zn. We equip this line bundle with the metric (i.e., positive
function)

e−λ = 1
D2
H

.

Thus supΩ |T |2e−λ = 1. Moreover, ∂∂̄λ = 0, and since ϕ is plurisubharmonic,
√
-1∂∂̄ϕ ≥ 0 and

√
-1∂∂̄ϕ ≥

√
-1∂∂̄λ.

Thus Theorem 4.3.1 applies, with δ = 1.
To f we assign the holomorphic (n− 1)-form α = fdz1 ∧ ... ∧ dzn−1, so that∫

Ω∩H
|α|2e−ϕ = 21−n

∫
H∩Ω
|f |2e−ϕdA < +∞.

By Theorem 4.3.1 there is a holomorphic n-form β = Fdz1 ∧ ... ∧ dzn such that

β|H = α ∧ dzn, i.e., F |H∩Ω = f

and
2n
D2
H

∫
Ω
|F |2e−ϕdV =

∫
Ω
|β|2e−(ϕ+λ) ≤ 2n · 16π

∫
H∩Ω
|f |2e−ϕdA.

Thus C = 16πD2
H , and the proof is complete.
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4.4.2 Remark. In recent years there has been interest in finding the optimal constant,
i.e., the smallest constant C for which Theorem 4.4.1 holds independent of the choice of
plurisubharmonic weight function ϕ. The optimal constant was found by Z. Błocki, who
showed that one can take C = πD2

H . �

A very useful corollary of Theorem 4.4.1 is obtained by applying the theorem inductively.

4.4.3 Corollary. Let Ω ⊂⊂ Cn be a bounded pseudoconvex domain and let ϕ ∈ PSH(Ω)
such that ϕ(p) 6= −∞. Then there is a constant C depending only on the diameter of Ω such
that for any a ∈ C there exists f ∈ O(Ω) satisfying

f(p) = a and
∫

Ω
|f |2e−ϕdV ≤ C|a|2e−ϕ(p).

4.4.2 An extension theorem in Cn

Another special case of Theorem 4.3.1 is an extension result that appears in the theory of
interpolation. We begin with a smooth hypersurface Z ⊂ Cn, and a smooth Hermitian metric
e−ϕ on Cn for the trivial line bundle. Denote the Euclidean metric in Cn by ω :=

√
-1∂∂̄|z|2.

Let T ∈ O(Cn) be a holomorphic function such that

Z = {T = 0} and dT (x) 6= 0 for all x ∈ Z.

We define the metric e−λTr for the trivial bundle using T itself:

λTr (x) := −
∫
B(x,r)

log |T (ζ)|2ωn(ζ).

(The notation is −
∫
X fdµ := 1

µ(X)
∫
fdµ.) We have the following result.

4.4.4 Theorem. Assume there exists δ > 0 such that

(4.6)
√
-1∂∂̄ϕ ≥ (1 + δ)

√
-1∂∂̄λTr .

Then for every holomorphic function f ∈ O(Z) such that∫
Z

|f |2e−ϕωn−1

|dT |2e−λTr
< +∞

there exists F ∈ O(Cn) such that

(4.7) F |Z = f and
∫
Cn
|F |2e−ϕω

n

n! ≤ 48π
∫
Z

|f |2e−ϕ

|dT |2e−λTr
ωn−1

(n− 1)! .

Proof. The line bundle LZ associated to Z is trivial, since it is a line bundle on Cn. Of
course, it has the non-trivial (meaning, non-flat) metric e−λTr . The sub-mean value property
for the plurisubharmonic function log |T | means that

|T |2e−λTr ≤ 1.
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Moreover, since√-1
2π ∂∂̄λTr

 (x) =
(

1
2π−
∫
B(x,r)

∂2

∂ζ i∂ζ̄j
log |T (ζ)|2ω(ζ)

)√
-1dxi ∧ dx̄j,

λTr is plurisubharmonic, and thus (4.6) implies the curvature conditions required in Theorem
4.3.1.

