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Preface

The following is a set of notes for a minicourse on Hilbert space techniques in complex
analytic geometry, presented at the University of Wisocnsin-Madison in late June of 2024.
The minicourse consisted of four lectures, which were essentially summaries of much of what
is contained in this text.

As usual, such a course has to have a target audience. We assume that the student
attending the minicourse, or for that matter the reader of these notes, has a thorough
familiarity with much of undergraduate mathematics, including calculus and algebra (mostly
linear, some multilinear, and very little basic abstract algebra), as well as the following topics,
which might not be covered in all undergraduate programs in the US.

a. Basic point set topology.
b. Smooth manifolds.

¢. The definition and some elementary properties of smooth vector bundles, including
the tangent and cotangent bundle. (We do not assume a knowledge of characteristic
classes, or of the theory of connections.)

d. Elementary properties (essentially just the definitions) of smooth vector fields, differ-
ential forms, and smooth sections of vector bundles.

e. Certainly a few other things I have assumed without realizing.

In these notes we invoke the complex summation convention of summing over the same
indices when one is upper and the other is lower. Rather than being just convenient, this
convention becomes useful in identifying various dualities that exist between geometrically
complicated quantities.



Chapter 1

The Backdrop

1.1 Complex Manifolds and Maps

In this subsection we establish the basic definitions of complex analysis in the manifold
setting. The reader who has never seen any of the contents of this chapter is likely not yet
at the stage of preparation assumed in this text. Accordingly, it is probably wise for the
average reader to skim, or perhaps skip, this section.

1.1.1 Complex Manifolds
DEFINITION

A complex manifold is a real manifold whose transition functions are holomorphic. More
precisely,

1.1.1 DEFINITION. A topological space X is a complex manifold if there is an open cover
{U;}jes of X and homeomorphisms ¢; : U; — V; C C", called holomorphic coordinate
charts, such that for all 7, 5 € J the the maps

Gij = @iod; : ViNg;ogi(Vi) = Vi
called transition functions, are holomorphic. o

REMARK. Sometimes the inverse maps ¢j’1 : V; — Uj are called coordinate charts. Usually
this ambiguity does not cause any confusion. o

A collection of (holomorphic) coordinate charts & = {U;, ¢; : U; — ¢;}jes is called a
(holomorphic) atlas if U; U; = X. Two atlases are said to be compatible if their union is also
an atlas. An equivalence class of atlases is a directed set, i.e., any two atlases are contained in
a third atlas, namely their union. Thus every equivalence class of atlases contains a mazimal
atlas, i.e., an atlas that is not properly contained in any other atlas.

Maximal atlases are huge collections of coordinate charts, and one cannot reasonably
characterize such a collection. However, specifying any atlas automatically uniquely deter-
mines a maximal atlas.



We leave the proof of the next statement to the reader.

1.1.2 PROPOSITION/DEFINITION. The function dimg,. : X — Z assigning to each x € X
the nonnegative integer n; if and only if x; € U; is locally constant. If X, is a connected
component of X then the integer n, = dimy,.(X,) is called the dimension of X,,.

In most situations considered in this text the manifold in question is connected.

ORIENTABILITY

Suppose 2 C C" is an open set and F : 2 — C”" is a holomorphic map. Let us denote by
Fg the map obtained from F after identifying C* with R?*" via

(24, ..., 2") = (Re 2", Im z',...,Re 2", Im 2") = (z', 9, ..., 2", y").

Noticing that the complex differential 1-forms dz* = dz’ + /-1dy’ satisfy

Na)

(2) dz' NdzZ' A AN A2 AN dZY = dat Ady™ AN dx™ A dy”,

we see that the functions det dF' and det dFk defined respectively by
(det dF)dz' A ... Nd2™ = F*(dz' A ... Ad2"™)

and
(det Fr)dz* Ady™ A ... Ndx™ Ady" := F*(dz' Ndy™ A ... Ndz™ A dy™)

satisfy
(det dFg) dz' Ady™ A... Ada™ Ady" = Fj (dz' Ady" A ... A da™)

_1 "
=F (({) dz' NdZEA N dZt A dZT
1
2

‘/_; F*(d2' A A d2" AdEM A LA dE")

-1 "
= |det dF|? (‘g) dz' NdZUA A2 A dZ

It follows that the determinants of the real derivatives of the transition functions of a holo-
morphic atlas are all positive, i.e., that every holomorphic atlas is oriented. In particular,
we have proved the following proposition.

1.1.3 PROPOSITION. FEvery complex manifold is orientable.

REMARK. In complex dimension 1 Proposition 1.1.3 has a sort of converse, namely that
every oriented surface admits a (not necessarily unique) holomorphic atlas. This converse
implication fails to hold in higher dimensions; there are many examples of oriented manifolds
that are not complex manifolds. o



SOME EXAMPLES

1.1.4 ExAMPLE (Vector spaces). The simplest example of a complex manifold is a complex
vector space. If V' is a complex vector space, a choice of basis v = {vy,...,v,} defines a
bijection

Yy :C"2z2= (2. 2" = 2o+ 2, €V
and we declare the inverse ¢, := 1! to be a holomorphic atlas. Evidently the dimension of
V' as a complex manifold is its dimension as a complex vector space. o

1.1.5 EXAMPLE (Affine Spaces). The next simplest example of a complex manifold is a
complex affine space A, i.e., a set equipped with a faithful action of a finite-dimensional
complex vector space V' (viewed as an Abelian group), with only one orbit. The action is
denoted by

AxV 3 (a,v)—a+veA

In terms of this notation, for any two points a;,as € A there is a unique vector v € V' such
that ao = a; + v. Thus there is a bijection between A and V', but there is no canonical
bijection. The space A is topologized be declaring that a subset U C A is open if for every
a € U there is an open neighborhood B of the origin in V' such that {a +v; ve€ B} CU.
The vector space V is called the space of affine translations of A, and also the underlying
vector space of A.
Once a point o € A is chosen, there is a canonical bijection

Vovreo+w.

Since vector space topology is invariant under translations, this canonical bijection is a
homeomorphism.
A holomorphic atlas is specified by choosing a point 0 € A and a basis v := {vy, ..., v, } for
V. Since any point a € A is of the form a = o+2z'v;+- - -+2"v, for some z = (2, ..., 2") € C",
the map
bov(a) =z

defines a ‘global’ coordinate chart, and a maximal atlas <7, . o

REMARK. In Example 1.1.5 we have assumed that the vector space V' is finite-dimensional.
There is also a notion of infinite-dimensional affine space, in which case V must be a topo-
logical vector space. The topologies of infinite-dimensional vector spaces are much more
complicated than their finite-dimensional cousins. o

1.1.6 ExaMPLE (Open subsets and Cartesian products). Any open subset of a complex man-
ifold is a complex manifold, when equipped with the relative topology. Cartesian products
of complex manifolds are complex manifolds. o

1.1.7 ExaMPLE (Complex Projective Spaces). Let V be a finite dimensional complex vector
space of complex dimension n. Denote by P(V') the set of 1-dimensional subspaces of V| i.e.,
lines through the origin in V. Since every v € V' — {0} determines a unique line through the
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origin, there is a surjective map 7 : V — {0} — P(V'). We topologize P(V') by declaring that
a set U C P(V) is open if and only if 771(U) is an open subset of V' — {0}. In other words,
we endow P(V') with the coarsest topology with respect to which 7 is continuous.

If we take a basis v = {vq,...,v,} for V| then the set

Sy = {21U1+"'+van; [P ) = 1}

satisfies 7(Sy) = P(V), and hence P(V) is a compact topological space.
For every non-zero linear functional ¢ € V* — {0} we can define a subset

Ug:={P eP(V); {(v) # 0 for some (and hence any ) v € P — {0}}.
Writing Vy :={xz € V ; {(x) = 1}, consider the map ¢, : Uy — V; defined by
¢o(P) =7 (P)N VL.

Since ¢(v) # 0 for any v € P, ¢, is well-defined. Moreover, if ¢,(P) = ¢¢(Q) then P = @,
so that ¢, is injective. Finally, if x € Vj then for every v € 7(x) we have v = Az for some
A € C — {0}, and hence ¢(v) # 0. Thus 7(v) € U, and ¢y(mw(v)) = v, so that ¢, is also
surjective, hence bijective.

It is easy to see that for every ¢ € V* the set V, C V is an affine space, and that

U U.=PWV).
Lev*—{0}

We leave it as an exercise to show that the maps
Gpt 0 dy: Vi — Vi
are biholomorphic, and hence P(V') is a complex manifold. o

REMARK. When the vector space is the complex Cartesian space V = C""! we shall use the
notation

P, :=P(C"*)

for its projectivization.

1.1.8 ExaMPLE (Hopf Manifolds). Let V' be a complex vector space of dimension n and let
¢ € C be a complex number of modulus |¢| > 1. Two vectors v,w € V — {0} are said to be
equivalent if v = ¢"w for some n € Z. The quotient space

Hopf (V)

is topologized with the coarsest topology for which the quotient map 7 : V' — {0} — Hopf(c)
is continuous.



Fix a basis v = {vy, ..., v,} for V. Since

T U’FSV,

1<r<|c]

Hopf.(V') is a compact topological space.
We can equip Hopf, (V') with a holomorphic atlas as follows. The open cover consists of
the two open sets

U =m U Sy and U :=m U rSy |,

1<r<]c] Ll p 143lel

where v = {v1, ..., v, } is some chosen basis for V. The map 7 : V —{0} — Hopf (V') restricts
to bijections on the open sets

Vii= UJ Sy and Vi:= U rSy

1<r<e] Ll o 1431cl

—1
Vi> ,© = 1,2. The transition functions are easily seen to be

respectively, so we set ¢; = (7r
holomorphic, since ¢ o ¢y = Id.

It is easy to see that Hopf,(V') is homeomorphic to S* x S?"~1. Tt follows that Hopf (V)
cannot be a symplectic manifold. Indeed, for topological reasons every closed 2-form on
Hopf.(V') is exact, but on a compact manifold a symplectic form, i.e., a closed non-degenerate
2-form, is never exact. o

1.1.9 ExaMPLE (Complex conjugate manifold). Let X be a complex manifold with maximal
atlas & := {¢, : U, — V,}. We define a new atlas

A= {Cody: Uy = C(Va)},

where C' : C" 3 2z — z € C" is the map of complex conjugation. It is left to the reader to
check that 7T is a holomorphic maximal atlas, and moreover that this atlas is not compatible
with the atlas . The smooth manifold X with the atlas /T shall be denoted X. o

To have more examples of complex manifolds, we shall need to define functions and maps.

1.1.2 Functions and Maps
DEFINITION
1.1.10 DEFINITION. Let X and Y be complex manifolds.

i. A function f : X — C is said to be holomorphic if for every holomorphic coordinate
ope

chart ¢ : U -V Cc C", U c X, the function fo ¢! :V — C is holomorphic. We
write f € O(X).



open

ii. Amap F:Y — X is said to be holomorphic if for every ¢ : U -V C C", U C X,
the function ¢ o F|p-1(yy is holomorphic. We write F' € O(X,Y).

iii. A map F : X — Y is said to be biholomorphic if it is holomorphic, bijective, and the
inverse map F~!:Y — X is also holomorphic.

1.1.11 PROPOSITION. A compact connected complex manifold X has no non-constant holo-
morphic functions.

Proof. Let f: X — C be a holomorphic function. By continuity the set

y={o e X 10) s

is closed, and by compactness it is nonempty. To complete the proof, it suffices to show
that .#; is open. Toward that end, let x € .#;. Choose a holomorphic coordinate chart
¢ : U — V C C" such that p € V. Then the function fo ¢! :V — C is holomorphic and
|f o 71| has in interior maximum in V. By the Maximum Principle f is constant on the
connected component U, of U containing x. In particular, U, C .#;, so .#} is open. O]

1.1.12 PROPOSITION. Let X and Y be complex manifolds. If F' : X — Y is a bijective
holomorphic map then F~' is holomorphic.

Proof. The claim to be proved is local, so we may assume that X and Y are open connected
subsets of C" containing the origin. We argue by induction on the dimension n.

In dimension 1 the argument is as follows. If F'(z) = 2™g(z) with g(0) # 0 then perhaps
after shrinking X we may write g(z) = ¢™%®) for some holomorphic function G € O(X).
Making the change of coordinates w = ze%*) which is invertible by the holomorphic version
Inverse Function Theorem, we may assume that F(w) = w™. This map is bijective if and
only if m = 1, and evidently the inverse is holomorphic.

Next suppose the proposition holds in all dimensions & < n — 1. If the linear map dF (o)
has rank n then one concludes by the holomorphic Inverse Function Theorem, so assume the
rank of dF'(0) is k < n — 1. Perhaps after a permutation of the coordinates in the ambient
‘C™’s containing the domains U and V', we may assume that the matrix

oF,  \"
(550

ij=1

is invertible. Hence the derivative df (o) of map
fh 2" = (FY2), ..., F¥(2), 2" 2)

is invertible. By the holomorphic Inverse Function Theorem f maps a small neighborhood
U of o in C" biholomorphically onto its image V' := F(U).
Now consider the holomorphic map

gi=Fof1:V =Y
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The map g carries V N {o} x C" % to Y N {o} x C"* injectively, and by construction the
derivative of g|ynroyxcn-+ s not invertible. By the induction hypothesis & = 0. In particular,
we see that if dF'(0) is not invertible then it is identically zero. Equivalently, if det dF'(0) =0
then dF(o) = 0.

It follows that F' maps every connected component of {detdF' = 0} to a single point.
Since F' is a bijection, we conclude that the zero set of the holomorphic function det dF' is a
closed discrete subset. But if n > 2 then the zero set of a holomorphic function cannot be

isolated unless it is empty. This contradiction completes the proof. O]
1.1.13 EXAMPLE. i. Every coordinate chart in a holomorphic atlas is holomorphic by
definition.

ii. With respect to the holomorphic atlases defined in Examples 1.1.4 and 1.1.5, an affine
space is biholomorphic to its underlying vector space.

iii. The projection maps 7 : V — {0} — P(V) and 7 : V' — {0} — Hopf,(V') of Examples
1.1.7 and 1.1.8 respectively are holomorphic. The latter map is locally biholomorphic,
but the former is not. o

Recall that if M, and Ms are manifolds, 7 : E' — M5 is a vector bundle and f : M; — M,
is a map then the pullback f*E — M; is the vector bundle defined by the incidence relation

f'E ={(x,v) e M1 X E; w(v) = f(x)} C My X E,

and the vector bundle projection f*E — M is obtained by restriction to f*FE of the Cartesian
projection My x E — Mj.
1.1.14 DEeFINITION (Differentials and derivatives). Let X and Y be complex manifolds.

a. If I € O(X,Y) the differential of F is the vector bundle map DF : Tx — F*Ty
defined by
DF(w,v) i= (v, 4|, FO(0))
for any curve v : I — X such that 0 € I and 4(0) = v.

b. The derivative of F' is the section dF' of T% ® F*ITy — X corresponding to the vector
bundle map DF via the identification Hom(F, F) = E* ® F. o

If Y = C then Ty is the trivial vector bundle, and hence so is F*Ty. Thus for a
holomorphic function f € O(X) the derivative df is a section of the cotangent bundle T%,
i.e., a 1-form.



SUBMANIFOLDS

There are two standard notions of complex submanifolds. Recall that a map F: M — N
is said to be an immersion (resp. submersion) if the differential DF is a fiberwise-injective
(resp. surjective) vector bundle map.

1.1.15 DEFINITION. Let X and S be complex manifolds.

1. If F: S — X is an injective holomorphic immersion, we say that F'(S) is an immersed
complex submanifold.

2. If FF: S — X is an injective holomorphic immersion that is homeomorphic onto its
image, we say that F'(S) is an embedded complex submanifold. o

REMARK. If the complex manifold S is already realized as a subset of X, the injective
immersion F' in question is taken to be the natural inclusion of subsets. o

An immersed complex submanifold F'(S) C X is embedded if and only if the injective
immersion F' is a proper map, i.e., the inverse image of compact sets is compact. (This
statement is true in the smooth category as well.) In these notes, we shall be dealing only
with embedded submanifolds. We shall therefore drop the adjective embedded.

1.1.16 PROPOSITION. Let S C X be a subset. Then the following are equivalent.
a. With respect to the subspace topology, S is a complexr submanifold of X .

b. Every point x € X is contained in a neighborhood U C X and there are holomorphic
functions fi, ..., fr such that

UnS={yeX; fily =..=fly) =0} and dfi A... Ndfp(x) #0.

The proof of Proposition 1.1.16 is an application of the holomorphic implicit function theo-
rem. We omit the proof here, but the reader is welcome to supply it.

Two immediate consequences of Proposition 1.1.16 are the following.
e Submanifolds are closed subsets.

e Locally, every holomorphic function on a submanifold is the restriction of a holomorphic
function defined in the ambient space.

1.1.17 EXAMPLE (Tautological line bundle / blow-up of the origin). Let V' be a complex

vector space. We already know that V' x P(V) is a complex manifold. We can define a
submanifold U(V) C V' x P(V) by the incidence relation

UWV):={(v,P) e VxPV); ve P}.



To prove that U(V) is a submanifold, one should work with the coordinate charts for P(V)
defined in Example 1.1.7. We leave this work to the reader, as well as the verification that
dimc U(V) = dime (V).

Now consider the two projection maps 7 : U(V) — V and 7y : U(V) — P(V') obtained
by restriction to U(V') of the Cartesian projections V x P(V) — V and V x P(V) —
P(V) respectively. These maps are holomorphic, and both play important roles in complex
geometry.

Let us begin with the second map 7 : U(V) — P(V). The inverse image of a point
P € P(V) consists of all point of V' lying in this 1-dimensional subspace. Thus the fibers
of my are complex lines. The more common notation for the total space of this fibration is
Ov(—l), and

7o Oy (—1) = P(V)

is the first nontrivial example of a holomorphic line bundle, a concept we discuss in the next
section.

Turning to the map m; : U(V) — P(V), we note that if v € V then 7' ({v}) consists
of all lines through the origin in V' passing through v. If v # 0 then there is exactly one
such line, while if v = 0 then every line through 0 contains v. Thus 7T1|U(P(V)7ﬂ_;1({0}) :
U(V) — 771 ({0}) — V — {0} is a holomorphic bijection (and thus is biholomorphic), while
77 1({0}) is a copy of P(V). In this setting the more common notation for the domain of m
is B¢, (V')— this complex manifold is called the blowup of the origin in V— and the map

- BKO(V) -V

is called the blow-down map.

It is worth observing that the construction can be carried out V' replaced by an open
neighborhood of the origin in V. In this way, one can import the blow-up construction to
any complex manifold by working in a holomorphic chart, so the blow-up of a point can be
defined on any complex manifold. o



Exercises
1. Show that an open subset of a complex manifold is a complex manifold.

2. This exercise concerns Example 1.1.5.

a. Show that for any two points a,a’ € A and any invertible linear transformation
A € GL(V) the map gzﬁg,}v O g ay : A — A is biholomorphic.

b. Show that any two affine spaces are biholomorphic.
c. Suppose 0,0 € A and v, Vv’ are two bases for the space of translations V of A.
Show that the maximal atlases 47, and <7, s are the same.

3. Let V be a complex vector space and let £ € V* be a non-zero linear functional.

a. What is the dimension of P(V)?
b. Compute the transition functions defined in Example 1.1.7.

c. Show that {P € P(V) ; {(v) =0 for all v € P} is also a projective space. What
is its dimension? What is its complement in P(V)?

d. Suppose V and V' are two complex vector spaces. Under what conditions are
P(V') and P(V") biholomorphic?

4. A 2-form a on a smooth manifold M is said to be non-degenerate at p € M if the only
vector v € Ty, satisfying

a(v,w) =0 forall w e Ty,

is the zero-vector v = 0. A 2-form on M is said to be non-degenerate if it is non-
degenerate at every point of M. A symplectic form is a closed non-degenerate 2-form.

Let a be a non-degenerate 2-form on a compact real manifold M.

a. Show that M is even-dimensional.

b. Show that if « is symplectic then « is not exact.

5. Let M and X be smooth manifolds and suppose there exists an injective immersion
f ¥ — M. Prove that ¥ is homeomorphic to f(X) with its subspace topology if and
only if the map f is proper.
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1.2 Holomorphic Vector Bundles

DEFINITIONS

A holomorphic vector bundle of rank r is a triple (£, X, 7 : E — X)) such that
(i) E and X are complex manifolds and the map 7 is holomorphic,

(i) the fibers E, := m!(x) of m have vector space structures such that the map
ExCs W\ —Xvek
is holomorphic, and

(iii) each p € X is contained in an open set U on which there are holomorphic maps
ey, ....,e, : U — FE such that

mei(x) =x and spanc{e;(x),...,e.(x)} = E, for all x € U.
Such a collection of maps {ey, ..., e,} is called a frame for E over U.

Observe that if {e;} and {é;} are two frames defined over the same open set U, then there
are holomorphic functions g/ € O(U) such that & = gle; and (gf (p))r € GL(r,C) for all
1,)=
pelU.

1.2.1 REMARK. If “holomorphic” and “complex manifold” are replaced by “smooth (or
continuous)” and “smooth manifold (or topological space)” one obtains the definition of
complex vector bundle. o

The positive integer r above is called the rank of (E, X, 7 : E — X). Evidently the
rank is a locally constant function on the base manifold X. We will work only with vectors
bundles of constant rank.

A holomorphic vector bundle of rank 1 is called a holomorphic line bundle. Holomorphic
line bundles play an especially important role in complex analytic and algebraic geometry.

A map of holomorphic vector bundles is a holomorphic map F : F — E’ such that

(i) the diagram

<

E

:

F
—
Id

=

commutes, and

(ii) for each x € X the map
F,:=F|p, : E, - E.

is linear.

11



Two vector bundles are isomorphic if there are holomorphic vector bundle maps F : E — E’
and G : E' — FE such that FG = 1dg and GF = Idg.

A section s of a holomorphic vector bundle 7 : E — X, i.e., a right inverse for «, is
said to be holomorphic (resp. smooth, measurable, etc.) if it is holomorphic (resp. smooth,
measurable, etc.) as a map X — E. (In this language, a frame over U is a collection of
sections whose values at each point z € U form a basis for E,.)

1.2.2 ExAMPLE (Trivial bundles). The simplest example of a holomorphic vector bundle is
the trivial bundle 7 : X x C" — X, where 7 denotes the projection to the first factor. If a
vector bundle £ — X is isomorphic to the trivial bundle, then for any basis ey, ..., e, of C”
the isomorphism F': X x C" — E defines a frame

ei(x) = F(x,e;), 1<i<r

over the whole of X. Conversely, a global frame for a vector bundle £ — X defines an
isomorphism F'~!, where F is given by the same formula and then extended fiberwise-linearly.
That is to say, if we fix a basis ey, ..., e, of C", we define the isomorphism F : X x C" — F
by

FY(f (w)ei(x)) = (@, f'(2)e:).

Thus a vector bundle is isomorphic to the trivial bundle if and only if the vector bundle has
a global frame. In particular, every (holomorphic) vector bundle is locally trivial. o

1.2.3 EXxAMPLE (New bundles from old, pullbacks, etc).

(i) Observe that if £ — X and E, — X are holomorphic vector bundles the so are
E* - X, E®E, - X and E® E, — X. Thus Sym"(E) — X and AFE — X are
holomorphic vector bundles, as are all vector bundles obtained from holomorphic vector
bundles from fiberwise C-multilinear operations. On the other hand, the complex
conjugate bundle £ — X, which one often meetst, is in general not a holomorphic
vector bundle.

(ii) In topology (or even category theory) one has the so-called fiber product, which gen-
eralizes the incidence relation constructions we have now seen several times: Given
morphisms f: X — Z and g : Y — Z one defines

X xzY i ={(r,y) € X xY; f(z) =g(y)}

There are projection maps X xzY — X and X xzY — Y given by the restriction to
X Xz Y of the Cartesian projections X x Y — X and X xY — Y.

If : F — Y is a holomorphic vector bundle and f : X — Y is a holomorphic map
then
ffE=FExy X —>X

is a holomorphic vector bundle, called the pullback of £ by f.

12



(iii) Given holomorphic vector bundles £ — X and E' — Y, one defines the holomorphic

vector bundle
EXE =pi\EQpyE' — X xY,

where px : X XY — X and py : X x Y — Y are the Cartesian projections.