Let f be the function to be extended. Consider the holomorphic n-form g := fdz1∧...∧dzn
defined along the points of Z. (Thus g is a section of KCn along the points of Z. But it
is not a holomorphic n-form on Z because Z has dimension n − 1, so (n, 0)-form on Z is
identically zero.) Since the 1-form dT is nowhere-zero on Z, there exists a holomorphic form
h of top degree on Z, i.e., a holomorphic section of KZ → Z, such that

g = h ∧ dT along Z.
Suppose, for a moment, that ∫

Z
|h|2e−ϕ < +∞.

Then by Theorem 4.3.1, applied to the metric ψ = ϕ−λTr , there exists a holomorphic n-form
H on Cn such that

H|Z = h ∧ dT and
∫
Cn
|H|2e−ϕ ≤ 48π

∫
Z
|h|2e−ϕ+λTr .

Now, we can write H = Fdz1 ∧ ...∧ dzn, and since h∧ dT = g = fdz1 ∧ ...∧ dzn, we see that

F |Z = f and
∫
Cn
|H|2e−ϕ =

∫
Cn
|F |2e−ϕω

n

n!
Thus our proof will be complete if we show that

ι∗Z |h|2 := ι∗Z

(√
-1n

2

h ∧ h̄
)

= |f |2

|dT |2
ι∗Zω

n−1

(n− 1)! ,

where ιZ : Z ↪→ Cn is the inclusion. To establish this identity, we can work at a single
point x ∈ Z. After a translation and a unitary change of coordinates (both of which leave ω
invariant) we may assume x = o, that z1, ..., zn−1 are coordinates on Z near o, and that

zn − T

|dT (o)|
vanishes to second order at o. Therefore, at the origin,

g(o) = f(o)
|dT (o)|(dz

1 ∧ ... ∧ dzn−1 ∧ dT )(o).

Writing h = hodz
1 ∧ ... ∧ dzn−1 near the origin, we see that

ho(o) = f(o)/|dT (0)|.
Since

(ι∗Zh ∧ h)(o) = |ho(o)|2
ι∗Zω

n−1(o)
(n− 1)! ,

our claim follows, and the proof is complete.
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4.5 Proof of the L2 extension theorem
At various stages of our proof we will need to work on relatively compact subdomains of X.
Since we have assumed that X is Stein, there is an exhaustion of X be relatively compact
pseudoconvex domains. We fix such a domain Ω ⊂⊂ X in much of the proof. In the end we
will take a limit, in an appropriate sense, as Ω↗ X.

We also assume that the metrics e−ϕ and e−λ are smooth. Indeed, one can reduce to
the case of smooth metrics by the usual weak limit arguments and the fact that on Stein
manifolds one can approximate such metrics locally uniformly by a monotonic sequence of
smooth metrics.

4.5.1 Twisted Basic Estimate
In the present paragraph we shall be dealing with two smooth metrics e−ϕ and e−ψ. In order
to keep things maximally clear, we shall denote the (either formal or Hilbert space) adjoints
of ∂̄ with respect to these metrics as ∂̄∗ϕ and ∂̄∗ψ respectively.

4.5.1 Lemma. Let Ω be a pseudoconvex domain in a Stein manifold X of complex dimension
n, and let H → X be a holomorphic line bundle with smooth Hermitian metric e−ψ. Fix a
Kähler metric g on X. Let τ and A be positive functions on Ω, with τ ∈ C 2(Ω). Then for
any H-valued (n, 1)-form u ∈ Domain(∂̄)∩Domain(∂̄∗ψ) on Ω, the following inequality holds.∫

Ω
(τ + A)

∣∣∣∂̄∗ψu∣∣∣2 e−ψ +
∫

Ω
τ
∣∣∣∂̄u∣∣∣2

g
e−ψ(4.8)

≥
∫

Ω

(
τ∂∂̄ψ − ∂∂̄τ − 1

A
∂τ ∧ ∂̄τ

)
ij̄

gik̄uk̄g
j ¯̀u¯̀e−ψ.

Proof. Let e−κ be a smooth Hermitian metric for H → X. In the present setting we have
the following special case of the basic estimate:

(4.9)
∫

Ω

∣∣∣∂̄∗κu∣∣∣2 e−κ +
∫

Ω

∣∣∣∂̄u∣∣∣2
g
e−κ ≥

∫
Ω

(∂∂̄κ)ij̄gik̄uk̄gj
¯̀u¯̀e−κ

for any H-valued (n, 1)-form u ∈ Domain(∂̄∗κ) ∩ Domain(∂̄). Note that the last term on the
right hand side of (4.9) is non-negative.

Next we pass the the twisted estimates. The idea is to consider a twist of the original
metric for H. That is to say, we consider a metric e−ψ for H. For any such metric, there
exists a positive function τ such that

e−κ = τe−ψ.

One calculates that
∂∂̄κ = ∂∂̄ψ − τ−1∂∂̄τ + τ−2∂τ ∧ ∂̄τ.

Also, using the formula
∂̄∗κu = −gij̄eκ ∂

∂zi
(e−κuj̄)
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for the formal adjoint, where locally u = ∑
uj̄dz̄

j with uj̄ canonical sections, we have the
formula

∂̄∗κu = −τ−1gij̄
∂τ

∂zi
uj̄ + ∂̄∗ψu.

Substitution of these identities into the basic estimate (4.9) then gives∫
Ω

(τ + A)
∣∣∣∂̄∗ψu∣∣∣2 e−ψ +

∫
Ω
τ
∣∣∣∂̄u∣∣∣2

g
e−ψ(4.10)

≥ −
∫

Ω
(∂∂̄τ)ij̄gik̄uk̄gj

¯̀u¯̀e−ψ +
∫

Ω
(τ∂∂̄ψ)ij̄gik̄uk̄gj

¯̀u¯̀e−ψ

+
∫

Ω
A
∣∣∣∂̄∗ψu∣∣∣2 e−ψ + 2Re

∫
Ω
gij̄

∂τ

∂zi
uj̄ ∂̄

∗
ψue

−ψ.

By the Cauchy-Schwarz Inequality,

2Re
∫

Ω
gij̄

∂τ

∂zi
uj̄ ∂̄

∗
ψue

−ψ ≥ −
∫

Ω
A
∣∣∣∂̄∗ψu∣∣∣2 e−ψ − ∫

Ω

(∂τ ∧ ∂̄τ)ij̄
A

gik̄uk̄g
j ¯̀u¯̀e−ψ.

Applying this estimate to the last term on the third line of (4.10) completes the proof.

4.5.2 Choices for τ , A and ψ, and an a priori estimate
In Lemma 4.5.1 we let H := LZ ⊗ L. Note that

∂∂̄ log |T |2e−λ = ∂∂̄ log |T |2 − ∂∂̄λ

in the sense of currents. The current ∂∂̄ log |T |2 is supported on Z because T is zero-
free on X − Z. (In fact, this current is a multiple of the current of integration over Z, a
statement that we will prove later, but that we do not currently require.) We define the
quasi-plurisubharmonic function

v = log |T |2e−λ.
Fix a constant γ > 1. (Eventually we will let γ → 1.) Define the function

(4.11) a := γ − δ log(ev + ε2).

Note that a > 1 if ε > 0 is sufficiently small. We calculate that

−∂∂̄a = δ∂∂̄ log(ev + ε2) = ∂

 δev∂̄v

ev + ε2


= δev

(ev + ε2)∂∂̄v + δ
4ε2∂(ev/2) ∧ ∂̄(ev/2)

((ev/2)2 + ε2)2

= δ
ev

(ev + ε2)
(
∂∂̄ log |T |2 − ∂∂̄λ

)
+ δ

4ε2∂(ev/2) ∧ ∂̄(ev/2)
((ev/2)2 + ε2)2

= − δev

(ev + ε2)∂∂̄λ+ δ
4ε2∂(ev/2) ∧ ∂̄(ev/2)

((ev/2)2 + ε2)2 .
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The last equality holds because ∂∂̄ log |T |2 is supported on Z, where ev vanishes.
We fix a C 2-smooth function h : [0,∞)→ (0,∞) to be determined momentarily, and set

τ = (a+ h(a)) and A = (1 + h′(a))2

−h′′(a) .

With these choices, one calculates that

−∂∂̄τ− ∂τ ∧ ∂̄τ
A

= −(1+h′(a))∂∂̄a−h′′(a)∂a∧∂̄a− (1 + h′(a))2

A
∂a∧∂̄a = (1+h′(a))(−∂∂̄a).

Since the functions τ and A must be positive, we need

h′(x) > −1 and h′′(x) < 0.