1.2.4 EXAMPLE. A (holomorphic) vector bundle map F : E — E’ can be identified with a
(holomorphic) section of the bundle Hom(FE, E') := E' ® E*.

In the special case in which £ = E’, the vector bundle £ ® E* always has a globally
defined (holomorphic) section, namely the one corresponding to the identity map £ — FE.
In particular, if £ has rank 1 then Hom(E, F) is the trivial line bundle. o

TRANSITION FUNCTIONS

Let £ — X be a holomorphic vector bundle. As already pointed out, the choice of a
frame over an open set U C X yields a vector bundle isomorphism 9 to the trivial bundle
U x C" — U, defined by

b(tei(x)) = (x,1).
With two such frames, and the corresponding isomorphisms ¢ and ', one can form a map
Yoy UNU xC - UNU xC".
It is clear from the definitions that

?// © wil(xa t) = (QJ, gU/U(x)t>

for some holomorphic function gy : U N U — GL(r,C). The functions gy are called
transition functions, and they contain all of the information of (the isomorphism class of)
the vector bundle.

To be more precise, suppose we cover X by a collection of open sets U, a € A, over each
of which one has a frame for £. Then we get a collection of holomorphic transition functions

{9op : Us NUz — GL(1,C) ; o, € A}.
It is easy to see that the conditions

Joo = Id and 9apdpyGya = Id’ 04,6,7 cA

on their domains of definition.
Conversely, if one is given an open cover {U, ; a € A} of X and a collection of holomor-

phic functions
g = {ga,B . UamU,B — GL(T,C) 7 Oéaﬁ e A}

that satisfy the so-called cocycle condition
Yoo =1Id and  gapgsygya =1d,  a, B,y €A
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on their domains of definition. (By taking v = « one sees that goé_ﬁ1 = gga-) Then one can
define the total space

E(7) = (]_[ Uy x U) / ~,

where
Uo xC' 3 (x,t) ~ (y,s5) € Us xC" <= x=y and s= gus(2)t,

(the cocycle condition implies that ~ is an equivalence relation) and the map 7(7) :
E(7) — X by n(J)([z,t]) = x. It is easy to see that F(.7) is a holomorphic vector
bundle whose transition functions are 7. Moreover, if .7 is a collection of holomorphic
transition functions for £ — X the E(7) — X is isomorphic to £ — X. Indeed, if we
denote by ei,, ..., the frame over U, then the map

F([z,t]) == tlera(@) + -+t era, @ € Uy()

yields a well-defined holomorphic vector bundle isomorphism.
On the other hand, if £ — X and £’ — X are isomorphic, they need not have the same
transition functions. The reader can confirm that if

{gap : UaNUsg — GL(r,C) ; a,f € A} and {Gap: UaNUs — GL(r,C) ; o, € A}

are transition functions for £ — X and £’ — X over the same open cover (if the open covers
are locally finite then by taking finite intersections this can always be arranged) then £ — X
and F' — X are isomorphic if and only if there exist maps {h, : Uy, — GL(r,C) ; a € A}
such that

Jos = ho gaphs.
It is worth mentioning that if {g.s} and {h.s} are transition functions for vector bundles F
and E’ respectively then

(i) (g,3)"™" are transition functions for E*, and

(ii) gap X hap are transition functions for £ x E', where x = ®, A, ® (symmetric product),
etc., where gag X hag(v X W) = (gapv) X (hasw).

In general it is not difficult to figure out the transition functions for a vector bundle obtained
from other vector bundles through multilinear operations.

THE TAUTOLOGICAL BUNDLE AGAIN

1.2.5 EXAMPLE (The Tautological bundle and its dual, the hyperplane bundle). We have
already met the tautological line bundle

O(~1) i= Ognsr (—1) := {(2,0) € C" ' x P, ; z € (}.
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Let us verify that it is a holomorphic line bundle. In the chart
U,={[1,2] ; € C"}
we have the holomorphic section
e([1, 2]) = ((1,2),[1,2]) C Py
which defines a frame for 7 : O(—1) — P, over U,. More generally, in the chart
Uy ={[z',....,27,1,277....2"]; 2e C"}
we have the section
e;([2', .., 27, 1,271 L 2") = (2, 2, 1,272 [, 2 L 2T L 2T),

which is obviously holomorphic. Thus O(—1) — P, is a holomorphic line bundle. (One can
also easily check that the change of frame over U;NU; is holomorphic.) The holomorphic line
bundle O(—1) — P, is called the tautological line bundle, and sometimes also the universal
line bundle.

The line bundle O(—1) — P, is not trivial. We shall see this non-triviality by showing
that the dual bundle is not trivial.

The dual line bundle to O(—1) — P, is called the hyperplane line bundle, and denoted
O(1) — P,. TIts fiber O(1), consists of the set of linear functionals on the 1-dimensional
subspace ¢ of C"*'. Thus a linear function A : C"*' — C defines a section s, : P, — O(1)
of O(1) — P, via the formula

(sx(0), (2,0)) == A(2).

It is easy to check that this section is holomorphic, and that s)(¢) = 0 if and only if
¢ C Kernel(X). (As we shall see later on, every holomorphic section of O(1) — P, is of the
form sy for some A\ € (C"™1)*.)

By contrast, O(—1) — P, has no global holomorphic sections other than the zero section.
Indeed, suppose O(—1) — P, has a holomorphic section 6 : P,, — O(—1). Given any linear
functional A € (C"™)* — {0}, we have the section s,. The duality pairing

9(€) := (sa(€),0(0))

is thus a well-defined holomorphic function on P,. Since P, is compact, g must be constant.
Since every non-identically zero linear functional on C"™! has a non-trivial kernel for n > 1,
g = 0, and therefore 6 vanishes on the complement of the zero locus of s). But by the
identity principle, 8 = 0. In particular, O(—1) — P, is not trivial, and therefore neither is
O1) — P,.

In the sequel we shall often see the line bundles O(—1) — P,, and O(1) — P, as well as
their integer tensor products O(k), defined by

for all k € Z. o
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An exact sequence of holomorphic vector bundles is a collection of holomorphic vector
bundles F; — X, i = 1,2, ... together with holomorphic vector bundle maps F; : E; — F; 4
such that

Image(F;) = Kernel(Fj41)

for all . A short exact sequence of holomorphic vector bundles is an exact sequence of the
form
0—SS5ELQ—0.

By definition of exact sequence the maps ¢ and ¢ are respectively injective and surjective.
Thus we can identify S with a holomorphic subbundle of F, while () is the vector bundle
whose fiber over € X is the quotient space E,/S,.

1.2.6 EXAMPLE (The tautological quotient bundle). By construction, the tautological line
bundle O(—1) — P, is a subbundle of the trivial vector bundle C"™! x P, of rank n + 1
over P,. We can therefore define a holomorphic vector bundle Q — P, by the short exact
sequence

0—=0O(-1) = C"" xP, - Q— 0;

the second arrow is just the natural inclusion, and the last arrow is the map defined over
¢ € P, by the canonical projection C"™! — C"*! /¢. The fibers of Q are therefore of complex
dimension n, but the vector bundle Q — P, is not trivial.

The vector bundle Q — P, is called the tautological quotient bundle. o
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1.3 Infinitesimal Complex Structure

ALMOST COMPLEX MANIFOLDS

1.3.1 DEFINITION. An almost complex structure on a manifold M is a section J of the
vector bundle Hom(Ty;, Ths), such that J? = —I. A pair (M, J) of a manifold and an almost
complex structure is called an almost complex manifold.

1.3.2 PROPOSITION. The dimension of an almost compler manifold is even.

Proof. Suppose (M, J) is an almost complex manifold. Then for any p € M, the linear map
J Ty — Ty satisfies

0 < (detJ)? = det(J?) = det(—1I) = (—1)4m®),

(Here det : -Z(Tarp, Tarp) — R is the function defined on linear transformations of Ty, by
the equation

det(A)vy A ... Aoy, = (Avy) Ao A (Avy),

where vy, ..., v, is any basis of Ty,.) Thus dimg(M) is even. O

THE SPLITTING

The endomorphism J acts as multiplication by /-1; an idea we now make more precise.
The minimal polynomial of an almost complex structure J is

P(z)=2241=(z+V-1)(z — V-1).

Thus J has no eigenvectors in the real vector space Ty ,. However, the natural extension of
J to the complexified tangent space Ty, ® C = Ty, ®r C, ie., J(c®@v) := c® Ju for all
c € C and all v € Ty, is diagonalizable. Moreover, since J is real, if £ € Ty, ® C is an
eigenvector with eigenvalue A then

JE=JE =X = )¢
Writing
Ty = {UETM®C; Jv:\/—_lv} and Ty = {UETM®(CS JU:_\/‘_M}’

we obtain a splitting
Ty ®C="T"®Ty,

and that the involution given by complex conjugation interchanges T]b’o and T&’l.
Consider the composite map

SO Ty S TyC=T"eTH — T,
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where the right-most arrow is the projection onto the first factor. For v € TZQ’O we have

v =004 1101 where Jv'¥ = /-1v!1? and Jv®!' = —v/-10%!. Since v = v, v%! = v19. Thus

s10: v 010 is a bijection satisfying

2Re s"% =v and s'0Jv = \/—_11).

0

In words, s'? is a real isomorphism (its inverse is 2Re ) that intertwines J and +/-1.

REMARK. Since Jv = v-1(v"? — %) we have s"%v = 010 = L(v — V/-1Jv). o

Differential (p, ¢)-forms

Let (M, J) be an almost complex manifold. The splitting Ty ® C = T]\l/}o &) T](\Z’l induces the
splitting T3, ® C = Ty @ Typ' (which is the same as the splitting induced by the map
J* Ty, — Typ, defined by (J* Jv = a(Jv) for all a € Ty, , and all v € Thryp), and we
therefore obtain the splittings

(1.1) N(Ty; ©C) = €D APU(T),

ptg=r

where
AT = Ta " N ATt ATl N\ N Tt

p copies q copies

The sections of AP4(T%;) are called differential forms of bi-degree (p, ¢), or simply (p, ¢)-forms.
If Tj}l ¥ admits a local frame aq, ..., oy, of complex-valued 1-forms, then the forms

(1.2) ol nali=a" AL QP AN AL AT,

where I = (iy,...,4,) € {1,...,n}? and J = (j1,...,Jq) € {1,...,n}9, provide a local basis of
sections for AP4(T;). In particular, one can write any (p, ¢)-form 6 as

0 =070 Na,

for some collection of functions ;7. And if the collection of functions is skew symmetric with
respect to the rearrangement of the indices i1, ...,7, and ji, ..., j; then the decomposition is
unique.

The exterior operators

We define the operators 0 and 0 on functions, and taking values in local sections of the
complexified cotangent bundle, by

0=I""od and 0:=11"%od,

where IT1'0 and %! are the projections from T3, ® C to Th " and T;p"' respectively, and
by d we actually mean the C-linear extension of d to C-valued functions. Similarly, one has
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projections I174 : AP*4(T5, @ C) — AP9(T%,), and we may define @ and 0 on (p, q)-forms
respectively by the formulas

O=TIP"""0d and 0 =I"" od.

We can extend 0 and 0 to general complexified forms by
9> 671 =>"06"1 and 526” = Zé@p’q.
p.q p,q psq p,q

If o is a (p, g)-form then do is a p + g + 1-form, so a priori
do = (da)PTIt0 4 (da)Ptel . 4 (do)OPrett
But in fact at most 4 of these p + ¢ + 2 terms are non-zero.

1.3.3 PROPOSITION. If « is a (p,q)-form then
da = (da)PP>7 + 9o + da + (da)P~ B2,

Proof. 1If v is a (1,0)-form the result holds by the decomposition (1.1) (and the first term is
zero). By conjugation the result also holds for (0, 1)-forms, and hence by linearity the result
holds for 1-forms. Since all forms are linear combinations of wedge-products of 1-forms, the
proposition follows from the Leibniz rule by induction. O]

Almost complex structure for a complex manifold

A complex manifold X always has an almost complex structure J defined as follows. Let
(2%, ..., 2™) be holomorphic coordinates on a neighborhood of some point p, and let 2* = Re 2°
and y* = Im 2*. We define J by

0 0 0 0
» H(2)- 2 wa a(2)2

If w = u+ v/-1v is another holomorphic coordinate system in some neighborhood of p, then
the functions z* depend holomorphically on w, which is to say,

0 _83@’“ 0 +8yk 0 _ayk 0 _axk 0

out  Out dxk - Oui dyk  Ovi Ozk Ovi Oyk

and
0 oz* 0 oy* o B oy* 0 ozk 0

vl vt Ox* + ovi oYk Qui Ok + out yk

we compute that

Jﬁ_Jﬁykﬁ_ax’“a _ayka 8:6’“8_8
out ] ovt dxk Ovt Oy

- Ot Ok * ovi Oxk vt
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and

ot Coul Ozk T Out Oyk Coul oYk Out Ok out’

which shows that J is well-defined.
A local basis for sections of the space T}(’O is then given by the vectors

0 1( 0 0
— — /- <3 <
0zt 2 ((%i 16yi>  lsisn,

k k k k
J<a>:J( 0 9 o ‘9>: R )

and one for Ty by

‘:<a>:1<a+ﬁa>’ 1<i<n.
0zt

0zt 2 \ dzi oy’

Next we compute transition functions for T)l(’0 in the case where X is a complex manifold.
If X has a covering by local holomorphic coordinate neighborhoods, two of which are U; and
U, with coordinates z; = (21, ..., 27) and 2z, = (21, ..., 2%), then Ty is locally trivial on both
U, and U,, using as local bases the complex vector fields

9
0zt

J

i=1,..,n, onUj, j=12.

Assuming these two coordinate charts intersect, the transition functions may be computed
using the chain rule. We have .
d 0z 0
0z 92071

Thus if zo = F(21), the transition functions are given by the inverse-transpose of the matrix

OF, which coefficients are holomorphic functions. Since T)O(’1 = )1(’0, the transition functions
for Ty" are OF with respect the basis of complex vector fields

i, 1=1,...,n, onUj;, j=1,2,
0z;
and thus are not given by a matrix of holomorphic functions in this basis.

As for the cotangent bundle, the sections dz', ..., dz" and dz', ..., dz" form the frames for
T and T3 dual to 0.1, ...,0.n and 91, ..., dsn respectively. A general (p,q)-form then
locally has the form

o= apzdzt Adz.

One can compute directly that a change of local coordinates defines transition functions
for T5M0 and T3 that are the transposes of the inverses of the transition functions for Ty°
and T’ )0(’1 respectively. Using the transformation laws for the spaces T' )*(1’0 and T)*(O’l, together
with the fact that the sections (1.2) provide local trivializations for AP¢(T% ), one can easily
compute the transition functions for AP9(7T%).
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Real submanifolds of complex manifolds

1.3.4 PROPOSITION. Let X be a complex manifold and let S C X be a real submanifold such
that J§ € Ts for any & € Ts. Then S is a complex submanifold of X .

Proof. Since Js := J|rg is injective and maps T to itself, Jg is an almost complex structure
for S, and thus S is even dimensional, say dimg(S) = 2k. Let us choose holomorphic
coordinates 2! = x!' ++/-1y', ..., 2" = 2™ 4+ /-1y on an open subset of X containing a point
p, in such a way that for each 1 < i < k, either 6‘; or 8‘; is tangent to S at the point p.
Since J57 = B(Zi and J a(zi = — az“ our hypothesis on S implies that a?ci
and only if % is tangent to S.

is tangent to S if

By the Implicit Function Theorem (Re 2!, Im 2!, ..., Re ¥, Im 2*) restrict to local coor-
dinates on S. Moreover, since S is a smooth submanifold of X, there exist smooth C-valued
functions f1, ..., f** of 2n — 2k variables such that a point lies in S if and only if its coor-
dinates in the chart z = (2!, ..., 2") satisfy the set of n — k equations

= fi B R, 1<i<n—k

By the Chain Rule,

A =3 5707 + 2 5547

j=1 j=1
Since dz**? (%) =0forallt>1and j <k, we have
oft (0
. — d kti - - 0
oz " <823> ’

i.e., the functions f* are holomorphic on S. It follows that S is the graph of the holomorphic
map (f1,..., f"%): U C C*¥ — C"* in the coordinate chart in question, so S is a complex
submanifold of X. O

Integrability of almost complex structures

Given a real manifold with an almost complex structure, it is natural to inquire whether
the manifold in question is a complex manifold. More precisely, can we find a complex atlas
such that the almost complex structure in question is associated to the complex atlas in the
manner described in the previous paragraph.

1.3.5 DEFINITION. An almost complex structure that can be obtained from an underlying
complex structure is said to be integrable.

1.3.6 PROPOSITION. Let Q C R?™ be an open set, and let J be an almost complex structure
on Q. Suppose we have open sets 1,0y C Q and diffeomorphisms Fy : Q, — U; C R*™ and
Fy : Qy — Uy C R?" such that the almost complex structures

I = dFJA(FY), i=1,2
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are constant linear transformations. Then there there is are matrices Ay, Az € GL(2n,R)
such that the coordinate maps Ay o Fy and As o Fy have holomorphic transition functions.

Proof. Observe that I? = —Id, and thus there exist matrices A; such that A;;A;' = j,
where j is the standard complex structure given in (1.3). Letting f; := A;F;, we have

df1J = jdfy and dfyJ = jdfs.
Thus, with ® := fo0 fi ' A|(Uy) — Ay(Usy),
d® o j = dfod(f1)j = df2Jdfi " = jdfod(fi) = jd®.
Thus ® is holomorphic, as desired. O

1.3.7 DEFINITION. Let J be an almost complex structure on a manifold M. Define the
Nijenhuis tensor Nj : Ty ® Ty — Ty by

N;(X,Y)=[X, Y]+ J([JX, Y]+ [X,JY]) — [JX, JY].
If Ny =0, we say that J is involutive.

Observe that if f is a function on M and X and Y are local vector fields, then

N;(fX,)Y)=[fX, Y]+ J([fIX,Y]+ [fX,JY]) = [fJX, Y]
= XY= (WHX +J(FIX Y] = YV IX + X Y] = J(Y ) X)
—flIX, JJY)+ J(Y f)JX
= fNJ<X7Y>

Since N;(X,Y) = —N,(Y, X), we see that N;(X,Y) depends only on the pointwise value
of X and Y, which shows that N; is a tensor, i.e., a section of Ty ® T, ® Ty,. We remark
also that N is bilinear, so it can be extended to the complexification. With the extension
still denoted N, if X,Y € I'(M, T,;°) then

(1.4) N (X,Y) = 2V-1(J[X,Y] — V-1[X, Y]).

The notion of involutive almost complex structure can be expressed in four other ways,
as the next proposition shows.

1.3.8 PROPOSITION. Let J be an almost complex structure on a manifold M. Then the
following are equivalent.

1. d=090;+ 0y on all 1-forms.
2. d=09;4 9, on all forms.
3. (5}0({5]:0.
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4. [D(M,Ty0), (M, Ty")] € T(M, Ty7).
5. NJ =0.

Proof. We will show that 1 == 2=3=1 < 4 < 5.

1= 2: Since 'Y + %! = Id, dh = d;h + O,h for functions h. Since all forms are wedge
products of 1-forms, the Leibniz rule determines d its action on 1-forms.

2 = 3 : If 2 is assumed then
0=d*=0%+(9;0; +050;) + 03

and thus we have 3.

3 = 1 : Suppose 3 holds. Since every 1-form is a sum of 1-forms of the form fdg, it suffices to
show that d(fdg) = 0;(fdg)+0;(fdg). Since dh = dyh+0;h for functions h, ;dg+0;dg =
(0505 + 0;05)g, and hence

0;(fdg) + 0,(fdg) = df Adg+ [(0,0;+ 0,0;)g = d(fdg) + (0,0, + 0,0;)g.
It remains only to show that (0,0, + 9;0;)g = 0. But by Proposition 1.3.3
0 =dg

= d(9s9) + d(9s9)

= [a?fg + H2’Oda}g} + [(a}a} + a]aj)g} + {53g + HO’Zda;g} s
so (0,0, +75 ;07)g = 0 for all functions g and any almost complex structure (not necessarily
satisfying 9% = 0). Hence 1 holds.
1 <= 4: By complex conjugation 1 holds if and only if it holds for (1,0)-forms. For any
(1,0)-form o 1 is equivalent to the statement that for any X,Y e T'(M, T};°),
(1.5) da(X,Y) = 0.

By Cartan’s formula for the exterior derivative, we have

do(X,Y) = Xo(Y) = Yo(X) - o[X,Y]) = —o([X, Y]),

which shows that 1 = 4. Conversely, if 4 holds then [X,Y] = [X, Y] is annihilated by all
(1,0)-forms, so [X, Y] is a (1,0)-vector field. Thus 1 holds.

4<=5: Let XY € I'(M,Ty}"). If N; = 0 then by (1.4), JX,Y] = Vv-1[X,Y], so
that [X,Y] € I'(M,Ty;°). Conversely,if [['(M,Th;), (M, Ty;")] € T'(M,Ty;") then by (1.4),
N;(X,Y) =0, while

Ny (X,Y) = [X, Y]+ V-1J([X,Y] - [X,Y]) - [X,Y] =0.

Since N is bilinear and antisymmetric, N; = 0. O]
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1.3.9 PROPOSITION. If J is integrable then J is involutive, i.e., N; = 0.

Proof. By Proposition 1.3.6 we can assume that J is the standard almost complex structure.
Then we know that 90 = 0, and the result follows from Proposition 1.3.8. n

The main result of integrability theory is the following theorem.

1.3.10 THEOREM (Newlander-Nirenberg Theoerm). Let (M, J) be an almost complex man-
ifold and let Oy be the associated ‘Cauchy-Riemann’ exterior operators. Then J is integrable

if and only if o
19, J © 0 ] = 0.
One direction— the easy direction— is just Propositions 1.3.9. The converse is the

difficult part, which we will prove at the end of Chapter 2 after we have developed the
techniques necessary for our proof.

1.3.11 REMARK. If the manifold M and the almost complex structure J are real analytic,
Theorem 1.3.10 can be seen to follow from the holomorphic version of Frobenius’s Integra-
bility Theorem. However, in the general smooth case a proof of Theorem 1.3.10 requires
more work. o

The 0 operator for a holomorphic vector bundle

Let X be a complex manifold and let £ — X be a holomorphic vector bundle. One can
define a homogeneous first order differential operator on sections of E as follows. If ey, ..., e,
is a holomorphic frame, then this operator is given by the formula

(1.6) s=s'e; > (0s) @ e

Note that if €; is another holomorphic frame then there is an invertible matrix of holomorphic
functions (g?) such that

5 — dles J— 5
€; = gjei and thus s/ = d'g;.

We therefore obtain

(05 ®é =0(5) @ gie; = 0(Fg)) @ & = (0s") ® e,
which shows that (1.6) is independent of the choice of frame.
1.3.12 DEFINITION. The differential operator given in (1.6) is denoted 0. o

The O-operator just defined acts on sections of the holomorphic vector bundle E — X,
and more generally on E-valued (p, g)-forms via the same formula. If we continue to denote
the resulting operator by 0 then one sees that

(1.7) 00=0 and O(a®s)=0a® s+ (—1)"8% A 0s.

In fact, Equation (1.7) characterizes holomorphic vector bundles, as the next theorem shows.
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1.3.13 THEOREM. Let (X,J) be an almost complex manifold and let E — X be a smooth
vector bundle. Assume there exist operators D" : T(X, A% @ E) — T'(X, AR @ E) such
that

D'D"=0 and D'a®s=0;a0®s+ (—1)%%AD"s

for all smooth sections s of E — X and all smooth (p, q)-forms a on X. Then
(i) the almost complex structure J is integrable, and

(ii) there is a unique holomorphic vector bundle €& — X and a smooth isomorphism of
vector bundles ® : E — & such that

0(s) = ®(D"s)

for all smooth sections s of E.

Theorem 1.3.13 is similar to Theorem 1.3.10, and is also proved at the end of Chapter 2.
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1.4 Hermitian metrics

The terminology ‘Hermitian metrics’ is ambiguous in complex geometry: on the one hand,
it can refer to metrics for a complex vector bundle, and on the other, for certain Riemannian
metrics on almost complex manifolds. To avoid confusion when it arises, we refer to the
first type of metric as a Hermitian metric, and to the second type of metric as a Hermitian
Riemannian metric.