We shall need more from this function, though precisely what we need is perhaps unclear at
present. We therefore make what looks like a rather inexplicable choice, setting

h(x) = 2− x+ log(2ex−1 − 1).

4.5.2 Remark. There are some reasons for this choice, a few of which will become more
clear as the proof progresses. There are, however, other possible choices for h. �

We compute that

1 + h′(x) = 2ex−1

2ex−1 − 1 and − h′′(x) = 2ex−1

(2ex−1 − 1)2

Finally, we take1

ψν = ϕ+ log(|T |2e−ζ + ν2) + ζ,

where e−ζ is a positively curved metric for LZ such that

sup
X
|T |2e−ζ < +∞.

For example, one could take ζ = λ + ρ for some bounded and sufficiently strictly plurisub-
harmonic function ρ; we have such a ρ because X is Stein and Ω is relatively compact. As
in the computation of −∂∂̄a, setting w := log |T |2e−ζ , we have

∂∂̄ψν = ∂∂̄ϕ+ ∂∂̄ζ − ew

ew + ν2∂∂̄ζ + 4ν2∂(ew/2) ∧ ∂̄(ew/2)
(ew + ν2)2

= ∂∂̄ϕ+ ν2

ew + ν2∂∂̄ζ + 4ν2∂(ew/2) ∧ ∂̄(ew/2)
(ew + ν2)2 ≥ ∂∂̄ϕ ≥ 0

1We would like to take ψ = ϕ+ log |T |2, but the latter is not smooth, so we regularize it in the obvious
way.
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and hence
∂∂̄ψν − δ∂∂̄λ ≥ ∂∂̄ϕ− δ∂∂̄λ ≥ 0.

Then we have

τ∂∂̄ψν − ∂∂̄τ −
∂τ ∧ ∂̄τ

A
= (a+ h(a))δ4ε2∂(ev/2) ∧ ∂̄(ev/2)

((ev/2)2 + ε2)2

+
(
τ − ev(1 + h′(a))

ev + ε2

)
∂∂̄ψν + ev(1 + h′(a))

ev + ε2

(
∂∂̄ψν − δ∂∂̄λ

)
.

Now,
τ − ev(1 + h′(a))

ev + ε2 ≥ 2 + log(2ea−1 − 1)− 2ea−1

2ea−1 − 1 > 0,

since the term between the two inequalities is an increasing function of a and a > 1. More-
over,

a+ h(a) ≥ a > 1,
and therefore

τ∂∂̄ψν − ∂∂̄τ −
∂τ ∧ ∂̄τ

A
≥ δ

4ε2∂(ev/2) ∧ ∂̄(ev/2)
((ev/2)2 + ε2)2

Substitution into Lemma 4.5.1 then yields the following a priori estimate:

(4.12) δ
∫

Ω

4ε2
∣∣∣∣〈∂(ev/2), u

〉∣∣∣∣2
((ev/2)2 + ε2)2 e−ψν ≤ ||D∗u||2ψν + ||Su||2ψν ,

where
Dβ = ∂̄

(√
τ + Aβ

)
and Su =

√
τ
(
∂̄u
)

are two ‘twisted ∂̄ operators’. Note that SD = 0.

4.5.3 A smooth extension and its holomorphic correction
From here on, let us fix the section f ∈ H0(Z,OZ(KZ ⊗ L)) ∩ L2(e−ϕ) to be extended.

Since X is Stein, Theorem 4.2.1 yields a section f̃ ∈ H0(X,OX(KX ⊗LZ ⊗L)) such that

f̃ |Z = f ∧ dT.

If we take any relatively compact domain Ω ⊂⊂ X then the smoothness of the metrics
immediately implies that ∫

Ω
|f̃ |2e−(ϕ+λ) < +∞.

However, we do not have any control over this quantity as we increase Ω to exhaust X. In
order to tame the growth of this extension f̃ , we first modify it to a smooth extension, and
then correct this smooth extension to be holomorphic by solving a twisted version of the
∂̄-equation.
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Turning to the smooth modification, let t ∈ (0, 1/2) and fix χ ∈ C∞o ([0, 1)) with

0 ≤ χ ≤ 1, χ ≡ 1 on [0, t] and |χ′| ≤ 1 + 2t.

We write

χε := χ

 |T |2e−λ
ε2

 .
We distinguish the (n, 1)-form

αε := ∂̄χεf̃ = f̃ ∧ χ′(ε−2ev)ε−2∂̄ev = χ′(ε−2ev)2ev/2
ε2 f̃ ∧ ∂̄(ev/2).

Then one has the estimate∣∣∣(u, αε)ψν ∣∣∣2 ≤ (∫
Ω
| 〈u, αε〉 |e−ψν

)2

=

∫
Ω

∣∣∣∣∣∣
〈
u, χ′

(
ev

ε2

)
f̃ ∧ 2ev/2∂̄(ev/2)

ε2

〉∣∣∣∣∣∣ e−ψν


2

≤ 1
δ

∫
Ω

∣∣∣∣∣∣ f̃ε2χ
′
(
ev

ε2

)∣∣∣∣∣∣
2

(ev + ε2)2

ε2 e−(ϕ+λ)

×δ
∫

Ω

∣∣∣∣〈u, ∂̄(ev/2)
〉∣∣∣∣2 4ε2

(ev + ε2)2 e
−ψν

≤ Cε
(
||D∗u||2ψν + ||Su||2ψν

)
where

Cε := 4(1 + t)2

δε2

∫
ev≤ε2

|f̃ |2e−(ϕ+λ).

The last inequality follows from the a priori estimate (4.12) and the fact that

(i) |χ′| ≤ 1 + t, and

(ii) tε2 ≤ ev ≤ ε2 on the support of χ′(ev/ε2).

We note for later use that

lim sup
ε→0

Cε = 8π(1 + t)2

δ

∫
Z
|f |2e−ϕ.

By the usual L2-method, followed by letting ν → 0 via weak-∗ compactness arguments we
have used many times before, we obtain the following result.
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4.5.3 Theorem. Let
ψ = ψ0 = ϕ+ log |T |2.

Then there exists a smooth section βε ∈ Γ(X,KX ⊗ LZ ⊗ L) such that

Dβε = αε and
∫

Ω
|βε|2e−ψ ≤ Cε.

In particular, since e−ψ = e−ϕ

|T |2 ,
βε|Z ≡ 0.

4.5.4 End of the proof of Theorem 4.3.1
We begin by observing that, since

ev(τ + A) =
(
eδ
−1(γ−a) − ε2

)
(2 + log(2ea−1 − 1) + 2ea−1)

and δ ≤ 1, the inequality 2+log(x−1) ≤ x for x > 1, which one can prove by using elementary
calculus to show that the maximum value 0 of the function φ(x) = 2 − x + log(x − 1) is
achieved at x = 2, shows that

(4.13) sup
X
ev(τ+A) ≤ sup

a≥γ
eγ−a(2+log(2ea−1−1)+2ea−1) ≤ sup

a≥γ
Xeγ−a(2+4ea−1) ≤ 6eγ−1.

where we have used log(x− 1) ≤ x− 2 for x > 1.
Let

Fε =
(
χεf̃ −

√
τ + Aβε

)
.

Note that by Theorem 4.5.3 Fε|Z = f and that by Theorem 4.5.3 and (4.13)
∫

Ω
|Fε|2e−(ϕ+λ) ≤ o(1) +

∫
Ω
ev(τ + A)|βε|2e−ψ ≤ o(1) + 48π(1 + t)2eγ−1

δ

∫
Z
|f |2e−ϕ

for ε ∼ 0. Indeed, the term χεf̃ is supported on a set whose measure converges to 0 with ε.
Using the already-familiar technique of Alaoglu’s Theorem and dominated convergence,

we can let ε → 0 and t → 0. We can let the smooth metrics converge to singular metrics.
And finally we can let Ω ↗ X. Details, which have been presented a number of times by
now, are left to the reader.

Finally, since L2 convergence implies pointwise convergence for holomorphic sections, we
see that also F |Z = f ∧ dT . Thus we obtain a section F ∈ H0(X,KX ⊗ LZ ⊗ L) satisfying

F |Z = f ∧ dT and
∫
X
|F |2e−(ϕ+λ) ≤ 48π

δ

∫
Z
|f |2e−ϕ.

The proof of Theorem 4.3.1 is complete.
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