1.4.1 Hermitian metrics for complex vector bundles

Let M be a manifold and let £ — M be a complex vector bundle.

1.4.1 DEFINITION. A Hermitian metric for £ — M is a section §) of the bundle E*Q E* — M
such that for all z € M and v,w € E,,

(i) (9,9 w) = (H,wRv) (ie., H is Hermitian symmetric), and
(il) (9, v ®@v) >0 for all v # 0 (i.e., $ is positive-definite).

In other words, $ defines a sesquilinear, positive definite Hermitian form on each fiber E,
of the vector bundle £ — M. o

A Hermitian metric is often thought of as a smooth family of sesquilinear forms h on
E — M, via the identification

h(v,w) = (H,vRw), v,weE E,.

We shall not be too fussy on which notation we use. Most of the time we think of a metric
as a sesquilinear form, but from time to time it will be convenient to see a Hermitian metric
as a section of a bundle

If al,...,a" is a frame for E* over an open set U then one can write

H= fJijOéi ® o’
for functions §,;; over U satisfying
H;=9H; and Hza'a’ >0 for all a € C" — {0}.

That is to say, at each x € U the matrix (.‘?JZ;(:E))T - is Hermitian and positive-definite. If
,L’]:

L ..., a" is smooth then the regularity of the functions §);; is declared to be the

the frame « i

regularity of §).
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1.4.2 Hermitian Riemannian metrics

Let (M, J) be an almost complex manifold.

1.4.2 DEFINITION. A Riemannian metric g on M is said to be Hermitian if J*g = g, i.e.,

9(J&, Jn) = g(&,n)
for all z € M and all §,1 € Ty ,. o

The condition of J-invariance puts some strong restrictions on the form of the metric;

restrictions that are best seen in the decomposition T @ C = Ty’ @ Th;" of the complexified

tangent space. In terms of the splitting Ty, ® C = T]b’o &) T](\)jl, write (the complexification

of) the metric as
_(AB
9= C D )

g(’Ul + @1,1)2 + ’(I)Q) = V1 AUQ + v - ng + ’lI)l : O?}Q + wl : Dwg, Vi, Wi € T]b’o

i.e.,

We shall now analyze the matrix (é g).

First, for vy, vy € T]b’o one has
g(UbU?) = g(Jvlv JU?) = g(\/'_lvla \/'_1’02) = _g(vla U2)7

and thus A = 0. Since g comes from a real metric, g(v,w) = g(v,w), and therefore D = 0.
Again by conjugation we have g(v,w) = ¢(v,w), and thus

B=C.
Finally, since ¢ is symmetric, C' = B™" and therefore
B' = B,

where T means transpose conjugate. Thus we have

~(O0h
9= \ho
for some Hermitian metric h for T,;. We therefore see that Hermitian Riemannian metrics

for M are in one-to-one correspondence with Hermitian metrics for T3 . This identification
partly explains the aforementioned ambiguity in the name ‘Hermitian metric’.

1.4.3 REMARK. As we shall see, the correspondence between Hermitian Riemannian metrics
for Ty and Hermitian metrics for T};" is key for the notion of Kéhler metric. o
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We compute that for real vectors v and w, one has

2h (s, sW0w) = 2¢(5 (v — V-1Jv), T(w+ V-1Jw))
= 5 (90,0 + 9o, Jw) +VA(g(v, Juw) — g(Jv,w)
= g(v,w) = V-1g(Jv, w),
where in the last equality we used the Hermitian symmetry of g. Therefore
g(v,w) = 2Re h(s"v, sL0w).

In fact, we can recover the metric g on M from a metric h on T]b’o using this formula. Indeed,
one need only observe that if 4 is a Hermitian metric for 7,;" then

h(s*0 v, sW0Jw) = h(V/-1s"0, —v-1 sW0w) = h(s""v, s10w),
the real (as well as the imaginary) part of h(s"%v, s10w) is J-invariant.
1.4.4 DEFINITION. The negative of the imaginary part of 2h(s'%v, s1.9w), namely
wy(v,w) = g(Jv,w),
is called the metric form of the Hermitian Riemannian metric g.
1.4.5 REMARK. Observe that if ¢ is a Hermitian Riemannian metric then
g(Jv,w) = g(w, Jv) = g(Jw, J*v) = —g(Jw,v),

so that w, is a 2-form. The formula g(v, w) = wy(v, Jw) also shows that this 2-form com-
pletely determines the Hermitian metric h. o

. . 1,0 ‘s . 1,0
In terms of frames, if a!,...,a™ is a local frame for Tj;" then a Hermitian metric for Ty;
may be written
— heoat. Al

In terms of this frame, if g(v, w) := 2Re h(s"v, s1:9w) is the associated Hermitian Rieman-
nian metric then

Wy = \/—_1hi3ai Aad,

Indeed, the right hand is well-defined because the vector bundles T *®@T5" and Ty ° AT
have the same transition functions, and we compute that

V-1hza' Aéd (v,w) = V-1hgza' A & (sl’ov 4 510y, 510 4 51,0w>
= \/jhij <<Ozi, 31’0v> (o s10w) — <ai, 31’0w> (o 31»0?)))
= —2Im h; <o/, 81’0U> (ad, s10w) = —Im 2h(s"%v, s"%w),

where the second-to-last equality follows from the Hermitian symmetry of h,;.
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1.4.6 REMARK. More commonly, one finds the metric h expressed in terms of a local frame
for T3, as follows: if ¢!, ..,(™ is a local frame of 1-forms and we write

h = hijsl’ogi - sb0(I
then, in terms of the dual frame &; of T},
gij = 2Re h (8106, 8"°¢) = hyj + hy; = hyj + hy
Since h;; is Hermitian-symmetric,
_ \/-_1hi381’0Ci A 00T = @ (hﬁ e ) sHOCE A STOCT = gi; % 10<z A s1O(.

For example, if z = (2!, ..., 2") is a local coordinate system on M then, we 2 = ' 4+ /-1y,

one can take ¢ = dz’. Then s’ = dz' and we find that
Wy = Gij 5 VL i AdZ,

a formula more commonly found in texts and articles. o

1.4.7 EXAMPLE. On M = C" with coordinates z = (z',...,2") and z' = 2’ 4+ /-1y, can
consider the Euclidean Riemannian metric g, defined by

90(8;;;“323)_90<ay“ay1>_5 and go(axmagﬂ)_o 1§27]§n

Then g, = 2Re (‘/235ijdzi . d2j> and w, = w,, = @(ﬁjdzi AdZ. o

1.4.3 Volume

The volume form of a Hermitian Riemannian manifold enjoys more regularity than the
volume form of general Riemannian manifold.

RIEMANNIAN VOLUME

Given a Riemannian metric ¢ on an m-dimensional real manifold, in a local coordinate

system x = (z!,...,2™) one can define the m-form

\/det( (8m1,8$]))dx Ao Ndx™.

If one changes to another coordinate system y = (y!, ..., y™) then

det 8y ’
\/det (g (8‘3“ ayj))dy A ANdy™ = det\/det 6#, (%J))dx A ANdx™.
8:(33
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If one can choose an atlas whose transition functions all have positive determinant then one
gets a globally defined form

dVy, == \/det (g (821-,8%))6&1 A ANdx™

of top degree with no zeros, i.e., a volume form. The existence of such an atlas is the
definition of orientability of a manifold. In particular, if the manifold is complex then the
transition functions, being holomorphic, have this property (Proposition ??7). (In this case
the manifold is not only orientable, but in fact oriented, i.e., there is a preferred atlas whose
transition functions have derivatives with positive determinant.)

HERMITIAN VOLUME

If the manifold is complex and the Riemannian metric is furthermore Hermitian then the
situation for volume forms is even better: In particular, for a Riemannian Hermitian metric

g on a complex manifold X

1 n

g’

where w, is the metric form of g. Indeed, if in local complex coordinates z = (2!, ..., 2") and

corresponding real coordinates & = (£1,...,6%") where £%71 = Re 2%, % = Im 2%, we write
g = g;;d€'d¢? and h = h,gdz - dz° then

det ((913)12]”:1> = <_1)n(det(ho¢3))27
and thus

W' = V1" by g,y 5, A2 NAEP A A d2 A dE
(_1)n(n+1)/2

B 5o
2y 1)r P
1...n 1 n
— Z sgn ( Bn) PP,

aq ... Oy Bl

a5, dz" Ao Ad2® NdZPN LN dEP

al;---vﬁn
(_1)n(n+l)/2
.Wdzl A ANdZVANAZEA N dED

dz' A dzt AL A dz" N\ dzZ"

T NN

HERMITIAN VOLUME ON SUBMANIFOLDS

=nl det(hag)

Let us consider a complex submanifold Y of our Hermitian manifold X. We can endow Y
with a Hermitian metric simply by restricting the metric from the ambient space.

Now choose local coordinates z', ..., 2" on X in such a way that the functions z', ..., z* are
coordinates on the submanifold Y. The tangent spaces of Y are then defined by the vanishing
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of the differentials dz**!, ..., dz". In other words, in these coordinates, the Hermitian metric
for Y is given by

hly = hozdz" - dz",

where this time the summation is carried only from 1 to k. In particular, one can carry out
all of the above calculations on the submanifold and obtain the following remarkable fact.

1.4.8 THEOREM. If X is a Hermitian manifold with Hermitian metric formw andt:Y — X
is a k-dimensional submanifold then the associated Hermitian volume form of Y is

1 * k 1 k
dVg|Y = HL Wy = ng‘y.
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1.5 Connections

1.5.1 Basic definition

Let 7 : E — M be a vector bundle of rank r. We denote by I'(M,€*>°(FE)) the smooth
sections of 7.

1.5.1 DEFINITION. A smooth connection for a vector bundle 7 : £ — M is linear map
D D(M,=(E)) — D(M,6>(T}, @ E)),
satisfying the Leibniz rule
D(fs) =df ® s+ fDs
for all s € I'(M,€¢>°(E)) and all f € €°°(M).
1.5.2 EXAMPLE. Let M x C" — M be the trivial vector bundle. The map
d:T(M,€>°(M x C")) = T(M, €Ay, ® M x C")
defined by
d(s',...,s") == (ds', ..., ds")
is a connection, called the trivial connection. o

1.5.3 PROPOSITION. If D1 and Dy are two connections for a vector bundle E — M then

there exists
A eT(M,¢>(Ty; ® Hom(E, E)))

such that (Dy — Dq)s = As.

Proof. By the Leibniz rule the linear map o/ := D; — D5 is a map of €*°-modules, i.e., it
satisfies &7 (fs) = fo/s for all sections s € I'(M,€>°(E)) and all functions f € €>°(M).
Choosing a local frame vy, ..., v, for E and a dual frame o', ..., a" for E*, i.e., <fi, aj> =0,

where the pairing is the natural one between E and E*, we define the 1-forms Ag' by the
formula '
v, = Al ® v; (with summation convention in force, as usual).

Then, with A := A{ ®v; ® o, for any section s, written locally as s = f'v;, we have
A (s) = [l v, = [PAl @v; = [ (A vi) = (A, s),
as claimed. ]

1.5.4 REMARK. Proposition 1.5.3 says that the space of connections on a vector bundle is
an affine space modeled on the vector space I'(M, > (T, ® Hom(E, E))). o
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CONNECTION MATRIX

As mentioned in Example 1.2.2, a frame eq,...,e, of E — M over U C M determines an

isomorphism of F|y with the trivial bundle. By Example 1.5.2 E|y — U has a canonical

connection induced by the trivial connection of Example 1.5.2. The isomorphism induced

by the frame shows that this connection is given by d(s'e;) := ds' ® e;. (This connection

depends on the frame, though it is traditional to use notation that ignores this dependence.)
If D be any other connection for £ — M then by Proposition 1.5.3

Dly —d

defines a unique element § € I'(U, € (E|y)) such that Ds = ds 4 (0, s). In terms of the
frame ey, ..., e, for E — M, 0 is the r x r matrix of 1-forms 6] defined by

D€Z‘ = 05 & €.
The matrix 6 is called the connection matriz of D associated to the frame eq, ..., e,.

REMARK. It is useful to know how yhe connection matrix transforms when we use a different
frame. Two frames €y, ...,é, over U and ey, ...,e, over U are related by a map G = (g}) :
UNU — GL(n):

éi:ggej, 1< <n.

We then have
D(s'e;) = ds'e; + s'0e;
=d(5g)ei + g 0L(g7")ies
= d(#)&; + & (dgh(g™")i + Fgi0h(g7");) &
Thus the transformation rule is

0 = (dG)G™' + GIG".

1.5.2 Induced connections
CONNECTION FOR THE DUAL BUNDLE

A connection D for a vector bundle £ — M, induces the connection DV for the dual vector
bundle E* — M as follows. For local sections s for E and « for E* the pairing (s, a) is a
function on M. The dual connection DV is defined by requiring that

(1.8) d(s,a) = (Ds, ) + <3, Dva> .
For every local section s we have

<s, Dva> =d(s,a) — (Ds,a),
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and the right hand side is linear in a. Moreover,

(s,D"(fa)) =d(s, fa) — (Ds, fa) = d(fs,a) — (fDs,a)
=d(fs,a) +(df ®s,a) —(D(fs),a)
={df ® s,a) — <fs, Dva> = (s,df ® a) — <s, vaoz> :

Therefore DV is indeed a connection. And if we fix a frame ey, ..., e, for £ and denote by

al,...,a" its dual frame, then we have

0=do =d(ei,0’) = (0(D),*ex, 07 ) + (e,0(D")/a’) = (D) + 0(D"),’.
Thus we see that the connection DV is completely determined by (1.8).

PRODUCT CONNECTIONS

Let E1, E5 be two vector bundles over a manifold M. If D; and Dy are connections for E;
and F, respectively, there is a natural definition of connection D for any bilinear product of
FE, and E5. Such a definition is determined by requiring the formula

D (81 X 82) = (D181> X S9 + 81 X (DQSQ)

where x denotes the product in question, e.g., tensor, symmetric or wedge products. One
can then inductively define the product of finitely many connections.

1.5.5 EXAMPLE (Induced connection on Hom(E, E)). Given a vector bundle £ with con-
nection Dg, one can consider the vector bundle

Hom(E,FE)=FE ® E*.

The induced connection Dyom(g,E) is the product connection; it is given on the indecompos-
able elements v ® £ € E® E* as

Dtiom(e,5) (v ® &) = (Dpv) @ £ + v @ (D).
If we fix a frame vy, ..., v, for E and a dual frame &, ..., &" for E* then by (1.8)
Diom(2,1y0; ® € = 0(Dip)ivr ® € + 0(Dp)pvi @ € = 0(Dp)ive ® € — 0(Dp)jv: © ",

There is some cancellation in the sums above, but not complete cancellation unless the rank
of E is 1. For instance, in the rank 2 case we have

Dtiom(r,py01 ® £ = 0(Dp)jva @ & — 0(Dg)yv ® &,

so the terms involving v; ® &' have cancelled out. o
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1.5.6 EXAMPLE (Induced connections for determinant bundles). Let £ — M be a vector
bundle of rank r and let a connection Dy for E be given. Consider the complex line bundle

det B — M,

the top exterior power of E. Equivalently the transition functions for det E are just the
determinants of the corresponding transition functions for F. Fix a frame ey, ..., e, for E.
The wedge product e; A ... A e, is a frame for det F. By the skew symmetry of the wedge
product

LN ADe N Nep=er AN AT A Ne =055 er A Nej A Aey,

and thus .
DdetE(Gl JANIAN 67’) = (9;61 N...N\e,p,

i.e., the connection matrix for Dy g is the trace of the connection matrix for Dp. o

1.5.3 Connections with additional symmetry
METRIC COMPATIBILITY

Let E— M be endowed with a metric, say g.

1.5.7 DEFINITION. We say that a connection D is compatible with the metric g if
d(g(s,t)) = g(Ds,t) + g(s, Dt)
for all local sections s,t of E — M. o

There are many metric-compatible connections for a Hermitian vector bundle. If D,
and Dy are metric-compatible connections for £ — M then © := D; — Dy € I'(M,T5; ®
Hom(FE, E)) satisfies

g(Bs,t) + g(s,0t) =0,

i.e., © is anti-symmetric (or anti-Hermitian if g is a Hermitian metric) with respect to g.

1.5.8 PROPOSITION. Let E — M be a smooth vector bundle with metric g. The space of
metric-compatible connections is an affine space modeled on the space I'(M, € (M ®.A,(E)))
of smooth sections of the vector bundle whose fibers consist of g-anti-symmetric (resp. anti-
Hermitian) endomorphisms of E.

Proof. As we have already demonstrated, any two g-compatible connections must differ by
a section of ['(M, (M ® A,(F))). To complete the proof we must show there is at least
one metric-compatible connection.

First consider the local problem: Choose an open set U for where there is a frame
{e1,...,e,} for E|y and write s = s'e;, t = t'e; and g;; = g(ei,ej). Define Dys =
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(dsi + 87 (égikdgij ® e;, where g are the entries of the inverse matrix of g (which is

the matrix of a dual metric in the dual frame). Then

) (1 . ) (1
9(Dys,t) + g(s, Dyt) = (dsl + (291kdgkj>) tgio + 5 (dfg +t <zg£kdgkj>) Git
= dsitzgw + Sidtggif + Sitédgig =d(g(s,t)).

Now take an open cover {U,};cs of M and a partition of unity {xa}aeca subordinate to this
cover. Choose a map p : A — J such that x, is supported in Uy, for all @ € A. Then

(1.9) D=3 xaDu,.,

acA
is g-compatible, and the proof is complete. O

REMARK. If we view our metric ¢g as a section of £* ® E* — M, then a connection on F
induces a connection of £* ® E* via a combination of the product and dual constructions
discussed in the previous paragraph. For a metric and connection D,

d(g(s,t)) = Dg(s,t) + g(Ds,t) + g(s, Dt).

Thus metric compatibility means that Dg = 0 (with respect to the induced connection).
The discussion just preceeding the remark then tells us that the formula for the induced
connection with respect to some frame chosen for E is

(Dg)ij = dgi; — 0, gr; — guub,".
We will meet this induced connection again in Section 1.5.8. o

REMARK (Induced metrics and induced metric connections). If E;, E; — M are vector
bundles with metrics gy, go respectively then the induced metric g, ® g, on E; & Ey — M is
taken to be the one defined by

g1 D ga(v1 B ve, w1 B wy) := g1(v1,w1) + go(va, wo).

In other words, the subbundles £} &0 = E; and 0 & Fy = FE5 carry the metrics ¢g; and go
respectively, and are orthogonal with respect to g; @ go. If connections Dy, Dy with D;g; =0
are given, the product connection D = Dy @ D, is compatible with g = g; @ go. (In general,
there will be other connections that are compatible with g.)

Similarly, for the tensor product F; ® F, one has the induced metric g; ® go defined by

91 ® go(v1 ® Vg, w1 @ we) := g1(v1,w) - ga(ve, wo)

on indecomposible tensors, and extended by linearlity. The product connection D; ® Dy is
then compatible with the metric g; ® gs. o
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SYMMETRIC CONNECTIONS
On any smooth manifold M there is a splitting
Ty @ Thy = Sym?*(Ty,) @ A*(Tj),

Accordingly, every connection D : I'(M, € (T}3;)) — I'(M,€>°(T3; @T};)) for the cotangent
bundle splits as
D= D% + D,

On any manifold the exterior derivative d sends 1-forms to 2-forms and satisfies the
Leibniz rule with respect to the wedge-product. We can thus identify a class of connections for
the cotangent bundle (and hence for all connections induced on any vector bundle obtained
from T}, via multilinear operations, e.g., Ty and (T5,)®" ®(Th;)®*) by requiring that D* = d.

1.5.9 DEFINITION. A connection D for T}, is said to be symmetric if D* = d. o
We have the following analogue of Proposition 1.5.8.

1.5.10 PROPOSITION. Let M be a smooth manifold. The space of symmetric connections
is an affine space modeled on the space T'(M,€>(Sym?(T%,))) of symmetric covariant 2-
tensors.

Proof. The difference of two connections is a section of the endomorphism bundle € (T}, ®
T3), and from the definition of symmetric connection it is clear that such a difference is
symmetric. We must show that this affine space is non-empty. As in the proof of Proposition
1.5.8 we can use partitions of unity to reduce the problem to the local existence of affine
connections. The local existence of a symmetric connection is trivial (pun intended): in a
neighborhood in which T}, is trivialized by a local frame o?, ..., o™ satisfying that da’ = 0
for 1 <i <m, set D(f;a') := df; ® a’. Then

DA(fia!) :=df; Ao = d(fia),
as required. O

In every coordinate system x = (z!, ..., ™) a connection D for T;; determines a collection
of functions C’;k, 1 <1,7,k < m by the relation
D(dz") = Clyda" @ da’.

The functions C]Z:k are classically called the Christoffel symbols of D in the coordinate system
r = (2',...,2™). The skew-symmetric part of the tensor D(f;dz?) is

A? (D(fidxi)) = A ((gﬁ + fi ;k) da* @ dl‘j)

Y (0f O ok (G = Cls) , 4 i
=5 (89&’“ 8xj>dx ® dr’ + f; 5 dz" ® dx

= d(fidz") + fiClpda® A da?.
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It follows that D is symmetric if and only if its Christoffel symbols satisfy

It is often useful to formulate the notion of symmetric connection for the tangent bundle.
(This is the most commonly encountered approach in Riemannian geometry.) We say that
a connection for Ty, symmetric if it is the dual of a symmetric connection for 775;. If Vis a
connection for T); dual to a given connection D for T}, and we write

0 .0
-, = Fl~ B
v@xﬂ T Oxt

0
oxt

then the functions I, = <V o (%), dmi> (called the Christoffel symbols for V) satisfy

0= (¥ o (s = = (5. g (00} = ~Ci
Ok Oxk
Thus V is symmetric if and only if its connection matrix I" Ek’ is symmetric, i.e.,

i _ i

Finally observe that if £ = ¢

‘zi and n = 7’ 8%- are local vector fields, then

¢577j_ ia€j> 0

o 0
: o R /4 ¢ A
o~ 5 + &' (I

and thus V is symmetric if and only if Ven — V,.€ = [€,7)].
The map Ty : I'(M, € (Ty @ Thr)) — (M, €>°(Ty)) defined by

Tyv(®@n) = Ven— V& —[§,n]

is called the torsion of the connection V. In this terminology a connection is by definition
symmetric if its torsion vanishes. It is easy to see that Ty is €°°(M)-linear, and therefore
determines a unique section of I'(M, € (T @ T3, ® T3;)), abusively denoted Ty .

LEVI-CIVITA CONNECTIONS

On a Riemannian manifold there is exactly one symmetric, metric-compatible connection.

1.5.11 THEOREM (Levi-Civita). On a Riemannian manifold (M,~) there exists a unique
symmetric connection compatible with «y. In terms of the dual metric g :==~" for T5;, there
exists a unique connection D such that

d(g(s,s')) = g(Ds,s') + g(s,Ds') and D" =d.
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Proof. The most natural coordinate-free proof is obtained by looking for the dual connection
V. Let &, &, &3 be vector fields. For any connection V we have

Eig(gjv ék) = g(vgi§j7 ék) =+ g(£j7 Vglfk) + (vﬁig)(gjv fk)a

where in the last term on the right the connection is the one induced on metrics by V, which
we abusively denote with the same letter. Thus

§19(82,83) — £39(&1,&2) +29(&3,&1)
= g(v&g? - V§2€17 53) - g(vfzs& - v§1€37 52) + g(ngfg - v§3§2, 51) + 29(V§2€17 53)
+(Ve,9)(§2,€3) — (Ves9) (€1, 62) + (Ve 9)(€3,61),

ie.,

29(Ve, &1, &)
= £19(&2,83) — &39(81, &) + 629(&3,61) — (9([€1, 2], &3) — 9([€3, 61, §2) + 9([62, &3], €1))
+(Ve,9)(€2,8) — (Ve 9) (61, 62) + (Ve 9) (635 61)
+9((Tv, & ® &) ,63) — g((Tw, §3 @ &1) , &) + 9((Tw, 62 @ &3) , &),

where 7Ty is the torsion tensor. If the connection V is metric compatible and symmetric
then the last two lines vanishe, and hence any symmetric connection compatible with g must
satisfy the formula

9(Ve,€1,8) = 5 (G19(&2,&3) — E39(61, &) + E29(E3, &)
(1.10) —2(9([&, &), &) — 9([&3, &), &) + 9([&2,. &), &1)) -

Since the right hand side of (1.10) is independent of the connection, there can be at most one
symmetric connection compatible with g. On the other hand, the formula (1.10) determines
such a connection, so there is at least one symmetric connection compatible with g. O]

COMPLEX CONNECTION
On a complex manifold X we have a splitting
Ty @C =T @ T
It follows that for a complex vector bundle £ — X, a connection D splits as
(1.11) D = DY 4 D%,

If the vector bundle E — X is moreover holomorphic then there is a d-operator (see Page
24)

d: (X, €(E)) - T(X, (A} @ E)).
We can use 0 to define a class of connections for a holomorphic vector bundle as follows.
1.5.12 DEFINITION. A connection D for a holomorphic vector bundle £ — X is said to be

complez if D% = 9 in terms of the splitting (1.11).
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THE FUNDAMENTAL THEOREM OF HOLOMORPHIC HERMITIAN GEOMETRY

The basic result about connections for holomorphic Hermitian vector bundles is the following
analogue of Levi-Civita’s theorem.

1.5.13 THEOREM (Chern). On a holomorphic Hermitian vector bundle there ezists a unique
complex connection compatible with the Hermitian metric.

Proof. Suppose D is a unique complex connection compatible with the Hermitian metric of a
holomorphic Hermitian vector bundle (£, h). Metric compatibility means that d(h(s, o)) =
h(Ds,o) + h(s, Do). Taking the (1,0)-part gives

d(h(s,0)) = h(D*’s, o) + h(s, D"'0).

Since D%! = 9 we have )
h(D'’s, o) = d(h(s,a)) — h(s,00).

The right hand side is canonically defined on a holomorphic Hermitian vector bundle, i.e., it
does not depend on any connection. We can therefore use this identity to define D*°. Thus
both existence and uniqueness are proved at once. O

1.5.14 DEFINITION. The unique metric-compatible complex connection for a Hermitian
holomorphic vector bundle (E, h) is called the Chern connection for (E,h).

1.5.15 REMARK. In a frame ey, ..., e,, if we write s = s%,, 0 = o”es and haz = h(eq, €p)
then

d(h(s,0)) — f(s, 50) =0 (saéghag) — sa(éag)hag
05%) hog + 5°0h,5) G5
05%) + 870h.gh"") G5hes.

((
(¢
Therefore D is given by the formula

D5 = (85“ + SVhC“Sahvg) o and Ds= (830‘ + swho‘gahvg + 5Sa> €q-

One often finds the abusive notation D'? = 9 + (0h)h™!. o

1.5.4 The Kahler condition
THE DEFINITION OF KAHLER METRIC

The tangent bundle Tx of a complex manifold X with Hermitian Riemannian metric g
carries two natural connections. One connection is the Chern connection for the holomorphic
Hermitian vector bundle (Tx, g), and the other connection is the Levi-Civita connection for
(Tx,g). (Here g is viewed both as a Hermitian metric on Ty and as a Riemannian metric
on T, via the correspondence s'¥ : Tx — T)l(’O discussed in Section 1.3.) In general, these
two connections are different.
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1.5.16 DEFINITION. A metric g for which the Chern and Levi-Civita connections agree is
said to be Kahler. A complex manifold admitting a Kéahler metric is called a Kéhler manifold.

There are several equivalent ways to formulate the definition of a Kéhler metric.

TORSION FORMULATION

Let D = D' + 9 be the Chern connection for (7%, g). Letting A(f) denote the skew
symmetric part of a tensor 3, we obtain a well-defined operator

T(g) :==Ao (0 —D")=9—AoD" e Hom(T5"°,AY),
called the torsion of ¢g. Note that since D%' = 9,
T(g) =Ao(d— D).
We therefore immediately obtain the following proposition.
1.5.17 PROPOSITION. The metric g is Kahler if and only if 7 (g) =

It is worth having a look at the local form of the torsion. Let z be a local coordinate
system. If f is a 1-form on X then the Chern connection D is given by the formula

Df = D(fidz") = df; ® dz' — fjgwa dz* @ d2".
Therefore )
g’ i

Since g7 = 67, 2 (9:09") = 356" + 9% and hence

i | |
A ( fjgigggzkdzk ®dz%) A ( f59 Jfag“d ¢ ) — [0,

where where ¢* denotes the metric for T' )150 dual to g, f* is the (0,1)-vector field on X
obtained from the (1,0)-form f via the identity f(v) = wy«(v, f*), and J denotes contraction.
Therefore the torsion operator is given by

(1.12) T(9)f = () 0wy,

Let E — X be a smooth (and not necessarily holomorphic) vector bundle. Closely related
to the torsion 7 (g) is the following action on E-valued (0, ¢)-forms.

1.5.18 DEFINITION. We define the pointwise operator
Ty = — (Agﬁwg)ﬁg AV QE - AT QE.

Locally with respect to a holomorphic coordinate system z and a local frame aq, ..., e, for F,
the action is given by

ij k99i0
Ty = gjg“(9 L0 478 © e,
where L = (01, ..., 04—1).
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SYMPLECTIC FORMULATION

1.5.19 PROPOSITION. A Hermitian Riemannian metric v is Kdhler if and only if the asso-
ciated metric (1,1)-form w = w, is closed.

Proof. In view of Proposition 1.5.17 and Formula (1.12), v is Kéhler if and only if dw, = 0.
Since w, is a real (1, 1)-form, Ow, = 0 if and only if dw, = 0. O

1.5.20 REMARK. Since every 2-form on a real surface is closed, we see that every Hermitian
metric on a Riemann surface is Kéhler. o

LocALLy EUCLIDEAN FORMULATION

A very useful formulation of the Kéhler condition is contained in the following theorem.

1.5.21 THEOREM. The metric g is Kdahler if and only if every point of X lies in a coordinate
chart with coordinates z so that

g= Zdza - dz* 4+ O(|z\2).

The coordinates referred to in the theorem are called Kdhler coordinates.

Proof. 1f two (1,1)-forms w; and wsy defined in a neighborhood of 0 in C™ have the same
Taylor expansion up to second order then

(dw1)o = (dwa)o.

In particular, if g is locally Euclidean to second order in some holomorphic coordinate system
then dw, = 0, and thus g is Kahler by Proposition 1.5.19.

Conversely, suppose w is the (1,1)-form associated to a Kahler metric g, and let z be
local coordinates such that

(1.13) 9:5(0) = 035

(It is easy to find such coordinates.) Then the Taylor expansion of w with respect to z is
w=1-1 (51-; + ai;kzk + aﬁgég + O(|z|2)> dz' NdZ.

The two properties of the Taylor coefficients a;j;, a;3; are

(a) 95 = G5 = a5k = Ty

(b) dw=0= A5 = Qi
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Since the result we seek is regarding a second order Taylor expansion, it suffices to find a
quadratic biholomorphic local coordinate transformation. That is to say, we seek coordinates
w defined by
1
2F=wk + ibfmwﬁwm
(which evidently do not modify condition (1.13)) such that

Va! .
W= ((51-3 + O(|w\2)) dw' N dw’ .

14 0

Since w'w™ = w™w’, we may assume that b’ = bj;. Then

d2* = dw” + b, w'dw™,
and we have
—VLw = 8 (det + b wtdu™) A (daﬂ' + bzﬁsw’”dws)
+ (agw® + agpn®) dw' A di? + O(|w]?)
= (0,5 + (@ + dbh)w® + (a5 + 8t 0" + O(|w]?)) duw' A di.

Thus, if we set b], = —07™ a5, (which is symmetric in ki by (a)) then
5m1bz; = —6mi(5mﬁajﬁk = —(Tﬁajﬁk = —aij,;.
Thus

w= \/j%dwi A dw? + O(Jw]?),

so ¢ is Fuclidean to second order. O

1.5.5 Twisted Exterior Derivatives of twisted forms
SYMMETRIC CONNECTIONS AND EXTERIOR DERIVATIVES

Consider a differential 1-form o = a;dx* on a manifold M. For a connection V for T, — M,

da; . . .
Va = R ® dx' + o0 da’ @ dat,
0x7 K
where 6 is the connection matrix of V. As we discussed earlier,
2 oy . 4 i kE 3.4 i
(1.14) A*(Va) = ﬁd:ﬂ A da' + aglida? A dx'.
x

We then introduced the notion of symmetric connection; by definition, a connection V is
symmetric if and only if
da = A*(Va)
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for any 1-form a. Of course, the formula (1.14) shows that V is symmetric if and only if
k _ pk
Now suppose 3 is a differential r-form, i.e., a section of the product bundle A"(T},). For
a connection V for T5; — M, the product connection V, acts on 8 = f3;,..;, dx™ A --- A dz'™
(with our convention that (; is skew-symmetric in I) by

.4 (aﬁf

where the notation (¢); means that ¢ replaces i;. If we take the (r + 1)™ skew-symmetric
part of V.. (thought of as an (r 4+ 1)-tensor) we obtain

0. ) dz' @ dx™ A -+ Ada'r,

ANTHV,B) = ( 0)-ir ”)dm“ ANdz™ A N datr

Thus we see that a connection V is symmetric if and only if
d=A"oV,

holds for any integer r with 1 < r < n.

TWISTED EXTERIOR DERIVATIVE

Let £ — M be a vector bundle with connection D. We can define a twisted version of the
exterior derivative for sections of

(M, ¢>(Ty @ E))

or E-valued 1-forms. This twisted exterior derivative should produce a E-valued 2-form.
As in the previous paragraph, we fix a connection V for T},;. For a F-valued 1-form «
we compute that

a v

(V® D)o = <8x

+aj'wr + 0429’“-) dr’ @ do' ® e,

and 5
A%((V @ D)a) = (;‘ +alwy + azefj) Al A di' @ c,,

where w and 6 are the Christoffel symbols for D and V respectively. Again if the connection
V for T}, is symmetric, then the anti-symmetric part

A*((V® D)a) = (gm + afw )da;j/\dxi®e,,

is independent of the connection V. Similarly, if 3 is a E-valued r-form then
AV, ® D)a)

is a E-valued r + 1-form, which is again independent of V as soon as V is symmetric.
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1.5.22 DEFINITION. Let £ — M be a vector bundle with connection D and let V be a
symmetric connection for T;. The operator Dy : T'(M, ¢ (T QFE)) — T(M, € (A*(T;,) ®
E)) defined by

Dia = A*((V® D)a)

(which is independent of V) is called the twisted exterior derivative associated to D. More
generally, let V,. denote the induced product connection for A"(7y;) — M. The operator

D, :=AN"0o(V,®@D):T(M, €N (Ty,) ® E)) = T(M, € (A"(T},) @ E))
is called the twisted r*® exterior derivative (for E-valued r-forms) associated to D. o

If eq,...,e, is a frame for F and z!,...,2™ is a local coordinate system on M, then for a
section o € I'(M, A"(T};) ® E) given locally by o = ofdz’ ® e, one has (with D = D,.)

)
)

Do ="—"dil Nda" ® e, +wh AoYda" ®e,

9(ay
o0xJ

ot
él dv? Ndr' @ e, + (1) 0%dr' At @ e,

Informally, we write
Do =do+ (—1)"0 Aw.

1.5.23 PROPOSITION. Let E — M be a vector bundle with connection D. Then
Dyiw(ans)=daAs+ (—1)a A D,s
for all s e T(M,A™(T3;) @ E) and all o« € T(M,A*(T3,)).
The proof is left to the reader.

COMPUTING THE SECOND EXTERIOR DERIVATIVE OF A SECTION

For any section s of E, Ds € I'(M, € (T, ® E)) is a special case of a 1-form with values in
E. In local coordinates dz', ..., dz™ and a frame e, ..., e; for E — M, we compute that

K )
Ds = <gi—|—sw )d:c’@eu,
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where whe, := De,. Taking a symmetric connection V for T}, and setting Qj-k = < 5 Va : dx >,

we have

(V® D)(Ds) = (V®D)(<gx+s )dxi®eu)

0 (0s" os* ) . Ost k i ;

= aﬂ({)xl—i_s >+<8xi+sw )wM—l—(W—l—swyk)Q dz! @ dx' ® e,
D?st ds” ,  0s* Wl s\ e

- axa'axi+<axa it g | g T )

0 , A
+5” ( i : 4 wmw)\J>> dv’ @ dz' ® ey,.

oz

It follows from the symmetry of V and of the first two terms in the third line that

®

(1.15) O(s) := A*((D®V)Ds) = s” <8w

e —|—wmwAJ> dr Ndr'®e, = 8" (dw! —w) Awh) Re,.

We see again that © is independent of the choice of symmetric connection V, but perhaps
more striking is the fact that the formula (1.15) does not depend on the derivative of s.

1.5.6 Curvature

The name curvature is both suggestive and vague. And indeed, there are many ways in
which curvature gets used in mathematics.

When we turn to L? methods, our main interest will be to see how curvature affects
changing the order of differentiation for mixed (covariant) partial derivatives. We will take
advantage of the situation when this change of the order of differentiation gives rise to a
positive operator.

In this section we will develop the basic properties of curvature, and apply them to get
some topological consequences. We shall leave aside the geometric applications for now, but
these will be central in many parts of the book.

THE DEFINITION OF CURVATURE

1.5.24 DEFINITION. Let E — M be a vector bundle with connection D and, in terms of
some frame, connection matrix w. The curvatures of (E, D) are the operators

Ok == Dy1 Dy : T(M, G (AF(T3) @ E)) — T(M, 6> (A2(T3,) ® E)),

where D; is the twisted exterior derivative associated to the connection D as in Definition
1.5.22.
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Observe that if s is a E-valued k-form and f is a function then by Proposition 1.5.23
Ok(fs)=D(fDs+df Ns)=fDoDs+df NDs—df N Ds = fOs,
so that Os is a E-valued (k + 2)-form. But even a little more is true.

1.5.25 PROPOSITION. There exists an Hom(FE, E)-valued 2-form ©(D) such that
DoDs=sANO(D)
for any k=0,1,... and any E-valued k-form s.

Proof. We work in a local trivialization, where we denote by w the connection matrix. We
calculate that

OS5 = Dyy1Dys = Dysq(ds + (—1)Fs Aw)
=d(ds+ (—=1)"s Aw) + (=) ds + (=1 s Aw) Aw
= (=1D)*ds Aw + (=1) s Adw) + (=) Mds Aw — (=1)fs Aw Aw
=sA (dw —w Aw).

Thus the k-independent local endomorphism
s s A (dw—wAw)
agrees with D o D. Since D o D is globally defined, the proposition is proved. O

Because dw — w A w is the localization of an endomorphism of E whose coefficients are
2-forms, we can expect a transformation rule.

1.5.26 PROPOSITION. If g is a change of frame and & is the connection matriz in the new
frame, then
do —OAND =g dw — w Aw)g.

It is sometimes also useful to compute the action of the curvature on vector fields.

1.5.27 PROPOSITION. If&. n € I'(M,€°°(Thy)) are smooth vector fields and s € T'(M, € (F))
s a smooth section then

®<D)77:€8 = DfDnS — Dans - D[gm]s.
Proof. Fix a symmetric connection V for Tj;. We compute that

D¢Dys — DyDes = De (Ds,m) = (D (Ds,n) &) — (D (Ds,&) . n)
= ((DDs,n) +(Ds,Vn),&) — ((DDs,§) — (Ds, V&) ,n)
= ((DDs,n) €) = ((DDs, &) ,n) + (Ds, Ven) — (Ds, V&)
=O(D)pes + (Ds, [§,1])

where the last equality follows from the symmetry of the connetion V. m
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CURVATURE OF THE DUAL CONNECTION

Let £ — M be a vector bundle with connection Dg. The dual connection is determined by
the relation (1.8). Taking the exterior derivative of the latter, we have

0=d*(v,§) =d({(Dpv,&) + (v, Dpv§))
= <DEDEU,§> — <DEU, DEV§> + <DEU, DEV5> + <?}, DEVDEV€>
= <DEDEU,€> + <U,DEVDEV€> ,

which proves the following proposition.

1.5.28 PROPOSITION. Let EE — M be a vector bundle with connection Dg. Then
(v,0(Dgv)§) = —(O(Dp)v,§) -

CURVATURE OF PRODUCT CONNECTIONS

If E— M and E; — M are two vector bundles with connections Dg and Dp, respectively
then one has the product connection Dgy g, for the vector bundle associated to whichever
multilinear product x is under consideration. We compute that

DE><E1DE><E1(U X w)
= Dpxp,((Dpv) x w + v x (Dgw))
= (DEDEU) X w — (DE’U) X DElw) + (DEU) X (DElllJ) + v X (DElDE11U)

Since the two middle terms of the last line cancel each other, we have proved the following
simple proposition.

1.5.29 PROPOSITION. The curvature ©(Dpyxg,) of Dpxp, satisfies
O(Dpxg, ) (v xw) = (O(Dg)v) X w+v x (0(Dg, )w).

CURVATURE OF A METRIC COMPATIBLE CONNECTION

1.5.30 PROPOSITION. Let E — M be a complex vector bundle with Hermitian metric h. If
D is a connection for E such that Dh = 0 then ©(D) is h-skew Hermitian, i.e.,

h(O(D)s,t) = —h(s,O(D)t)
for all sections s,t of E.
Proof. We compute that

0= d?h(s,t) = d(h(Ds,t) + h(s, Dt))
= h(DDs,t) — h(Ds, Dt) + h(Ds, Dt) + h(s, DDt) = h(DDs,t) + h(s, DDt),

as claimed. n
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CURVATURE OF THE CHERN CONNECTION

In this section, fix a holomorphic Hermitian vector bundle (F, h) — X. We want to compute

the curvature of the unique holomorphic Hermitian connection, in terms of the metric. Before

computing the curvature in a local frame, let us examine the Chern connection directly.
First observe that since D = D' + 9 and 9% = 0,

DioD = D%’O o DY 4+ D%’O 0d+ 0y o DY,

Thus far we have used the fact that the Chern connection is complex, but not that it is
metric compatible. Metric compatibility reads as

Oh(s,t) = h(D"Ys,t) + h(s,0t) and Oh(s,t) = h(Ds,t) + h(s, D"°t).

(Note that the first of these equations is consequence of the second via complex conjugation
followed by interchange of the roles of s and t.) Since 9* = 0,

0= h(D;° o DYs,t) + h(D’s, 0t) — h(D'Cs, 0t) + h(s,0,0t) = h(D;" o D'Vs. 1),
and thus D;? o D0 = 0. Therefore
©=D;"0d+ 9o DY,

In particular, the curvature maps sections to twisted (1, 1)-forms, and therefore the curvature
form of the Chern connection is a (1, 1)-form.
Let us compute the curvature form in a holomorphic frame {e,} for E. Setting

hap = hleas ep),
In the proof of Theorem 1.5.13 we saw that the connection matrix w of (1,0) forms is given
by
W3 = WD
In matrix notation,
w=(0H)H .
Using the formulas O(H™') = ~H Y (O0H)H ™' and O(H') = —H Y(OH)H ™', we calculate
that
do—wAw=0+0)(OHH™ ") —0HH *NOHH™!
=0((OH)H™ ')+ (0H)H " (OH)H ™" — (0H)H "(0H)H " = 9((0H)H ).

We have therefore proved the following proposition.

1.5.31 PROPOSITION. Let E — X be a holomorphic vector bundle with Hermitian metric h
and let ey, ..., e, be a holomorphic frame over some open subset. The curvature of the Chern
connection of (E,h) — X is given by the formula

& = (hFOhyy)

where h,z := h(eq,ep) is the matriz of h in this frame and heB is the matriz of the dual
metric for E* in the dual frame.
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CURVATURE OF DETERMINANT BUNDLES

1.5.32 PROPOSITION. Let (E, Dg) — M be a vector bundle of rank r with connection, and
let (det E, Daet p) — M be its determinant line bundle. Then

O(Dgyet ) = trace(O(Dg)).

Proof. Let eq,...,e, be a frame for E. Then

-
D(QietE<€1 A...Nep) = Daer e (Z e1tN...\NDgej N\ ...\ er>

j=1
r j—1
=> > et A. ANDgep Ao ANDgej A ... Ne,
j=2 k=1

r—1 r r
—Z Z elA.../\DEej/\.../\DEek/\.../\er+ZelA...AD%ej/\.../\er
j=1k=j+1 J=1

I8
=>e1N... NDje; A ... Ney,
=1

and thus ©(Dget g) = trace(©(Dg)), as claimed. O

THE CANONICAL BUNDLE

Given a complex manifold X of complex dimension n, the canonical bundle Kx of X is the
line bundle det T5"°. The local sections Kx are holomorphic n-forms.

If X is a Hermitian complex manifold with Hermitian metric A , theorem 1.5.32 tells us
that the curvature of (Kx,det(h)) is just the trace of the curvature of (X, h).

In the special case that the metric h is Kahler, this curvature is the negative of the
so-called Ricci curvature of h:

(1.16) Ricci(h) = —trace(©(h)).

In the next paragraph, we will remind the reader of the definition, from Riemannian Geom-
etry, of the Ricci curvature of a Riemannian metric. We will then show that (1.16) holds
when the metric in question is Kahler.

1.5.7 Symmetry of Kéahler curvature

Since the Levi-Civita connection is determined by vanishing of a certain part of the connec-
tion matrix, one can expect that less numerical data is needed to determine its curvature.
In the Kéhler case, where one has two vanishing conditions that have been required to hold
simultaneously, one can expect even less numerical data to determine the curvature of the
Kahler connection. This redundancy in the curvature matrices of the Levi-Civita and Kéahler
connections is expressed in terms of symmetries in the curvature tensor. In this section we
write down some of the symmetries of the Kahler curvature.
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CURVATURE OF THE LEVI-CIVITA CONNECTION

Let (M, g) be a Riemannian manifold, and let V be its Levi-Civita connection. As we have
seen, V is uniquely determined by the two conditions

d(g(§,m)(C) = g(Ve&m) +9(€,Ven) and  Ven — V6 = [€,1]

For all vector fields &, n and ¢ on M. We shall now analyze what these symmetries mean
for the curvature of the Levi-Civita connection.

It is customary to denote by R the curvature of the Levi-Civita connection. That is to
say,

R(&,n)C = VeV =V Ve — Vg

The curvature tensor is locally defined to be

Rijre = g(R(32r. 52) 325> 27)-

OzF > 9zl / 927 dat

It is immediately clear that for any connection (Levi-Civita or not),
(1.17) Rijre = —Rijor.
Since d?* = 0, the curvature (D) of any metric compatible connection D must satisfy
9(O(D)E,n) + 9(&, O(D)n) = d*(g(&,m) = 0.
This relation implies that
(1.18) Rijre = —Rjike.

The symmetry of the Levi-Civita connection implies that

o V0 _o . T . D _ ra
Rzm55)a7 =V o Vo s:—VaoV o 55
ozk Ozt ozt  Oxk
=V o Vozz—VoVogza
oxk  OxI ozt oI
_ 0 0 0 0 o o o o
= R(505: 307) 507 — Blge:907) 5 TV 0 (V 0 555 =V 0 5.0)
oz ozt ok
9 9.0 Ex 0

Thus we obtain the First Bianchi Identity
(1.19) Rijke + Rikej + Rigjr = 0.
As a consequence, we have

T(Rijke + Rive; + Riejr) =0, 2(Rjkei + Rjine + Rjearr) = 0,
+(Rieij + Ruijei + Riije) =0, 5(Reiji + Rerij + Rejri) = 0.

and adding these four equations and using (1.17) and (1.18) yields
(120) Rikéj - Rfjik-
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CURVATURE OF THE KAHLER CONNECTION

We agree to let Greek letters run through {1,...,n} and latin letters through {1, ..., n, 1, ..., 2 }.
We also use the notation

0 0
= — - = — < < .
O 550 and 04 550 1<a<n
Thus 5
87;:74 and &:? forizl,...,n,

and

0 0
0; = 5 and & i

We denote by F;k the Christoffel symbols of V, which are defined by the relation

fori=1,..,n.

Vo;0k = T%.0;.

Now let V be the Kéhler connection on a Kéhler manifold (X, g). In Section 1.5.3 we
presented the formula for the Christoffel symbols with respect to the real coordinates, and so
they are different from the symbols we have defined in the present paragraph. Nevertheless,
as already mentioned, since

1,00 _ _./1.100 _ 0
S o = Ls Oyt~ 9zv)

one does retain the symmetries of the Levi-Civita connection when passing from T'x to T)I(’O.
Since V is a the Connection of a Hermitian metric, by taking complex conjugates we see
that

A
(1.21) rk —T%

Next we observe that, since the Kéahler connection matrix is a matrix of (1,0)-forms, its
Christoffel symbols must satisfy

(1.22) re =T2 =0

Let us introduce the following notation. Let R} be the curvature tensor with respect to
the local frame 0y, ..., 0,, 05, ...05 for Tx ® C and write

Ri; = Rigy;.
The matrix entries R;; are (1,1)-forms, and so we write
Rij = R, ;d2" N dZ"

ijk

(Note: this convention means dz' = dz', etc.) Because the curvature is a (1,1)-form with
skew-Hermitian symmetry, we have

(1.23) Rijop = Rijag =0 and  Rijap = —Rijpa = R;jg,-
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Now, since the Kéhler connection is Chern, we have (V)2 = (0 and 0? = 0, which reads as

(1.24) Rogi; = Ry, = 0.

aBij

Since the Kahler connection is also Levi-Civita, our work from the previous paragraph shows
that

(1.25) Rijor = Rjire = — Reij-
In particular, we have

(1.26) R Riui=R

aBij = iBaj

where the last equality is achieved as follows:

iBjor iBjo iBaj-
RICCI CURVATURE OF THE KAHLER CONNECTION

Finally, we come to the promised discussion of Ricci curvature. Recall that for a Riemannian
metric the Ricci curvature is the trace

RICCI(Q)Z] = ngRikéj .

As mentioned at the end of the previous paragraph, there is some symmetry to the Ricci
curvature of a Kahler metric. Indeed, the Ricci curvature tensor satisfies

(1.27) Ricci(g)ap = Ricci(g)sz =0 and  Ricci(g),s = Ricci(g)ga-
In fact, we claimed in the last paragraph that one has the formula
(1.28) Ricci(g),5 = —0.05 log det (gm—,) :

where ¢ is the Kahler metric in question. To see this formula, we use the above symmetries
as follows.

*)

1.26 = 1.24 = =
2 R e 2 % R 5o 2 g7 R oy = OOz log det (g),

.. /e (
_R’IC(H(g)oaB = _gd RaEdB -

where (x) holds because the metric is Hermitian, and so only has (1, 1)-parts, and the last
equality holds because, as we saw in Subsection 1.5.6,

d0log det g = —trace d(dgg™").
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1.5.8 Chern-Weil theory

Chern-Weil Theory deals with obtaining topological information from curvature of vector
bundles. The topological information the theory provides is at the level of deRham coho-
mology, i.e., the theory produces closed forms that are not a priori exact. The theory has
two steps: (i) produce closed forms from a given connection D for a vector bundle £ — M,
and (ii) show that the cohomology classes of these forms in independent of the choice of
connection D, and thus these classes define topological invariants of E.

At the heart of the first part of the theory is the Second Bianchi Identity (Theorem
1.5.33). The basic idea is to find functions f(T") of certain types of tensors 7' that include
curvature tensors of vector bundles, and for which the connection in question is ‘compatible’,
in the sense that the chain rule

d(f(T)) = Df(T)(DT)

holds. In this manner, we will produce closed forms when we take 7' = ©(D) (or for that
matter, any tensor T satisfying DT = 0).

The second part of the theory, showing that these closed forms are independent of the
choice of connection D, does not rely on the Second Bianchi Identity.

Since the curvature ©(D) of a connection D of some vector bundle £ is an End(E)-valued
2-form, in any given frame ©(D) is a matrix of 2-forms that transforms, after a change of
frame, by conjugation with the transformation of the frames. It is therefore plausible that
we consider only functions that are invariant under conjugation by elements of GL(r,C),
where r = rank(£). As we know from linear algebra, the coefficients of the characteristic
polynomial of a matrix, as functions of the entries of the matrix, remain invariant under
conjugation. These functions will play a major role in this section.

THE SECOND BIANCHI IDENTITY

Let E — M be a smooth vector bundle. A connection for £ — M induces a connection
on Hom(E, F) = E ® E*, as well as exterior covariant derivatives for Hom(FE, E)-valued k-
forms. The exterior covariant derivative of o € T'(X, €>°(A*(T%;) ® Hom(E, E))) is denoted
Do.

1.5.33 THEOREM. (Second Bianchi Identity) If D : T'(M,€*(E)) — T(M,€¢>*(Ty; ®
E)) is a connection then the curvature endomorphism © = O(D) € T'(X, € (A*(T;;) ®
Hom(E, E))) of a connection D satisfies

Do = 0.
Proof. Let s be a local section of E — M. Then on the one hand
D(DDs) = D(Os) = (DO)s + © A Ds,

and on the other hand
(DD)Ds = © A Ds.

therefore (DO)s = 0 for all s, as claimed. O
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PRINCIPAL k-TENSORS

1.5.34 DEFINITION. Let £ — M be a vector bundle. A Hom(E, E)-valued k-form, i.e., a
section of Homy(E, E) := A*(T%;) @ Hom(E, E), is called a principal k-tensor.! The set of
all principal k-tensors is denoted

(M, Homy,(B, E)).

Fix a connection D for the vector bundle £ — M. There is an induced connection for
Hom(E, E), and hence twisted exterior derivatives on principal k tensors. We denote all of
these derivatives by D.

A local formula for D is given as follows. Let eq, ..., e, be a frame for F, denote the dual
frame for £* by e*!,...,e*", and let z',...,2™ be local coordinates. In terms of these local
data, T € T'(M,Hom(E, E)) can be expressed as

T = T;Id:cl ®e; @ e,
Then
DT = ((dTj;) + T} — T}’ ) Ada’ @ e @ e
=dT}; Ade' ® e; ® ¥
+(—1)k (Tffdxl Awy®e ®e? — (=1 Ada! @ e; ® (Tgﬂe*]’)) :
where w is the connection matrix for D in the frame eq, ..., e, for E. Informally, we write
DT =dT + (-D)*(T Aw — (=1)*w A T).

To make things even more concise, recall that for matrices of forms, one has a graded
commutator: if A is a matrix of k-forms and B is a matrix of /-forms then the graded
commutator of A and B is

[A,B]=AAB— (—1)*BAA.
With this notation, our local formula rewrites as
DT =dT + (—1)"T,w].

The next result is an immediate consequence of the well-definedness of the higher exterior
derivatives and of the induced connection associated to a product bundle.

1.5.35 PROPOSITION.
1. D:T'(M,Homy(E, E)) — I'(M,Homy1 (E, E))
2. DDT=TNO-OAT=][T,0].

'The name ‘principal k-tensor’ is not standard terminology.
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Let r and j be positive integers, and denote by M (r, C) the set of r X r matrices with C
coefficients. We consider functions P : M (r,C)? — C such that

Al s P(AY, . AT LAY

is linear for each 1 <7 < j. We shall call such functions multi-linear.
Multi-linear functions admit an action by GL(r,C) and also by S;, the symmetric group
on j letters, as follows. If g € GL(r,C) and o € S;, we set

g * P(Al, ...,Aj) = P(gAlgfl, ...,gAjgfl)

and | |
o-p(Al, .. A7) = P(A°D . AW,

The functions that remain invariant under either of these actions have classical names.

1.5.36 DEFINITION. A multi-linear function P that is invariant with respect to the GL(r, C)
action is called invariant, while one that is invariant with respect to the S; action is called
symmetric.

1.5.37 EXAMPLE. If A is an r X r matrix with complex coefficients, we define homogeneous
polynomials pj, of degree k (1 < k < r) by the relation

Yar r

det [+ —A| =1 A).

e ( + o + Zpk( )

k=1

We let P (A!,...A¥) be the completely polarized polynomial of p;(A), with the normalization
so chosen that Py(A, ..., A) = px(A). The formula for polarization is as follows: it is linear,
and sends the monomial a;, ;, - ... - a;,j, to

LS
k' o 1J1 kJk

The polynomials P, are multilinear, invariant, and symmetric. Indeed, symmetry follows

from polarization, invariance follows from polarization together with invariance properties

of the characteristic polynomial of a matrix, and multilinearity follows from multilinearity

properties for the coefficients of the characteristic polynomial. o

1.5.38 PROPOSITION. Let P : M(r,C)? — C be a multilinear invariant symmetric function.
If A¥ € T(M,Homy, (E,E)), 1 <k < j, then
. j .
(1.29) d(P(A', ..., A)) = > P(A',...,DA", ... AY).
=1
Proof. The polynomials P may be viewed as sections of an appropriate trivial vector bundle.

Since P is linear in each variable, Formula (1.29) is a consequence of the chain rule. ]
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If we specialize to the case of the “polarized characteristic polynomial” invariant sym-
metric functions P = P, and the curvature matrices with 2-form coefficients A* = O(D),
1 < ¢ <k, then we obtain Part 1 of the following theorem.

1.5.39 THEOREM (Fundamental Theorem of Chern-Weil Theory). Let E — M be a complex
vector bundle of rank r with a connection having curvature form ©.

1. The coefficients P;(©) of the Chern polynomial
V-1 r ,
det (I + t2@> =1+4) PFi(O),

T

j=1
are closed 2j-forms on M.
2. For each j the cohomology class of P;(©) is independent of the connection on E — M.
1.5.40 DEFINITION. With the notation of theorem 1.5.39, the cohomology class
ci(E):=[Py(0) € H*(M,C), 1<i<r
is called the i'® Chern class of E.

Proof of part 2 of Theorem 1.5.39. Let wy and w; be the connection matrices for the con-
nections Dy and D; on E. By Proposition 1.5.3) the difference n = w; —wy of two connection
matrices is the matrix of an element of I'(M, Hom, (E, E)).

Now consider the connections D; whose connection matrices are w; = wg + tn, for 0 <
t < 1. The curvature of D; is

O = dw, — w; ANwy = dwg +t(dn —wo An —1n Awy) —wo Awp — 2N A1
= Qg + tDgn — t*n An.
We note that
do
(1.30) d—tt = Don — 2tn An = D).
Let P(AY, ..., A7) be an invariant symmetric polynomial and set
P(A)=P(A,..,A) and Q(B,A)=jP(B,A,.., A
——
j—1

Then by the symmetry of P, (1.30), Proposition 1.5.38 and the Second Bianchi Identity
(Theorem 1.5.33) we have

9 P(O,) = Q(Dim.0) = d(Q(n. ©,))
But then
P(6y) — P(6y) = d (/01 Q. @t)dt> .
Taking P = P; completes the proof. O
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Chapter 2

Two Fundamental PDE

2.1 Some Functional Analysis

2.1.1 Densely defined operators with closed graphs

The 0-equation defines an unbounded but nevertheless well-behaved operator on certain
natural Hilbert spaces. Our first goal is to discuss the general class of such operators.

Let H, and H, be Hilbert spaces. We are interested in linear operators from subspaces
of H; into Hy. Each such operator 7' : H; — Hy comes with its own domain Domain(7")
which need not be all of Hy, and T need not be continuous on its domain.

It may sometimes be possible to extend an operator T' to a larger domain. If this is so, and
S is such an extension, then the graph

Graph(T) := {(z,Tz) ; € Domain(T)} C Hy x Hy
of T is a subspace of the graph Graph(S) of S.
2.1.1 DEFINITION. An operator T : H; — H, is said to be
(i) densely defined if Domain(7') is a dense subspace of H;, and
(ii) closed if Graph(T") is a closed subspace of H; x Hs.

2.1.2 REMARK. If an operator is bounded on a Hilbert space (or more generally on a Banach
space) then the Closed Graph Theorem tells us that it is closed. o

As the reader will recall, a Hilbert space is isometrically isomorphic to its dual. Indeed,
the content of the Riesz Representation Theorem is that the conjugate linear map sending
v € H to the bounded linear functional A\, € H* define by

Ao = {w, v)

is a conjugate linear isometric isomorphism of the Hilbert spaces H and H*.
Given a linear operator T': H; — H, defined on a not-necessarily dense subspace of Hy,
one can define its adjoint 7™ : Hy — H; in a canonical way as follows.
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a. The domain of 7™ consists of all n € Hy such that
Ly x> (Tx,n),
is a continuous linear functional on Domain(T).

b. If we then extend .Z), to all of H by defining %, (y) = 0 for all y L Domain(7") then
the Riesz Representation Theorem tells us that .7}, is represented by a unique element
T*n of H; satisfying

|T*n|l, = ||-Z,|] and (Tx,n), = (x,T*n), for all € Domain(T).

The linearity of n — T™n is easy to prove.

2.1.3 PROPOSITION. Let T : Hy — Hy be a linear operator.
i. If T is densely defined then T* : Hy — H; is closed.
ii. If T is closed then T* is densely defined.

In particular, if T is closed and densely defined then so is T™.

Proof. Let F' : Hy x Hy — H; x Hy be given by F(¢,n) = (=¢,n). Then (£,n) L
F(Graph(T)), i.e.,
(x,6), = (Tz,n), for all z € Domain(T),

if and only if
n € Domain(7T™) and (z,T"n—¢) =0 for all x € Domain(T).
Therefore
(2.1) F(Graph(T))* = Graph(T™) @ (Domain(T)* x {0}).
Thus if T is densely defined, i.e., Domain(T")* = 0, then T™ is closed (which proves i).
Next let € Domain(7*)%. Then (0,1) L Graph(T*)* @& (A x {0}) for any subspace

A C H;. Therefore from (2.1) we deduce that (0,7) L F(Graph(T))*, i.e.,

(0,n) € F(Graph(T))**+ = F(Graph(T) = F(Graph(T)).

Thus if T is closed and n € Domain(T*)* then (—0,7) € Graph(T), and hence n = T0 = 0.
That is to say, T™ is densely defined, and the proof is complete. O

2.1.4 PROPOSITION. IfT is a closed, densely defined operator then T** =T.
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Proof. By construction of 7%, if + € Domain(7T") and n € Domain(7*) then (T"n,z) =
(n,Tx). By Proposition 2.1.3 the adjoint 7™ is also closed and densely defined. Since
n — (n,Tx) is continuous, Domain(7") C Domain(7™*).

Let # € Domain(7™*). Since T is densely defined there is a sequence {z;} C Domain(T)
such that z; — 6. Then for all n € Domain(7™) we have

(T*0,n) = (6, T*n) = lim <xj, T*n> = lim <ij, 77> :
Thus Tx; — T**6 in H,, and therefore Graph(T') > (x;, Tz;) — (0,7**0) in H; x H,. Since
T is closed, (0, T**0) € Graph(T), and thus # € Domain(7T') and T**0 = T6. O
2.1.5 COROLLARY. IfT : Hi — Hs is a closed and densely defined linear operator then
Kernel(T)* = Image(T*).

Proof. Suppose y € Image(T*). Then there exist Image(7*) > T*n; = y; — y, and hence
for all
(x,y) =lim <x, T*nj> = <T:L’,77j> =0 for all z € Kernel(7),

i.e., y € Kernel(T)*.
Next suppose y ¢ Image(7T*). Then there exists w € Image(T™*)* such that (w,y) # 0.
Since w € Image(T*)*, i.e., (w,T*n) = 0 for all n € Domain(7T™*) we have

(i) w € Domain(7**) = Domain(7"), and
(ii) (T'w,n) = 0 for all n € Domain (7).
Since T* is densely defined, we conclude that Tw = 0, i.e., that w & Kernel(T)*. [

2.1.2 The Functional Analysis Lemma

Let T': Hi — H, be a closed, densely defined operator. If o € Hj is in the image of T', say
a = Tu form some u € Hy, then for any 5 € Domain(7™)

wp  N@BE_ @ TP

<l
B€Domain(T*) |T‘*6||2 B€Domain(T*) ||T*6||2

Let u, be the projection of u onto the closure of Image(7™). Then u — u, = limv; for some
sequence {v;} C Image(T*)*. Thus for all 3 € Domain(7T™)

(T(u—uy,),B) = (u—1u,,T"F) = lim(v;, T"5) = 0.
Since the domain of 7™ is dense, we find in particular that

0P _
g 1

Tu, =« and sup |2
BeDomain(T*)

The next lemma essentially says that the converse is true.
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2.1.6 LEMMA (Functional Analysis Lemma). Let T : Hy — Hy be a closed, densely defined
operator and let o € Hy. Suppose there is a constant C' > 0 such that

(2.2) ((ar, B)|? < C||T*B||>  for all B € Domain(T™).
Then there exists uw € Hy such that
Tu=a and |lull*<C.
Proof. Consider the linear functional
Z Image(T™) > T — (B, @).

By (2.2), if 7*8 = 0 then 8 L « and thus .Z is well-defined and continuous. Defining .Z
to vanish on Image(7T™*)* extends . continuously to a linear function on H;, and moreover
|-Z||? < C. By the Riesz Representation Theorem there exists v € H; such that

L) = (u,v) forallv € H; and |jul*=]|Z|* <C.
Restricting to Image(7™), we have
(u, T*8) = L(T"5) = (a, f) for all 5 € Domain(7™).

The Cauchy-Schwarz Inequality shows that « € Domain(7**). Since T** = T and Domain(7™)
is dense, T'u = . The proof is complete. O

2.1.7 COROLLARY. Let T : Hi — Hj be a closed, densely defined operator. Suppose there
exists ¢ > 0 such that

(2.3) 11813 < c||T*B||3  for all B € Domain(T*).
Then T is surjective and there exists a bounded linear operator o : Hy — Hy such that
Tooc=1Idy, and |o]]*<c
Proof. Let o € Hy. Then for all g € Hy we have
(e, B)| < e[ - 1BI] < ella]] - | B]]-

By Lemma 2.1.6 there exists u € H; such that Tu = a and ||ul|* < ¢||a||?. In particular, T
is surjective. Define
ola) = u,

where u, is the solution of Tu = a having minimal norm. Then ||o(a)||* < ¢||a||?. Thus o
is bounded and [|o||> < ¢, as claimed. O
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Remark on the condition (2.3)

Let F': Hy — Hs be a closed, densely defined linear operator. We claim that the inequality
(2.4) [Jw]]* < C||F*w|)* for all w € Domain(F™*) N Image(F)

holds if and only if the image of F'is a closed subspace of H,.

Proof. Upon replacing Hs be the closure of the image of F', we may assume that the image
of F'is dense.

Suppose then that (2.4) holds. Then by continuity (2.4) holds for all w € Domain(F™),
and hence by Corollary 2.1.7 F' is surjective.

Conversely, suppose the image of F' is closed, i.e., F' is surjective. Let § € Domain(F™).
Then there exists z € Domain(7") such that § = Fz. We therefore have for each g €
Domain(F™*) there exists

(Fz, B)]* = |(z, F*B)* < ||F* B |z]|”
Consider the set
o = {Ty = (- A)/IF*BI| ; # € Domain(F*) and F*8 £ 0} C Hj.
The above inequality says that for each y € Hy

sup [T(y)| < [|=l],
Tgeod

where y = F'z. By the Uniform Boundedness Principle
C := sup ||Ts|]* < +oo.
Tgeo
That is to say,
1811* = I1F*BIP||T511* < CIIF*BIP,

which is the inequality we seek. O

2.2 The Bochner-Kodaira-Nakano Formula

2.2.1 Eliminating the volume form

Let X be a complex manifold with Hermitian metric g and let £/ — X be a holomorphic
vector bundle with Hermitian metric h. Since

Mo B =AY e (A 0Ky F),

(p, q)-form with values in E’ can seen as (n, q)-forms with values in the holomorphic vector
bundle £ = A%’ ® K% ® E'. The Hermitian metrics g and b’ induce the metric h :=
g®? ® (det g)* @ b/ on E. We work with E and h, and therefore always assume that p = n.
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To a pair of E-valued (n,q)-forms ¢, we can associate the complex smooth measure
(¢, 1), obtained by pairing the (n, n)-form with values in the real vector bundle £'® Et —
X. Since the metric h can be viewed as a section of the real vector bundle E* @ E*f — X

Vel

271

¢ A1 with h results in a complex measure, we we denote

<§0; w>g,h '

If we choose coordinates z and a frame eq, ..., e,, we can write

pairing

© = gpjdz A..Ndz" NdZT ®e, and w:zb?fdzl/\.../\dz"/\di‘]ébea,

the resulting complex measure can be written as

(@), = hagelg!7dv (2),

where ¢! T = gi131 C giq}q where dV(z) denotes Lebesgue measure in the coordinate chart.

2.2.2 Hilbert spaces

Let (X, g) be a Hermitian manifold of complex dimension n and let £ — X be a holomorphic
vector bundle with Hermitian metric h. We define the L? inner product of two smooth E-
valued (n, g)-forms ¢ and v to be

(2.5) (p,9) = /X (@, 9) g1

2.2.1 DEFINITION. We denote by L (g, h) the Hilbert space closure of I'(X, (A% ® E))
with respect to the inner product (2.5). o

We shall also be naturally lead to study (0, s)-forms with values in the non-holomorphic
vector bundle A'¢? ® E. In local coordinates z and with respect to a holomorphic frame
ai, ..., e, for E, such a form has the expression

§=¢05dz° @ dz A dZ7 @ eq,
where u = (u', ..., p*) and J = (41, ..., j,) are multiindices, and
dz :=dz" A ... Ad2"
As with the case of forms, we can define a complex measure, this time given by the formula
(&} 1= hapgg" €S 7 AV (2),

and we denote the corresponging L? inner product by

&0} = ;/X{ém}gm.

In the case s = 0, this inner product agrees with (2.5). We shall not need the Hilbert space
completion of the higher-order smooth forms.
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2.2.3 9 and its formal adjoint

Sections of the vector bundle AR!®F = AY® (AR’ ®E) can be seen as (0, g)-forms with values
in the holomorphic vector bundle AP @ E, and thus we have a d-operator acting on such
sections. We denote by D the Chern connection associated to the Hermitian holomorphic
vector bundle (E,h). The following proposition computes the d operator in terms of this
Chern connection.

2.2.2 PROPOSITION. Let ¢ = gof]!qdz A dz% @ e, be a E-valued (n,q)-form. Then

(90) . - = (=1)" Y (-D(Dj0)°

3031---3q ]0;]@5,1
Proof. By the definition of 0
Op = (—1)"05¢5 5, daNdZ NdZ° A NdZ @ e,

q
= (=)™ > (-1)*9; > - jqdzAdeO/\.../\dqu@ea

JO-e-Jene

I
—
|
—_
N~—
S
(-

—
|
—_
~—
E
S
]
~—

i a >Jo 5]
5 30..,3k...jqdz ANdZ° N ..o NdZT R eq,
k=0
where the last equality holds since D! = 9 for the Chern connection. O

2.2.3 DEFINITION. Let T : L2 (g,h) — L2 ,(g',h') be a densely defined operator whose
domain contains all smooth, compactly supported E-valued (p, ¢)-forms. The formal adjoint
of T' is the operator

T* :D(X, €AY @ E)) — I(X, €% (A% @ E))
defined by the requirement that
(T"e, )" = (9, T¥)
for all p € T'(X, %“(Agé’q/ ® E)) and all compactly supported ¢ € I'(X, (A} @ E)).
The next proposition computes the formal adjoint of 0.

2.2.4 DEFINITION. We define the operator 7, : (X, €*(AY®F)) — ['(X, €AY '@ F))

1,
Ty i= (Ag&ug) * 0,
where A is the metric trace, i.e., the dual of the Lefschetz operator ¢ — w, A ¢.

REMARK. If the metric g is Kéhler then by the symplectic formulation of the Kéhler condi-
tion the operator 7, is identically zero. o
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2.2.5 PROPOSITION. Let ¢ = gaC}qdzl A« ANdz" Ndz71 @ e, be a E-valued (n, q)-form. Then

0" p = (—1)"+lgi3(Dig0)§‘jdz ANdZ ® ey — T,

Proof. 1f 4 is an E-valued (n,q — 1)-form with compact support then

(0", 1) = (¢, 00)
q _
_ 1)*+1(D B Todap, -
n'q'/ A ];1 k@b)ﬂ..‘z...ﬂg o
1 - dgikie — s TS e
_ n+1 k+1 i L 0)e - B J1J ; Jadap -
~ nlg! Jx Z ( k k(D]k(p)jl"'j‘] - 02k P ]q) wh.‘.ﬁ..gqg g ha

1 8g”

_ n ij a B _1Jdq—1
= =1 /X(—l) o (gJ(DisO);il..jq_l — (D) e ) v Raj

where the third equality follows from the metric compatibility of the Chern connection. From
the relation §; = ¢"g,7 and its derivative we have

09" i 097 7 5007
82-7 g nga ko g (%k’

and the result follows from the definition of 7. ]

2.2.4 Another 0 operator

We can view E-valued (n, ¢)-forms as sections of the vector bundle A'¢? ® E — X, ignoring
the differential form nature of these sections. As we mentioned in Paragraph 2.2.2; this
vector bundle is not holomorphic, so it does not have a canonical J-operator. However, the
Hermitian metric g for X yields the canonical isomorphism

gAY @ F - AY @ (A(T") @ E;

the isomorphism is the one induced by the map f ~ f* which sends a (0,1)-form f to the
(1,0)-vector field f* defined by

f 9 AWy = f s
or equivalently,

<f,£> =g(ffs, &) forall € € T3

We can extend the isomorphism g to an isomorphism
g: A% @ (A @ E) - AY T @ (AY" © (A(TY") @ B);

by acting on the second factor, i.e., the components of the A’y ® E-valued (0, s)-form.
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Since the vector bundle A%’ ® (A9(Tx")) ® E is holomorphic, it has a d-operator. We
can conjugate the latter to the operator

Vi=glodog on (Ay!® E)-valued (0, s)-forms.
In the case s = 1 we have the local formula

Vo= g[Lé?( z a)@dz/\dz ® €q
= 0(¢5) ®dz A dZ @ e — 9" 050(g;p) ® dz A dZ* @ e,

— q R
a(@%) ®dz A dz’ R e — (Z g0 gluu)(p%l...(j)y...zq) ®dz® Azt ® eq

v=1

q

5(@%) @dzNdz’ ®e, — (Z 35 glye1 gpj@ 7 ) ®dz® dzF @ e,

v=

QJ |

) ®@dzNdz’ @e,—q

/N

970(9:,)¢%,.7,) ® dz @ dz" ® e,

or equivalently,

agp‘j—
ozk

Vi =

0
dzk®dz/\dzJ®ea—q<g” ag’f;lgom )dz ®dz®dzk ®e,.

Since the operator V satisfies V2 = 0 and the vector bundle A'y? ® E is equipped with
a Hermitian metric ) induced by h and g, there is a Chern connection for the triple (Ay? ®
E,V, h). We denote this Chern connection by V; as usual, it is defined by V = V10 + Vv,
where
h(V'0,s) := 0h(c,s) — h(o,Vs) for all smooth sections o, s.

The next proposition computes the formal adjoint V*.
2.2.6 PROPOSITION. Let & be a smooth (0,1)-form with values in A'¢? ® E. Then
(2.6) V*¢ = —Trace(D'g¢) — 7,¢,

where D is the twisted exterior derivative associated to the Chern connection for Ty @ E
and g is the isomorphism discussed above.

REMARK. In Formula (2.6) the torsion 7, acts only on the first factor of T ® (A}’q ® E),

since in this context the coefficients of £ are treated as sections of AY? ® E, and not as
E-valued (n, ¢)-forms. o

Proof of Proposition 2.2.6. Let ¢ € T'(X, € (A} ® E)) be a section with compact support.
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If p € D(X, (A} ® A% ® E)) then we have

_ 9 _
16,908 = [ hasog5€2, (gma (%L) = [ o655 (7707 aV ()
;o= 0
_ _1J ij o B
_—/ g 7 (havg] ;) viav(z)
dg"
:_/ Trace(Dlogﬁ /haﬁg” g’ ]leﬁ

= — [ {(Trace(D"? . / Buy )t
/. (Trace(D™ag), v = [ (Ay(@)¢, 0).
where the contraction of the section ¢ of Ay’ ® (A%?®) and the (0, 1)-vector field A, (dw,)

is with respect to first factor A;O. The proof is complete in view of the definition of 7,. [

2.2.5 A tale of two Laplace-Beltrami operators

The V-Laplace-Beltrami operator A := V*V on sections of A%? ® E is given by the formula
Ap = V* (g_léggo) = —TraceD"0gp — 7,6 ' 0gp, ¢ € T(X, €™ (A} ®@ E)).
More important to us is the O-Laplace-Beltrami operator: the formal operator defined by
0 := 99" + 0"0.
We compute that
Fdp = (—1)"1 gV, ((&0 4dz Adz’ © ea) — 7,00

)
= (1) (-1 (V) A d2 & e

q —
(=" (-D¥V590)% ~ _dzAdi ® ea) — 7,00

JJl---Jk---]q

s q P -
= ((—QUVz‘VjsD)?l,..jq - Z(QUVz‘ij90)?1...(j)k...jq> dz A dz’ ® eq — (—1)17,0p,
and

(00°¢)5, 5, = (1" (DM (V5,002 5 - = (-1 ame

J1--Jg---Jq

(1S DMV () (Vi) (1)

=1 JJ1--Jk--Jq
= Z(v_ ( Z]vlgp)) (])k _] (_1)(157—990
k=1
q Pary -
= Z gw(vjkv S0>]1 (Dk--Jq + (_1)q87—9907
k=1



Thus .
(@¢)5, = =9"ViV;95, = > 9" (Vi V3 J)5 @5, T (10, 7).
k=1

Finally, since [V;, V;] = ©(h);; is the curvature (see Proposition 1.5.27),
< :
- Z 9 [vi’ ij] CireDpdg — (©(n) 990)31“,3,1'
k=1
REMARK. The operator (—1)4[0, 7,] is of order 0, a fact we will not use in these notes. o

2.2.7 THEOREM (The Bochner-Kodaira-Nakano Formula).
00"+ 970 = V*V + A, + O(h)* + (-1)1[0,7,],

where Ay is a differential operator of order 1. Moreover, if g is Kihler then A, = 0 and
Ty = 0, in which case

0" + 90 = V*V + O(h)¥.
Proof. A simple computation in local coordinates shows that
—Trace(D"°dge) = —g7V:V;p + [g7, Vi V],

Since the commutator is order 1, the result follows from the computations of [1 and A carried
out above. O]

Laplace operators are non-negative symmetric operators, i.e., the satisfy
(Av,v) >0 and (Av,w)= (v, Aw)

on some dense subset. (If the second identity holds for all v, w € Domain(A), we say that A
is self-adjoint.)

In the Kahler case, Theorem 2.2.7 tells us that the 0-Laplacian O differs from the non-
negative symmetric operator A by an operator of order 0, namely the curvature. If one
knows that the curvature is positive then it is possible to invert (. (This statement is more
subtle than it might at first seem; it will be elaborated on later in the text.)

In a general Hermitian manifold the operator [ — A does not always have order 0.
However, Demailly discovered that there is a symmetric operator A such that O — A is an
operator of order 0. In fact, A is obtained from A by ‘completing the square’.
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2.3 The Hodge Theorem

2.3.1 Statement

The Hodge Theorem is the result that tells us when we can solve the Poisson equation
Ou = ¢. The obstructions to solving this equation include the kernel of [], whose elements
are called harmonic forms. However, a priori there may be other obstructions, and one
of the two technical points in the proof of the Hodge Theorem is that there are no other
obstructions. Another technically demanding point is that the Kernel is finite-dimensional.
The third and final technical point is that the solution v smooth when ¢ is smooth. The
precise statement of the theorem is as follows.

2.3.1 THEOREM (Hodge Theorem). Let X be a compact complex manifold with a Hermi-
tian metric g for its tangent bundle, and let E — X be a holomorphic vector bundle with
Hermitian metric h.

1. The vector spaces
7, 4(g,h) == Kernel(O) N Li,q(g, h)

are finite dimensional and consist of smooth E-valued (p, q)-forms. In particular, there
exists an orthogonal projection operator

P,,: Liyq(g, h) — 7, 4(g,h).

2. Given ¢ € L2 (g,h), there exists 0 € L2 (g,h) such that 00 = ¢ if and only if

P, =0, ang every such 0 is smooth if ¢ is smooth. Moreover, there is a unique 0,
satisfying 10, = ¢ and P, 40, = 0.
3. There exists a compact self-adjoint operator
Gpyq Lzz),q(gﬂ h) — L;Q;,q(ga h),
called the Green operator, such that
Gpalog(9.1) =0, Gpd = 0Gy1 = Gy, 0" — " Gpgn =0,
and Id : L2 (g.h) — L2 (g9,h) has the so-called Hodge Decomposition

Id=P,,+0G,,.
2.3.2 Two direct applications

In the next two chapters we will discuss some deeper applications of the Hodge Theorem.
For now, we present two corollaries that follow rather easily from the Hodge Theorem.
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HARMONIC REPRESENTATIVES OF COHOMOLOGY CLASSES

Consider the twisted Dolbeault cohomology groups

Kernel (0 : T(X,AP4(T%) @ E) — T(X, AP (T @ F
HP(X.E) = (0: P, AP(TR) © B) — I (T3) & B))
’ 0 (I'(X, A= 1(T%) ® E))

2.3.2 THEOREM (Fundamental Theorem of Hodge Theory: twisted case). Let (X, g) be a

compact Hermitian manifold, let E — X a holomorphic vector bundle with Hermitian metric
h, and let 0 € T(X, AR ® E) be a smooth E-valued (p, q)-form such that 90 = 0. Then there
exists a unique 0, such that

06, =0 and 6—6,=0n
for some smooth (p,q — 1)-form n. In particular, the natural inclusion
A9, h) = HY(X, E)
is an isomorphism, and thus HY*(X, E) is finite dimensional.

First, slick proof. If n,{ € A, ,(g,h) are Dolbeault cohomologous, say n — ¢ = Ou, then
9*0p = 0 and hence ||0p||> = (0*0u, 1) = 0, so n = ¢. Hence every Dolbeault cohomology
class contains at most one harmonic form.

To prove existence, note that by the Hodge Decomposition there exist smooth forms
P, .0, a and /8 such that

0 = Pp0 + 0a+ 0.

Then 00*3 = 90 — 0P, ,0 + 00a = 0, so ||0*B||> = (00", ) = 0, and hence @ is Dolbeault
cohomologous to the harmonic form P, 0. m

Second, equivalent but more instructive proof. Let Vy C L;q(g, h) denote the closure of the

affine subspace 6+ 9(I'(X, A»?~(T%))). Let 6, € Vy minimize the distance to the origin over
all elements of V. Then 6, L 9(T'(X, AP41(T%))), and thus for all n € T'(X, AP 1(T%))

0= (90,577) = (5*60,77).

Hence 0%0, = 0, so 6, = 0. By the Hodge Theorem 6, is smooth, so # — 6, is smooth, and

also equal to dn, for some 1, € L;q_l(g, h). However, the smoothness of d7, does not mean

1o is smooth (unless ¢ = 1; see Remark 2.3.3 below).
To see that one can find a smooth 7, we proceed as follows. So far we have proved that
there is a sequence u; € I'(X, AP71(T%)) such that

0, — 6 = lim Op;.

Therefore for all ¢ € 5, ,(g,h) one has (6, — 0, () = lim(p;, ¢) = lim(u;,d¢) = 0, which is
to say, 6, —0 L 7, ,(g,h). By the Hodge Theorem

6, — 0 =0y = 00y + 0"y
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for some smooth y € I'(X, AR ® E). But
00*0x = 00y = 0(, — 0) = 0,
and thus 0 = (09*0x, 0x) = ||0*0x||>. We see that, with 1 := 0*x (which is smooth),
0, — 0 = 0n.

Finally, suppose ¢ is another (p,q)-form such that [J¢; = 0 and 6, — 0 = o for some
(p,q— 1)-form ¢. Then (6;,0n) = (0*0;,n) = 0, and thus §; L O(I'(X, AP%(T%))) for i =0, 1.
Additionally,

01— 0, = (6, 6) — (0, — 0) = D — ) € OL(X, AP(T5).

Thus
100117 = {161 + 0, — 6111 = [|611* + |65 — 6:1]*.

Interchanging 0 and 1, we see that [|6;]]* = |6, — 61]]* + ||6,]|>. Thus ||6; — 6,|| = 0, as
desired. ]

2.3.3 REMARK. The the course of the proof of Theorem 2.3.2 we claimed without proof

that if n € Lio(g, h) and 9n is smooth then 7 is smooth. Let us prove this claim using the

Hodge Theorem. (There are also more elementary proofs.) Suppose dn is smooth. Then so
is a = 0*0n. On the other hand, 0*n = 0, and thus the a = [n. Therefore the form «

(i) is a smooth (p,0)-form,
(ii) lies in the image of OJ, and
(iii) is of the form a = 9*3 for some smooth 3 (namely 3 = dn).

Since the image of 0* is orthogonal to 7%, (g, h), the Hodge Theorem yields a smooth (p, 0)-
form v € T'(X, AP?(T%)) such that Oy = «. Thus O(y —n) = a —0On =0, ie, vy —n is
harmonic, hence a smooth, (p,0)-form. (Note that a harmonic (p, 0)-form is a holomorphic
p-form, so we don’t need the Hodge Theorem for this part.) Thus n = v+ (n— ) is smooth,
as claimed. o

KODAIRA-SERRE DUALITY

The complex version of the Hodge star operator
DX e (AY) = DX 2 (A ™)

is defined by requiring that
(0.m),dVy =0 Axn.
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If !, ..., 0" is an orthonormal local frame for (T)l(’o)* and we write ! = @t A .. A @' and
ol =@ AL AP, i

Kol NgT = (=1)1 Pl A T
where [* € {1,...,n}" P, J* e {1, .. n}" 0 ITUI"=JUJ" = {1 .,n} and sgn(Hf) =

sgn( J J*) = 1. The Hodge star is then extended to I'(X, € (A%?)) by conjugate-linearity.
Note that

el A @T = (1)l A B,
and thus

wx0 = (=10 for all 0 e T(X, EF(ARY)).
Using the Hodge star operator, we find through integration by parts that

/Xé*e/\;n::/XeA;én
:/577/\;0
:/ (n A x0) + 1)p+q/X77/\6;9
:/ (1 A*0) L{(—%@%}&A;n:/x(—@;w/\;n.

Thus the formal adjoint is

9" = —x0%.
Similarly, one can define the twisted version of the Hodge star operator
MX, 6 (MY @ E)) = D(X, e (A " T @ E7))

by the identity
<9a n>h,g d‘/g = 9 N ’_*777

where h denotes the Hermitian metric for E — X. The notation here requires some clarifi-
cation. The wedge product on the right hand side includes the pairing between E and E*:
if we write 0 = 0;7d2" A dz7 and *n = Expd2® A dzF with 6,7 and &7 local sections of E
and E* respectively then

ON*n = (0,7, Ec1) dz! Ndz AN d2™ A dZ"

The computation of the formal adjoint 9* in the untwisted case carry through in the
same way to the twisted setting. If in addition to the orthonormal frame ¢!, ..., " of T' X
we also fix an orthonormal frame e, ..., e, for E, then

n2 * *
;SDI N @J X ey = (_1)q(n—p)+7_n¢] A @J ® e
where e*! ..., *" denotes the dual frame for E7. It follows that

720 = (—1)nrra+nty,
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Moreover, one has 0* = —x0% for the same reason as in the untwisted case. Hence
% = —0%0%k — %0%0% = —*%x0x0 — *x0x0% = *x[1.

Thus * maps harmonic E-valued (p, ¢)-forms to harmonic E*-valued (n — p,n — g)-forms.
We therefore obtain the following theorem.

2.3.4 THEOREM (Kodaira-Serre Duality). The operator x yields a ring isomorphism
HY(X,E) = Hy "X, E").

Proof. Tt suffices to show that the pairing H;(X, E) ® Hy """%(X,E*) — H;"(X) = C
given by the cup product

o] < (8= [ anp

is non-degenerate. But

o] ~ [va] = [ Jal} v, >0

whenever [a] # 0. O

2.3.3 Preparations
SOME PRELIMINARY REMARKS ABOUT THE PROOF

Somewhat informally speaking the Hodge Theorem 2.3.1 asserts in part that the image of
the operator [J is precisely the orthogonal complement of the kernel of [J. Since the operator
O is symmetric, i.e., it satisfies

(030, 7) = (6,0n),

the invertibility of [J on the orthogonal complement of its kernel appears to be a familiar
fact of linear algebra. Of course, this ‘fact’ is generally true in finite-dimensional Hermitian
vector spaces, which is certainly not the case in the setting of the Hodge Theorem.

Let us review the argument in finite-dimensions. Suppose T': H — H is a linear operator
on a finite-dimensional Hermitian vector space. Consider the adjoint operator 7% : H — H
defined by the relation

(2.7) (T"v,w) = (v, Tw).
Evidently Image(T')* = Kernel(T*), i.e., we have an orthogonal decomposition
(2.8) H = Image(T") & Kernel(T™).

Of course, if T" is symmetric, i.e., 7" =T, then we get the finite-dimensional analogue of the
situation above.

It seems reasonable to try to extend the finite-dimensional argument to the infinite-
dimensional setting. However, one runs into several problems. First, in order to conclude
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(2.8) from (2.7), one must know that the kernel of 7* and the image of T are closed subspaces.
It is easy to see that Kernel(7™) C H is closed: if {v;} C Kernel(T*) and v; — v in H then

IT*0|* = (v, TT*v) = lim(v;, TT*v) = lim(T*v;, T*v) = 0,
J J

so v € Kernel(T™*). However, in the infinite-dimensional case Image(7") need not be closed.
As a possible remedy, one might try to replace H by its Hilbert space completion. If T is
initially continuous then 7" will extend to a continuous linear map on the completion. How-
ever, in the situation under consideration 7" := [J is not continuous on H := I'(X, €< (A%?))
with respect to the L;q(g, h)-topology. And then there is the finite-dimensionality of the
kernel of T', which would not follow from the continuity of 7.
It therefore seems somewhat miraculous that the Hodge Theorem is true.

Here is how the situation is remedied.

(0.) To simplify things, one eliminates the kernel of [J by considering in its stead the
operator [J + Id. (This modification makes getting back to O rather easy.)

i. The pre-Hilbert space I'(X, €>° (A% ® E)) is completed to the Hilbert space L2 (g, h).

ii. Although O+1Id : T'(X, (A @ F)) — I'(X, ¢ (A% ® E)) is not continuous, it has
many extensions to operators defined on a dense subspaces of Lijq(g, h); the domain
of the extension. For such a ‘densely defined operator’ F' there is a procedure for
defining the ‘Hilbert space adjoint’ F*.' A simple formal computation shows that on

['(X, €A% ® F)) any extension F satisfies
Fr=0+1d)=0+1d=F,

but the problem is that (a) the domain of F* might be different from the domain
of F, and (b) even if the two domains are the same, it might not be the case that
F* = F outside I'(X, € (A%?)). A densely defined operator F' that is equal to its
adjoint is unsurprisingly called a self-adjoint operator. We will show how to construct
a self-adjoint extension of (1 + Id.

iii. Now we are faced with two more problems.

iii.a. Although we can invert F' on its domain (since it is bounded below by Id), we do
not know that when we apply the inverse to an element of I'(X, ¢ (A% @ E))
we end up with an element of I'(X, €°°(A%? ® E)) again; a priori we only know
that the inverse is in L2 (g,h). We will show that this is indeed the case; this is
the hardest part of the proof of the Hodge Theorem.

!The Hilbert space adjoint of an unbounded linear map T : H; — H, between Hilbert spaces is defined
as follows. Let D C H; be the domain of the operator T. We define

Domain(T™) :={n € Hy ; %, : D >z + (Tx,n) is bounded}.

One can extend %, to a bounded linear functional on H; by defining it to be 0 on D*. By the Riesz
Representation Theorem this extension, still denoted %), is given by %, := (-,T*n) for some unique vector
T*n € H, that satisfies ||[T*n||1 = ||-Z,||1+, and it is easy to see that n — T*n is linear.
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iii.b. The kernel of [J corresponds to the Eigenspace of F' associated to the eigenvalue
1, but nothing so indicates that this eigenspace is finite-dimensional. To obtain
finite-dimensionality we show that F~! is a compact operator. We then invoke
the Spectral Theorem for Compact Self-Adjoint Operators to conclude the finite-
dimensionality of the 1-eigenspace of F~!, which is the 1-eigenspace of F.

Both iii.a and iii.b require the use of the theory of Sobolev spaces, which we will use
without proof.

EXTENSION OF THE O-LAPLACIAN
First extension: currents

For 6 € L (g,h) we can define the current, i.e., the continuous linear functional on the
space I'(X, € (AR ® E)) of (automatically compactly supported) smooth (p, ¢)-forms with
a certain topology which we do not discuss here, by

(30)(n) := (6,0n),.

One has the following estimate: if 1 is supported on a compact set K then

1/2
00| < sup Ol - [Bllga- ([ aV) " < Cosesup(lnlon + 90l +90l50)

The latter estimate means that the linear functional [J@ is continuous with respect to the
aforementioned topology. The current [0 is a ‘concrete’ object with which we can get
started.

2.3.5 DEFINITION. If 6 € L2 (g,h) then the distribution 06 is said to be in L2 (g,h) in

the sense of distributions if there exists a € L2 (g, h) such that

(a,m) = (6,0n)

for all smooth € L2 (g, h).

The subspace

{(b € L2 (g,h); O¢ € L2 (g,h) in the sense of distributions} cL? (g9,h)
of Lgﬂq(X, g) is aptly named the mazimal domain of 0. Although we can extend OJ to this
larger subspace, it is not clear that the resulting operator is self adjoint. Indeed, while its
Hilbert space adjoint [J* agrees with [1 on smooth compactly supported forms, it might
happen that the domain of [J* is not the same as the domain of [J. There are also other
properties that we need from the extension of [J, that do not obviously hold if we take the
maximal extension.
Instead we construct in the next paragraph a different extension.
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Friedrichs Extension of [J

Suppose H is a Hilbert space with inner product ( , ) and @ is a Hermitian form defined
on a dense subspace 2 of H such that Q(x,z) > ||z||* for all x € 9. Suppose, furthermore,
that & is a Hilbert space with respect to the inner product determined by (). Let x € H.
Then the linear functional y — (y, ) on 2 is continuous with respect to @, since

[y, 2)* < [zl Pllyll* < ll=11*Q(y, )-

Thus by the Riesz Representation Theorem there is an element T'x € & such that Q(Tz,y) =
(x,y). The operator T': H — 2 is clearly well-defined, and the estimate

(2.9) 1T2]]* < Q(T'z,Tx) = (z,Tx) < ||| - ||T]]

shows that 7" is bounded. Moreover, if Tz = 0 then 0 = Q(T'z,y) = (z,y) =0 forally € 2,
so by the density of Z, x = 0. Finally, note that

(x,Ty) = Q(Tz,Ty) = Q(Ty, Tx) = (y, Tx) = (Tz,y),

so that T is also symmetric. Since T is bounded, Domain(7™) = H, and thus T is self-adjoint.
We let =T~ and Domain(F) = T(H). Then we check that if x,y € T(H) then

(Fa,y) = (T2, y) = Qz,y) = Qy. ) = (T 'y, x) = (Fy,x) = (z, Fy).

This computation shows that F' : T(H) — H is symmetric, but in fact, as a possibly
unbounded operator F': H — H whose domain is T'(H), it is is self adjoint.

2.3.6 PROPOSITION (Friedrichs). The operator F', with its domain Domain(F) = T(H),
is the unique self adjoint operator with domain in 2 such that Q(x,y) = (Fz,y) for all
x € Domain(F) and y € 9. Moreover, the equation Fu = x has a solution u for all x € H,
namely, u = Tx.

Proof. First note that, by construction, u = Tz solves the equation Fu = x.
Let us prove that F is self-adjoint, i.e., that

T(H) = Domain(F*) :={y e H ; T(H) 3z — (Fz,y) = Q(z,y) is bounded}.
i. If y="Tz¢e T(H) then for x € T(H) (and even z € Z)
Qzr,y) = Qz,Tz) = Q(Tz,z) = (2,2) = (, 2),
so x — Q(x,y) is bounded on T(H), i.e., T(H) C Domain(F™).

ii. Conversely, suppose y € Domain(F*), i.e., £ : Domain(F') > = — Q(x,y) is bounded.
By extending ¢ continuously to the closure of Domain(F) in ‘H and then by 0 to
Domain(F)*, we may assume ¢ is bounded on all of H. By the Riesz Representation
Theorem there exists z € H such that £(¢) = ({, z). In particular, for ¢ € H we have

(€, Tz) = (T¢,2) = {(T¢) = Q(TC,y) = (C,y).
Thus y = Tz € T(H), which shows that Domain(F*) C T(H).
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Therefore F' is self-adjoint. Moreover, the above argument works for any operator F' with
domain in 2 and satisfying Q(x,y) = (Fx,y) for all x € Domain(F') and all y € 2, and
hence F' is unique. [

We shall now apply Proposition 2.3.6 to construct the extension of [J to a self-adjoint

unbounded operator on Liq(g, h). We take as our inner product

Q(0,m) = (90,0n) + (9"0,0™n) + (0. ).
Our Hilbert space H will be L2 (g, h), while 2 will be the completion of T'(X, APT% ® F)

P.a
with respect to the inner product Q. The inclusion ¢ : T'(X,APTy ® E) — L2 (g,h)
extends uniquely (by density) to a bounded linear map ¢ : ¥ — ngq(g, h) with norm < 1.
In fact, v : 9 — L;q(g, h) is injective. Indeed, Suppose {6, } is a sequence of smooth forms

converging to 6 in L2 (g,h) and to 0 in 2. Then
101 = lim |6, ]| < lim Q(6,,60,) =0,

and thus 6 = 0.
We are thus in a position to apply Proposition 2.3.6. Let F' be the operator associated
to (). By integration by parts we find that for every pair of smooth forms 6,7,

Q(0,n) = ((Id + )0, n),

and thus F is a self-adjoint extension of the Hermitian operator (Id + U)|rx arariem). In
particular, the set of all smooth (p, ¢)-forms on X form a dense subset of the domain of F.
Of course, since the identity operator is regular and self-adjoint, we obtain an extension
of [ by setting
06 := F —6, 6 < Domain(F).

2.3.7 REMARK. One can now extend the notion of Harmonic forms to include those forms
in L;q(g, h) that also lie in the kernel of (the extension of) [J. In principle, we might then
get new, non-smooth harmonic forms. Indeed, new harmonic forms may well appear if the
metric g for X is not smooth enough. However, for sufficiently smooth (e.g. €°°) metric g
Harmonic forms are smooth, i.e., this (or any) extension of [J does not increase the size of
the kernel. The smoothness of Harmonic forms is one of the main difficulties in establishing
the Hodge Theorem. o

ANALYTIC PROPERTIES OF THE FRIEDRICHS EXTENSION
Garding’s Inequality and the Regularity Theorem for F

The two results proved in the present section are crucial in our proof of the Hodge Theorem.

2.3.8 THEOREM (Garding’s Inequality). Let X be a complex manifold with a Hermitian
metric and let E — X be a Hermitian holomorphic vector bundle. For each compact subset
K CC X there is a positive constant C' = C(K) such that

1617 < CQ(6,9).
for all smooth E-valued (p,q)-forms 0 with support in K.
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2.3.9 COROLLARY (Rellich Compactness). If X is a compact complex manifold then the
inclusion 9 — Liq(g, h) is a compact linear operator.

Proof. Garding’s inequality and the obvious inequality Q(6,60) < ||6]|3 for all smooth E-
valued (p, q)-forms 6 on X shows that Z is quasi-isometric to the Sobolev space W'2(X, E),,.
By Relich’s Compactness Theorem the inclusion W"*(X, E),, < L2 (g,h) is a compact
operator, and the result follows. O

Before proving Theorem 2.3.8, we perform some local calculations. Fix a relatively com-
pact coordinate chart K in X. Let us choose a local basis {w!,...,w"} of (1,0)-forms that is
pointwise orthonormal with respect to the metric associated to g. Let L4, ..., L, be a dual
basis of vector fields, i.e., w'(L;) = 0. We write w’ = w" A... Aw” and @7 = G A A A
(p, q)-form @ with support in K can be written 6 = 6, ;w’ A@”, and the expression is unique
if we assume, as we do, that the functions ;7 are skew-symmetric in I and J. Of course, 0
is smooth if and only if the functions 6;; are smooth.

We can choose local coordinates at a given point p of X such that dz'(p) = w’(p). In these
coordinates, L;(p) = 7%, and the metric g is given by g;;(z) = (6;; + O(|z — p|))dz" A dz7.
We also choose a frame for ' that is orthonormal at the point p. From Propositions 2.2.2
and 2.2.5 we obtain

(00)15 = — (6ace el + 0 op5ekPel) LiLe(01x) +

In this multiple sum (over all the indices except I and J) there is a lot of cancellation.
In fact, we claim that the only non-zero terms occur when & = /. Note that if the latter
is the case, then in fact J = N. To show that there are no other terms, suppose k # /.
Then the only possibly non-zero terms occur for J # N. But then among these, the only
non-zero terms occur for {Jk} = {N¢}. It follows that for some multiindex R and one of its
permutations R', J = ((R) and N = (kR’). But for any choice of ordering,

C _kA 5M155 8kB /N 0C _kA 5MP kJ _ON
BJ

dpc€7 N + MEP =O0acE7 EN T ENIEP
MP _k(R (kR
_5AC€R€R’ 5 M P
MP _ktR _kiR' _
—5A05R5R, 0" eyep T =0,

We have thus proved the following.

2.3.10 PROPOSITION. If 0 is a smooth E-valued (p,q)-form then in any local chart, in which
0 =0, ;0" A&7 as above, one has

00 = —(LyLib;5)w’ A&7 + lower order terms

and
00 = —(LyLib, )’ A&’ + lower order terms,

where ‘lower order terms’ means derivatives of the functions 0,5 of order < 1.
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Proof of the Garding Inequality. Using a partition of unity, it suffices to consider a single
coordinate chart in K.
Integration by parts applied to Proposition 2.3.10 then shows that

(036, 0) Z [(Libr)w" A& [)* + O(]16]]1110]]0)
=1

and also

(30,0) = > I(Lifrs)w’ A’[] + O(l16]]1]101]o)-
k=1

It follows that

k=1 k=1

1 n - n - -
Q(6,0) = 1015 + 3 (Z (L)’ A& (12 + D [(Librs)w’ A wJIIQ) + O([16]111161]0)

Now,
[101111101]0 < ellO][F + ng9\|3 and |[0]5 < Q(0,0).
Moreover, all first order derivatives are linear combinations of L and L. It follows that
16]17 < Q(0,0) + 1101]]16]]0
S Q0,0) +el|ol]F + 2110115
< Q0,0) +<l|0]]3.
Taking 0 < ¢ << 1 completes the proof. O]

2.3.11 THEOREM (Regularity for F'). Let n € W*(X, E),,, the Sobolev space of E-valued
(p, q)-forms whose derivatives up to order s are in L?, for some s > 0. Let 0 =Tn € 9 be
the unique solution to the equation

FO =n.

Then 6 € Wt22(X  E), .. In particular, if
nel(X, €AY ® F)) and (I+0)0=n
in the sense of currents then 6 € T'(X, € (A @ F)).

By definition of the Sobolev norm on a compact manifold the statement of Theorem
2.3.11 is purely local. Thus in order to prove Theorem 2.3.11, it is sufficient to establish the
following somewhat stronger result.

2.3.12 THEOREM. Let U C X be an open coordinate chart, x € €5°(U) a smooth function,
and x1 € €5°(U) another smooth function such that xi|Support(x) = 1. Let n € qu(g, h)
such that x1n € T(X, €AY @ E)), and let 0 = Tn € P be the unique solution of FO = 1.
Then there exists a constant C depending on s, x and x1 but not on n such that

X122 < CUbanllz + 116115)-
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2.3.13 REMARK. Since, by definition, smooth forms in W*?(X, E),, form a dense subspace,
Theorem 2.3.12 immediately implies Theorem 2.3.11. Moreover, Theorem 2.3.12 and the
Sobolev Embedding Theorem imply that 7 is smooth wherever F'n is smooth. o

We now embark on the proof of Theorem 2.3.12. Let us fix coordinate charts V CC U C
X and a ¥*-function y; with support in U such that x|y = 1.

2.3.14 LEMMA. For each €*°-function x with compact support in V,
X011 < |xa Fol” + 1]

uniformly for 6 € T(U, €>°(AR?)).

Proof. Let A be a first order differential operator. Then

(Ax0, Ax0) = (x A0, Ax0) + O(l|0]] - ||x0]|)
= (A0, xAx0) + O([10]| - [1x0| )
= (A0, AX*0) + (A0, [x, Alx0) + O(||0]] - 1x0] 1)
= (A8, Ax*0) + (6, A*[x, A]x8) + O([16]] - |[x0],)
= (

A0, Ax*0) + O(]10]] - [x111)-
Here we use the fact that the formal adjoint A* of A is a 1%° order differential operator,

the commutator [A, x] is a 0*® order operator, and there are no boundary terms because of

compact support. -
Taking A = 0 and then A = 0%, we have

(9x0,0x0) = (90,0x°0) + O(]|0]] - |[x01],)

and

(0°x0,0"x0) = (9"0,0"x*6) + O(|6l] - ||xF1]).
It follows that for e > 0 sufficiently small there exists C' = O(1/¢) such that
Q(x8,x8) = Q(0, x*0) + O([|0]] - [[x01])

= (F0,x0) + O(|10]] - l[x01]»)
< D Foll* + el Xl + ClIo1*.

An application of Garding’s Inequality completes the proof. O

2.3.15 REMARK. The same proof works if y, instead of being a single function, is a matrix
of smooth functions with compact support, acting on the components of 6, i.e., a smooth
vector bundle endomorphism of A%? @ E over U. o

For the remainder of the present paragraph we use the notation y for some function (or
matrix of functions) obtained from the the function (or matrix of functions) x; for example,
any derivative of y, including the commutator [0, x|, etc.
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2.3.16 LEMMA. Let x and 0 be as in Lemma 2.3.14, let o be a multiindex with |a| =k and
let D* act on forms componentwise. Then

Q(D*X0, D*x0) = Q(6, x(D*)" D*x0) + O(||XO|[k]|XO|5-+1)-
Here (D*)* denotes the formal adjoint of D.

Proof. We repeatedly use the fact that the commutator of a differential operator of order k
with a differential operator of order ¢ is a differential operator of order k + ¢ — 1, applied
here in the case £ = 1. We compute that

(0D*x0,0D“X0) = (D*x00,0D°x0) + O([|X0||x| X0 |+1)
= (00, x(D*)*9D*x0) + O(|[X0|[x]|x0][1+1)
= (00, ?X(DO‘) Dx0) + (96, [x(D*)*, 0] D*x0) + O(||%0] k| X0 [r-+1)
= (08, 0x(D*)*D*x8) + ([0, xD, 1060, D*x8) + O(||X0/|k|[XxO![r+1)
= (09, 0x(D*)*D*x8) + O(|X0]k| X0 1+1)-

Repeating the calculation with 0 replaced by 0* yields

("D*x0,0"Dx0) = (970, 9" x(D*)* D*XO) + O([|X01 1] X[ 1-+1)-
Adding these and observing that (6, x(D“)*D“x6) = ||D*x0||* completes the proof. O
Proof of Theorem 2.3.12. For s = 0 we use Lemma 2.3.14 to get

X015 ~ D 11020x0117 + X017 < D 110wXO1; + [Ixa FOI + 16]]*.
J J

But by Garding’s Inequality and Lemma 2.3.16,

1025 X017 < Q(0ai XB, D XO)
= Q(0, X(91)" 02 x0) + O([|X0]11[x0]2)
= (F0, x(9,)" 0z x0) + O([|[X0]1[x0]2)
= (X150, X(02 )" 00s x0) + O(/|XO||1]|x0]2)
S Fol? + [Ix011F + lIxolf3
S Fol? + ] [x0])3.

Taking e sufficiently small gives us the case s = 0.
By induction, suppose the result has been proved for s — 1. Then

101212 ~ Z IDOXOIE + IOl < Z 1DPX0113 + |IXFOllZ_s + 1101

81



But now

|D*x8|} S Q(D*XH, D*x0)
= Q(0,x(D*)"D*x0) + O(|[X0]]s+1] X0 s+2)
= (F0,x(D*)"D*x0) + O(||x0l]s+11[x0]] s+2)
= (1 F0,x(D%)"DX0) + O(|[X0|[s+11[xO|]s+2)
< [ FOl[sl[x(D*)* D*X0|-s + O(|[XO|s+1/[x0]]s+2)
S FO; 4 [1XO]s1 + X342
S FOIZ + Ixa FOlls1 + lIx0][21
S Fo2 + 5||X9||§+2-

In the second-to-last estimate we used the inductive hypothesis. Putting everything together
yields
X024z S (IXFOIZ + 116117 + el X022

Taking ¢ sufficiently small completes the proof. O]

2.3.4 Proof of the Hodge Theorem

SMOOTHNESS OF HARMONIC FORMS

Fix A € R. Suppose 6 € W*?(X, F),, satisfies 0§ = A\§. Then by definition, F§ = (X + 1)6.
It follows from Lemma 2.3.12 that § € W*t*%(X, E),,, and thus by induction

0 (WX, E)py,

s>0

By the Sobolev Embedding Theorem 6 € I'(X, AP%(T%) ® E). In particular, taking A = 0
proves the smoothness part of Item 1 of the Hodge Theorem 2.3.1. Finite dimensionality of
76, ,(g,h) (and, in fact, of all the eigenspaces of F') will be handled below.

SOLUTIONS ARE ORTHOGONAL TO HARMONIC FORMS

We turn next to the necessity of the condition in Item 2 of Theorem 2.3.1. Let ¢ € Lf,’q(g7 h)

and suppose we want to solve the equation Uu = . If a solution w exists then one has
(p,0) = (Ou, 0) = (u,00).

In particular, ¢ L Kernel(O).

COMPACTNESS OF THE THE INVERSE OF F

Recall the operator 7' = F~ ! : L]%,q(g,h) — 2 defined in Section 2.3.3. As we showed on
page 76, T is bounded. Since the composition of a bounded operator and a compact operator
is a compact operator, Corollary 2.3.9 implies the following lemma.
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2.3.17 LEMMA. Let v : 9 — L2 (g,h) denote the inclusion. Then the operator
L:=.10T: L§7q(g, h) — Lf,’q(g, h)

18 compact.

END OF THE PROOF OF THE HODGE THEOREM

Since || - ||z2 < || - ||2, the estimate (2.9) implies that ||T¢||z2 < ||€]|z2. Thus the eigenvalues
of L are no more than 1. Moreover, since F' is positive-definite and self-adjoint, so is L, and
thus all the eigenvalues of L are positive.

By the Spectral Theorem for compact self-adjoint operators there is a discrete set of
numbers 1 = A\; > Ay > .... such that \,, — 0 and the subspaces

Hn(X,E):={0 e T(X, A\ @ F); LO=\,0}
are finite dimensional and provide a decomposition of Lp A9, h), e,

L2 (9.h) = P (X, E)

m>1

in the sense of Hilbert spaces (meaning that every element on the left hand side is a possibly
infinite sum of elements of the components on the right, convergent with respect to the
Hilbert norm). Observe that for any 6 € £, (X),

00 = (A} —1)0 = 0.

m

In particular, (X, E) = 7€, ,(g,h).
Let us fix bases

{9](.’") 1< < Nm} C (X, E), m=12,...

Let ¢ € qu(g, h). Decompose ¢ orthogonally in qu(g, h) as

oo Np

o= cimby”

m=1j=1

Let
oo Nm /\

Ghap = ZZ

m=2 j= 1
Then G, .7, ,(g,h) = {0}. Moreover, the inequality

mcjm m

[ A < 1 > 2
m
11— A — 1=X =
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show that G 49 is convergent and

1
1Gpale <

iz
Next,
oo Nm Amc]m (m) oo Nm (m)
OGpq(p — Z Z 0e;™ = Z Z Cimby " = o — Bpgp.
m=2j= 1 m=2 j=1

Since 000 = 00 and 0*0 = 00", the operators d and 0* map eigenforms of a given
eigenvalue to eigenforms of the same eigenvalue. It follows that Gmé = 5Gp7q_1 and GM(E)* =
6*Gp7q+1.

It remains to show that G, is compact. But the formula for G, 4, coupled with the fact
that \,, — 0, shows that for any ¢ > 0 there is a finite-rank (therefore compact) operator
A. and an operator B, whose norm is at most ¢, such that

(2.10) Gpq = A + B..
Indeed, we choose m, such that \,,, < (1 — A\,,) and take
<l m mC m m
A Z bl = 3 Z TV
m=2j=1 m=2j= 1
But any operator is compact if and only if it has a decomposition of the form (2.10). Hence

Gp,q is compact, and the Hodge Theorem is proved. O

2.3.5 Laplacians of Kihler manifolds and the 00-Lemma

The crucial feature of Kéhler manifolds that we will use below is the characterization that a
metric g on X is Kéhler if and only if each point of X lie is a holomorphic coordinate system
with respect to which the metric is Euclidean to second order (Theorem 1.5.21).

2.3.18 LEMMA. On a Kdhler manifold the operators O = 00* + 00 and Ay = 00* + 9*0
agree, and are equal to %A, where A = dd* 4+ d*d is the real Laplace Beltrami Operator. In
particular, 0] = [JO.

Proof. We restrict to (p, g)-forms. In the untwisted case the Bochner-Kodaira Identity reads
O=V*V +0(g"Y @ det g)&-"

A straightforward repetition of the proof of the Bochner-Kodaira Identity for the operator
0 in place of 0 (which only makes sense in the untwisted case) shows that

Ay = V'V +0(g"" @ det g)*
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But then
O—Ap = —g"7(ViV; — V5V,) + O(g") @ det g)* — O(¢g") @ det g),

and the right hand side vanishes by direct computation. Therefore [J = Ay.
Next, since d = 0 + 0,

A =04 Ay+ 00" +8*0+ 90" + 90 = 0 + Ay + 90* + 070 + 09* + 9*0.

We wish to show that 99* + 0*0 = 0. Since (as the reader can verify) 00* + 9*0 is a first
order differential operator, we may study it in Kéhler coordinates, i.e., coordinates in which
the metric is Euclidean to second order. Using Proposition 2.2.5 (note that the covariant
derivatives are now the usual partial derivatives, since we are in the untwisted case) and the
formula

a _
Do — 55\1;1) SOIJdZM AdZ,

0zk
we have
- =0 0 = 0 0 e
(00" p)\5 = (—1)p5§\]f)5@@w%ﬁ = —(—1)“15@@35\?)@@sz = —(0"09) \15-
Finally, if 0 = Ay then 00 = 0Ay = A0 = [J0. The proof is complete. O

With the aid of the Hodge Theorem, we can now use the previous lemma to prove the
following important result.

2.3.19 THEOREM (aé—Lemma). Let X be a compact Kdhler manifold and let ¢ be a d-
closed (p,q)-form on X. Assume moreover that ¢ is d-, O- or D-exact. Then there exists a
(p—1,q—1)-form ¢ on X such that 00y = . Moreover, if p = q and @ is Hermitian then
the exists such a v so that v/-11) is Hermitian.

Proof. Since J = Ay = %A, the kernels of these operators are all the same, and consist of
harmonic forms.

Let us assume first that ¢ is 0-exact. Then ¢ is orthogonal to the harmonic forms, and
by the Hodge Theorem

p = (00" + 0°0)G(p) = 00" G4(yp),

where G5 is the Green operator of [J. The last equality holds because 0 and G5 commute.

Now, since 0 = dy = Op-+0p, we must have dp = 0 by type. Thus the form 7 = 0*G5(¢)
satisfies

on = —0"0G5(p) = —0*G5(0p) = 0.

Since n € Image(9*), 7 is orthogonal to the harmonic forms, and thus
n = (00" + 0"0)Ga(n) = 00" Gy(n),
where again the last equality holds because 0 and Gy commute. Thus we have
p = 0(0"G5()) = In = 90(9"Go(n)) = 00(9"0* GoG5(w)),
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which establishes the case of J-exact ¢. The case of d-exact is the same, with 0 and 0
interchanged in the argument. And since any d-exact form is a sum of d-exact and 0-exact
forms, the d-exact case follows as well.

Finally, if ¢ is Hermitian then

V100" GG )
is Hermitian. The proof is complete. [

An important application of the 99-Lemma is the following result.

2.3.20 THEOREM. Let X be a compact Kdihler manifold and L — X a holomorphic line
bundle. Let w be a Hermitian (1,1)-form in the cohomology class c1(L). Then there is a
metric e~% for L such

V-1

2

Proof. Fix any smooth metric e %° for L. Then 0 = w — §85¢0 is Hermitian and d-
cohomologically trivial. It follows from the 90-Lemma 2.3.19 that

_ Vil
o

for some real function f, and then the metric e~ %+ has curvature w. m

00p = w.

0 80 f

2.4 L2 Estimates for the 0 Equation

In complex analytic geometry one often tries to construct holomorphic functions, or holo-
morphic sections of a given vector bundle. The existence of such functions already implies
that the vector bundle in question (which is the trivial line bundle if we are considering
functions) admits a possibly singular Hermitian metric with some sort of positivity.

By contrast, if a holomorphic vector bundle £ — X has a Hermitian metric with suf-
ficiently positive curvature, one would like to construct sections of this holomorphic vector
bundle. The usual technique is to first construct a smooth section, and then correct this
section to be holomorphic.

One can check whether a smooth section s is holomorphic by examining ds; s is holo-
morphic if and only if ds = 0. If a linear correction s — u of s is holomorphic then u must
be a solution of the equation

ou = 0s.
The right hand side is a given E-valued (0, 1)-form, and one wants to choose u so that the
desired properties of s are not destroyed after subtracting w.

We shall use this philosophy in the next two chapters. In the present chapter, we focus
on a specific way of solving the equation u = f for a given 0-closed E-valued (0, 1)-form
(or more generally, (p, g)-form). There are several approaches to the problem, but the most
general seems to be obtaining a solution with L? estimates, and this is the approach we shall
pursue.
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2.4.1 Compact Kahler Manifolds

In the case of a compact manifold, all smooth forms have compact support. Thus the methods
of the 1-dimensional case can be applied to the setting of compact manifolds, resulting in a
proof of Hérmander’s Theorem that, as the reader will later see, is much less technical than
the proof of Hormander’s Theorem in the case of general pseudoconvex Kéahler manifolds.

Though there is a definite need for the general case of Hormander’s Theorem in some
of the deeper applications to algebraic and complex geometry, the compact case already
has applications to important results in algebraic geometry and in the geometry of compact
Kéhler manifolds.

HORMANDER’S THEOREM ON COMPACT KAHLER MANIFOLDS

2.4.1 THEOREM. Let (X, g) be a compact Kihler manifold and let E — X be a holomorphic
vector bundle with Hermitian metric h. Fiz p,q with 0 < p <n and 1 < g < n. Assume
that, as linear transformations acting on E-valued (p, q)-forms pointwise,

(2.11) O(g" @ det(g) ® h)fs > ¢-1d

for some positive constant c¢. Then for every 0-closed E-valued (p, q)-form @ such that

there exists a E-valued (p,q — 1)-form w such that

= 1
2 2
ou=¢p and /X|u|g7thg < E/X|('0|g’hdvg'
Moreover, Hy(X, E') = {0}.

REMARK. Note that the vanishing of H2?(X, E) does not follow immediately from the

solvability of 0, because we are only producing square-integrable solutions. In fact, even for
smooth data ¢ there are always non-smooth solutions u of the equation du = ¢ when ¢ > 1.

Although we could use the Functional Analysis Lemma 2.1.6, we will give a direct proof
that uses similar ideas from functional analysis, but that will produce for us a smooth solution
when the data is smooth. o

Proof. Let ¢ be the form given in the hypotheses. For any smooth, E-valued (p, q)-form
The Bochner-Kodaira-Nakano Identity implies the estimate

1 3 O
(2.12) 111 < = (11001 + 1076 1°)
Now consider the bilinear form (-, -), defined on smooth sections of AR? ® E by
(01, 4) o 1= (Oty, Do) + (0741, 0"4hn).
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The inequality (2.12) implies that || - ||+ is a norm. Define ¢ to be the Hilbert space
completion of T'(X, €< (A%? ® E)) with respect to the norm || - || .
Let A, : L2 (g,h) — C by
Ap(¥) == (¥, ).

By Cauchy-Schwarz

2
a0 e,

and thus A\, € 5. Therefore by the Riesz Representation Theorem there exists v € JZ
such that

2
iy < BB and o) =200, ve

The latter means that
(2.13) (Ov, 0Y) + (070, 0") = (¢, ), € H.

In particular, the latter holds for smooth . Thus v = ¢ in the weak sense. We also note
that, by Theorem 2.3.12, v lies in the Sobolev space wt2,
Now, since dp = 0 we claim that dv = 0. Indeed, for any smooth form € one has

0 = (ip,3°0) = (v, 33°0) + (5", 33*0) — (Fv, 55°0) = (53w, 3°0).

Choosing a sequence of smooth forms v; that converges to v in W'? and setting 6 := 5vj,
we have

0 = lim(9*9v, 9*v;) = [|0* ||,
J
which proves that 9*0v = 0, and hence |[0v||* = (8*9v,v) = 0, which proves our claim.
With the vanishing of Jv in hand, (2.13) shows that the twisted form w := 0*v satisfies
(u,0"Y) = (p,v), ie., Ou= ¢ (in the weak sense)

and

o] |2
|ul[? = [|v] 5 < p

Finally, suppose ¢ is smooth. Then by the Hodge Theorem 2.3.1.2 the solution v of
v = ¢ is smooth, and thus so is u = 0*v. In particular, by definition of Hg’q(X, E),
HP(X, F)={0}. O]

2.4.2 REMARK. The vanishing of the cohomology in Theorem 2.4.1 can also be deduced
from the Hodge Theorem and the formal Bochner-Kodaira Identity. Indeed, by Theorem
2.3.2 every cohomology class in Hg’q (X, F) contains a unique harmonic form. If ¢ is such a
harmonic form then by the Bochner-Kodaira Identity we have

0=0¢p = V*Vp + O(h)h.
Taking inner product with ¢ yields
0= (Op,¢) = IVell* + (O(h) 9, 0) = cllpll’,

and thus ¢ = 0 (and also Vo = 0, i.e., harmonic forms are ‘parallel’). o
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PosiTiviTY AND VANISHING

If we unravel the right hand side of the assumption (2.11) in Theorem 2.4.1 we discover the
formula
q

zé «
Z ﬁ”ksplpjl (Dg---dq

q p

ZZ y ch (P)vipgi . (f)k-";q
o

Z JkSOIle )k Jq

(09" @ det g @ h)o

)Zl ’p]l Jq

It is hard to tell from this expression whether the assumption (2.11) holds for given metrics
g and h. A few special cases are easier to handle.

Kodaira Vanishing

Let L — X be a holomorphic line bundle on a complex manifold X of complex dimension
n, and let e”% be a smooth Hermitian metric for L. The positivity of the curvature d0p of
e~ % means precisely that the (1,1)-form

W= Eaécp
2m

is a Kéhler form. (Thus, a posteriori, every complex manifold admitting a line bundle with a
metric of positive curvature is necessarily Kéhler.) We therefore can, and do, use the Kéhler
form w to define our Kahler metric g on X.

Suppose 3 is a smooth, L-valued (n, ¢)-form. Then

(e #)p

q n . .
=27y gwgﬁkﬁilm(g)k”_jqdzl A Nd2Z" ANdZP N N dZ
k=1
= 2mqp

By Theorem 2.4.1 we have the following theorem.

2.4.3 THEOREM (Kodaira Vanishing Theorem). Let X be a compact Kdihler manifold and
let L — X be a holomorphic line bundle admitting a smooth metric of positive curvature.

Then
HM(X, L) = {0}.
Vanishing theorems for ¢ > 1

Let (X,w) be a Kéhler manifold. Suppose L — X is a line bundle with smooth Hermitian
metric e~¥ whose curvature 2 = v/-100¢ is not necessarily positive. Let

Ai(p) < Aalp) <o < Aalp)
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denote the eigenvalues of 6, relative to w,,, thought of as Hermitian forms on T)lgg). (These
eigenvalues depend on the point p, but nature of this dependence will not be important to
us.) Fix a correspoinding w-orthonormal basis & (p), ..., ,(p) of eigenvectors for T)l(’g, and

let of € Ty be defined by
ai(v) :(A}(&ﬂ}), v E T)1(’27
Given an L-valued (n, q)-form 3, we can write 5 = 7ol A ... Aa™ Aa’ ® e. We compute
that

q _
— il n —
O(e “")ﬁgﬂ = Z g Qﬁkﬁ;l.__(g)k‘.jqozl A.ANad"Na'l®e
k=1

5iz)\i5i3k531”_(5),6.”3(1@1 A..had"ANa! ®e

M=

k=1
=N\, + ..+ A)B80 A Ad A e ®e.

Since w = V-1, A @' and Q = V-1, o A &', we have

QAW = (VD)= D! D (N, + -+ N )ad AaT A Aade Aad
[J]=q

and
w! = (V-1)1g! 3 ol AaT Ao Aadt Add.
|/|=q

By Theorem 2.4.1 we have the following theorem.

2.4.4 THEOREM. Let (X,w) be a compact Kihler manifold, let L — X be a holomorphic
line bundle with smooth metric e=%, and let ¢ € {1,...,n}. If there ezists a constant ¢ > 0
such that

V-100p A wi™ > cwl.

Then
Hg’q(X, L) ={0}.

2.4.5 REMARK. Note that if ¢ =1 then V-100y satisfies the hypotheses of Theorem 2.4.4
if and only if v/-1900¢ is positive definite, and the latter condition is independent of w. On
the other hand, if ¢ > 1 the hypotheses of Theorem 2.4.4 depend both on v/-109p and w. ©

Positivity for vector bundles and Nakano Vanishing

Continuing in the case p = n on a Kédhler manifold (X, g), let us pass to the case of a higher
rank vector bundle £ with Hermitian metric h.

Recalling that the curvature ©(h) of the Chern connection for A is a linear map from
I'(X,E) to I'(X,AY'T% ® E), we can define a quadratic form on the fibers of T’ ® F — X
by

®v,n® w>h,@(h) = h(O(h)¢,7v, w).
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2.4.6 DEFINITION. Let E — X be a holomorphic vector bundle of rank r with Hermitian
metric h on a complex manifold X of complex dimension n. Fix a Hermitian metric g on X.

(i) We say that h has positive curvature in the sense of Griffiths at a point € X if there
exists ¢ > 0 such that

<€ ® 7)75 ® U>h,e(h) Z C- h(U, U)g(ga 5)

for all v ® £ € Ty ® E,.

(ii) We say that h has positive curvature in the sense of Nakano if there exists ¢ > 0 such

that ) ) )
<Z€j ®Uja25k®vk> >c Y Wy, v;)9(Ek, &)
j=1 k=1 Jk=1

h,Qu(h)

for all & ® vy,...,£, @0, € T)lggc ® E,, where p = min(n, r).

2.4.7 REMARK. Elements of fibers (T’ ® E), = )1((; ® E, can be seen as linear maps from
T)l(’gﬂ to EF. The rank of each such linear map is called the rank of the tensor. The rank of
a non-zero tensor can be any integer between 1 and min(dime¢ (X ), rank(£)). A tensor has
rank 1 if and only if it is indecomposable, i.e., of the form £ ® v for some £ € T)l(’gc and some
vE Fk,.

The different notions of positivity can be explained more clearly in terms of rank. The
metric h for £ — X is Griffiths positive (resp. non-negative) if and only if the quadratic
form {-,-} is positive (resp. non-negative) on all tensor of rank 1. Nakano positivity for b is
equivalent to the positivity of {-,-}.

Demailly has introduced intermediate notions of positivity. One says that h has k-positive
curvature in the sense of Demailly if {-, -} is positive on all tensor of rank k. o

Clearly these notions of positivity do not depend on the choice of the metric g. Moreover,
we have the following theorem.

2.4.8 THEOREM (Nakano Vanishing Theorem). Let X be a compact Kdihler manifold and
let E — X be a holomorphic vector bundle admitting a smooth metric whose curvature is
positive in the sense of Nakano. Then

HyY(X, E) = {0}

forall g > 1.
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Akizuki-Nakano Vanishing

Let £ — X be a holomorphic vector bundle over the Kéhler manifold (X, g). For general
(p, q), the Bochner-Kodaira Identity reads

« ) zﬁ a
(Dgp)zl’pglh o —gjv v <P11 ijl jq + Z g ﬁzﬂkwlph (Z)kmiq

+ Z Z Rlyrejk 9011 Yo wipg1o (O -Jq

kll/l

ZRS]k 17 ~(8)k-- Jq

for any smooth E-valued (p, q)-form ¢.

When the vector bundle £ — X is trivial, we also have a well-defined 0 operator, but
in general we must use its covariant version, which we have denoted V. Let us derive a
formula for the covariant d-Laplacian

ALO = Avl,o — Vl,O(VLO)* + (vl,O)*vl,O

for (p, q)-forms with values in a holomorphic vector bundle £ — X. Note that the derivation
is not completely symmetric to the derivation of a formula for [J, since the vector bundle
E — X is holomorphic, and not anti-holomorphic.

We can carry out the derivation in the same way as for [, so we will be sketchy, leaving
verification of fine details to the reader. Like Propositions 2.2.2 and 2.2.5, we have

p

1,0 k
<v >1011 dpd = Z(_l) vzkgpiz}czp
k=0

and
((Vl 0) )Zl dpe 1j —ng ()0111 p— 1J:

Therefore we have
_ P
1,0 1,0 e @ i a
((V ) A\ >Z1 dpd T -9 ]vjvigoilu_z‘pj + kz_:l g ijvikgpn...(i)k...ipj

and )
(VHO(V10)* )11 dpd T Z gijvikviwzm(i)k...ipj’
k=1
and thus

- p L
(Al o )11 dipd T _ngjvigpg...i;}j - Z 9" [V%? vj]gpial...(i)k-..ipj‘
k=1
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We can then compute, along the same lines as in the proof of Theorem 7?7, that

1,0 ) M «
(A )11 Jip J _gjv VQOZI Ap J Zg 5ljk i1...(O) k.- sz

p
Z Ty Jk@“ (M) peripit-e(E)k--Jq

Me i Me

+Y R®

k(plpjl---(s)k---ﬂq

>
Il
—_

Since . .
(9"[Vi, V5le) 77 = 9755075

is the trace of the curvature in the base directions, we finally conclude that

1 0 2 il (you ijoa B
<D(P o kzzlg ' Blkj(’pn (O)k..ipd + Zg Qﬁl]kgpljlm(z)k--jq N gjgﬁﬁ(’plj'

In particular, if £ is a line bundle, we have the following result.

2.4.9 PROPOSITION. Let X be a Kdihler manifold and let L — X be a holomorphic line

bundle with Hermitian metric e=¥. Then with () = 8350de NdZ,

P _ i}
1,0 viey - _ ey _ S o) -
Op — A g = kz: g ]Qikj%l...(u)k...z’pJ + kz: g Qijkgolpjln-(g)k...jq -9 ]Qz‘j@'
—1 =1

2.4.10 REMARK. If we take L to be the trivial line bundle with the trivial metric e ¥ =1
then we recover the identity
O = A

discussed in the previous section. o
We can finally prove the following generalization of the Kodaira Vanishing Theorem.
2.4.11 THEOREM (Akizuki-Nakano Vanishing Theorem). Let X be a compact Kihler man-
ifold and let L — X be a holomorphic line bundle admitting a smooth metric of positive

curvature. Then
H3*(X, L) = {0}
for all p+q >n.

Proof. As in the proof of Theorem 2.4.3, we take a positively curved metric e™% for L — X
and let ¢ be the metric whose metric form is ‘é—f@@gp. Then by Proposition 2.4.9 the identity

Op = Ao+ (p+g—n)y
holds for all smooth L-valued (p, ¢)-forms. It follows that
1001 + 10" [1* = [Vl + [[(V2) el + (0 + g = )@l > (0 + ¢ = 0|l

for all smooth L-valued (p, ¢)-forms. If the latter estimate replaces (2.11) in the statement
of Theorem 2.4.1 then, with ¢ = p+¢—n > 0, the proof of Theorem 2.4.1 goes through. [J
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2.4.2 Complete Kahler manifolds

Let (X, g) be a Hermitian manifold and let £ — X be a holomorphic vector bundle with
smooth Hermitian metric h. We define the Hilbert spaces Lf,yq(g, h) to be the Hilbert space
completion of the space T',(X,AR? ® E) of smooth compactly supported E-valued (p, q)-

forms. (This time, since X is not smooth, we must restrict to compactly supported forms.)

THE MAXIMAL EXTENSION OF 5

We have the operator 0 : I'(X, APIT5 @ E) — T'(X, AP T% ® E) defined on smooth sections,
and we extend 0 to a densely-defined operator L2 (g,h) = L2 .. (g,h) following the same
path, which we now recall.

Since every element of L

operator on all of L? |

;q(g, h) is trivially locally integrable, we can extend O as on

- : 2
(g, h) in the sense of currents: for ¢ € L (g, h),

Dp(¥) = (p,0'P), ¢ € T(X, AT ® B),

where 9* is the formal adjoint of 9. B
We can construct a densely defined extension of 0 if we take the domain of the extension

of O to be any subspace H of L2 (g,h) containing I'o(X, APT% ® E) such that for each
¢ € H the E-valued (p,q + 1)-current dyp is represented by integration against some form

F, e L} ,.1(g,h), meaning
Dp(v) = (Fpib) for all € T,(X, AR @ E).

(We will shorten the terminology and simply say that Jp € Lg’q +1(g,h) in the sense of

currents, or simply that dp € Lg,q +1(g, h).) Each such subspace H yields a different densely

defined operator. )
In this chapter, we will take the so-called mazimal extension T,, of O defined by the
domain

Domain(7,,) == {y € L;q ; Op € L;qﬂ(g, h)}.
2.4.12 PROPOSITION. The operator T'= T, , is closed.

Proof. Let {¢;} C Domain(T") be a sequence that converges to some ¢ € Domain(7") such
that T'p; — ® in L2 . ,(g, h). Then for all n € I',(X, AR @ E) we have

(T — ®,m) = lim(Tp — Tp;,n) = lim(p — ¢;,0™n) = 0.
Thus T = . O]

THE HILBERT SPACE ADJOINT T;‘q

By Section 2.1, the maximal extension T, , of 0 has a Hilbert space adjoint. We recall that
Domain(T;q) ={ac€ L2’q+1(g, h) 5 (o, Tpqt0)| < Collth]] for all ¢ € Domain(T,,,)}.

p

Below we will need the following simple proposition.
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2.4.13 PROPOSITION. If x € €;°(X) and ¢ € Domain(T},) N Domain(7}411) then
x¢ € Domain(T}; ) N Domain(7}, 441).
Moreover,

Ty or1(x9) = XTpari9p + Ox A and T; (xp) = xT*p — grad x e,

where, for a function f, gradf is the (0, 1)-vector field defined by

g(& grad’f) = 0f(€), €€ Ty

Proof. We compute that, as currents,

5(X90) =X Np+ X1 pg+19;

so clearly x¢ € Domain(7}, ,+1) and the formula for 7, ,; holds. Next, if ¢ € Domain(7},,)
then the calculation just completed shows that x¢ € Domain(7},,). Thus

|(X907Tp7q¢)‘ = ’(@an,q(;@ﬁ) - 55( {\ ¢)‘
< ClIxY|] + [l - [1ox A |
< (Cysup [x| + ||¢!|Sl)1(p [OxDIIIl,

which shows that x¢ € Domain(7};,) and

(x, Tpg¥) = (0, Tpo (X)) — (0, 0X A ) = (XT2 0, %) — (grad yop, ¥),

and the formula for T;q follows. O

COMPLETE KAHLER METRICS AND THE BASIC ESTIMATE

Our next goal is to extend Hérmander’s Theorem from compact Kéhler manifolds to more
general complete Kéhler manifolds. The intuitive idea is that when X has a complete Kahler
metric its boundary is infinitely far away, so partitions of unity can be brought to bear when
the forms being studied are square-integrable.

Complete Riemannian manifolds and exhaustion functions

Recall that in Riemannian geometry one has the notion of a complete (connected) Rie-
mannian manifold (M, g): The Riemannian metric ¢ induces a distance function, with the
distance d,4(x,y) between two points =,y € M being the infimum of the lengths of any two
paths connecting those two points. (In general, a curve realizing this infimum, which is
called the minimizing geodesic, need not exist.) The underlying manifold with this distance
function is a metric space, and we say that a Riemannian manifold is complete if this induced
metric space is complete.
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The celebrated Hopf-Rinow Theorem says that the completeness property of the Rie-
mannian manifold is equivalent to the condition that for some (and hence any) x, € M the
function

Yo 1 M 3z 04(x,x,) € [0,00)

is proper. In general the function 1, is not smooth, but it is Lipschitz with constant 1, and
thus it is almost everywhere differentiable. Moreover, |di,|, < 1. We can therefore smooth
1, to a function ¢ satisfying

|diplg <2 and |ip(x) — Yo(x)] < 1.

The function ¢ : M — [—1, 00) is then also proper.

It is not hard to show, on the other hand, that the Riemannian manifold (M,g) is
complete if there exists a smooth proper function ¢ : M — [A, 00) on M such that |di|, is
uniformly bounded.

2.4.14 REMARK. Note that the constant A plays no role in the completeness of (M, g), but
we must have it if we insist on using the word ‘proper’. In complex analysis, it is customary
to avoid this trivial issue by introducing the notion of an exhaustion function. o

We summarize the discussion in the following proposition.

2.4.15 PROPOSITION. A Riemannian manifold (M, g) is complete if and only if there exists
an exhaustion function ¢ € €<(M) such that |di|, < 1.

APPROXIMATION OF TWISTED (p, ¢)-FORMS ON COMPLETE KAHLER MANIFOLDS

For the rest of the chapter, we employ the following convention: we fix p and ¢, and let
T:=T,,01 and S:=1T,,.

Since the operator of primary interest is 7', while the operator S comes in to take care of
the compatibility condition for the data, it is useful to distinguish these two operators more
clearly, as this notation does.

On a complete Kéhler manifold forms in Domain(S) N Domain(7*) can be approximated
by smooth forms, with respect to the norm

(2.14) = loll + 1Tl + [15¢ll-

2.4.16 THEOREM. Let (X,w) be a complete Kihler manifold and let E — X be a holo-
morphic Hermitian vector bundle. Then for any E-valued (p,q)-form ¢ € Domain(T™*) N
Domain(S) there exist smooth, compactly supported E-valued (p, q)-forms {¢r} such that

Jim [[o — || + [T — 9" il + [|Sp — doxl| = 0.
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Proof. Fix an exhaustion function ¢ € €*°(X) such that |dy|, < 1 and a function y €
¢ (R) such that x(r) =1 for r <0 and x(r) =0 for r > 1. Let fi(x) = x(¢¥(x) — k + 1).
Then f, € €°(X), and in fact f; is supported in the compact set X := {x € X ; ¥(z) <
k}. For any ¢ € Domain(7*) N Domain(S) Proposition 2.4.13 implies that the compactly
supported form

Dy = frp

lies in Domain(.S) N Domain(7*) and satisfies
S, = frSo+0fs N and T*® = fi T*p — (grad® f;.) 2p.
We estimate that

15k = Sell < [[(1 = fi)Sepll + (sup ldfe)[[1x-x ol < CMx-x, ol + |1 1x-x,.5¢l]),

and the right hand side converges to 0 as k — oo because ¢ and Sy are in L% Since
[lerad™ fill = [10£ill = V2lldful,
a similar calculation shows that ||T*®, — T*p|| — 0 as k — oo. Therefore
i = Byl + 1T — Ty | + [| S — SO/ =0 as k — o,

Using a partition of unity {yx;}, we can write ®;, = ®f + - -- + ® with each & := x; frp
supported in some coordinate chart U?, and, again by Proposition 2.4.13, lying in the domain
of T*. Using mollifiers in the coordinate chart U; we can approximate ®% by a compactly
supported smooth form ¢ that converges to ®¢ in the Sobolev 1-norm. Thus with ¢, :=
©p + -+ pp we have

N
s, — prl] + [T ®p — 0% pr|| + 1Pk — Dpi|| S D NP — ill + [d(P, — @u)l] = 0
i=1
as k — co. Thus by the triangle inequality
1o = @ll + 1|70 — 0"l + IS — Dpl| — 0
as k — co. The proof is complete. ]

2.4.17 REMARK. The norm (2.14) is often called the graph norm, since it is the restriction
of the norm of L]%’q S) Lf)’q_l &) Liqﬂ to the graph of the operator 7" & S. o

THE BASIC ESTIMATE FOR COMPLETE KAHLER METRICS

We can now prove the following version of the Basic Estimate.
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2.4.18 THEOREM (The Basic Estimate: Complete Kahler metric case). Let (X,g) be a
complete Kdhler manifold and let E — X be a holomorphic vector bundle with Hermitian
metric h. Then for all E-valued (p,q)-forms ¢ € Domain(T*) N Domain(S) one has the
estimate

1T |* +11S¢l* > (09" ® det g @ h)¥sp, ).
Proof. By Theorem 2.4.16 the smooth compactly supported E-valued forms are dense, and
thus the result follows from integration by parts applied to the Bochner-Kodaira-Nakano
Identity and the obvious inequality ||V||> > 0. O
HORMANDER’S THEOREM FOR COMPLETE KAHLER METRICS

We shall now use Theorem 2.4.18 to establish the following result.

2.4.19 THEOREM (Hérmander’s Theorem; complete metric case). Let (X, g) be a complete
Kahler manifold and let E — X be a holomorphic vector bundle with Hermitian metric h.
Assume that

O(g"”) @ det g @ h)fs > cldyragp

for some ¢ > 0. Then for each E-valued (p,q)-form ¢ such that
dp=0 and /X o] " < 400
there exists a E-valued (p,q — 1)-form u such that

_ 1
. 2 n 2 n
ou = ¢ and/X |ulj, " < . /X |l gw"™-

Proof. Since Kernel(.5) is a closed subspace of ngq(g, h) we can replace the latter by the for-

mer. Restricting the Basic Estimate to Kernel(S) then gives us that for all ¢ € Domain(7™)N
Kernel(S),

1%l -
(2.15) (0, ) < lP|]]” < 7|IT oll?,

where the last inequality follows from Theorem 2.4.18. The Functional Analysis Lemma
2.1.6 with Hy = L2 (g,h) and Hy = Kernel(S) then yields a (p, q)-form u such that Tu = ¢
and ||u|| < c¢7Y|¢]||, as desired. O

COMPARISON OF L? NORMS FROM COMPARISON OF METRICS

Let X be a complex manifold and £ — X a holomorphic vector bundle with Hermitian
metric h. Fix Hermitian metrics g and v with metric forms w and 6 respectively, and assume

Y29
Choose an w-orthonormal basis of (1,0)-forms o', ..., o™ such that

0= MvV-la* Aat + -+ \,V-1a" A a”.
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Then \; > 1for1 <i<n.
Given a E-valued (p, ¢)-form 7, one can locally write

n= anaI Aa’

with 7,7 local sections of E. With the notation \; = A;; ---A;, and A\j = A, --- A;, the
norms of 7 with respect to the metrics (g, h) and (v, h) are respectively

1 1 0155
g = 2ir 2 Imglh and nf, = 3L SRR
J

1 I|=p,|J|=¢q 1 |I=p,|J]=q

In particular,

nli. < Inlh .,

On the other hand, the volume forms for the two metrics are
dVy = (V-1)"ar Aa' A---a" Aa" and dV, = Ao A (V-D"al Aat Aot Aan,

so dV, < dV,, and hence it is in general hard to compare the L*norms of (p, q)-forms with
respect to these two metrics.
However, there is one exceptional but important case: the case p = n. In this case

1 _12
|77|%L7,YdV7 = > |77/I\J_|h (V-D"at Aat A Q" AG"
¥ t=n =g

SIS (VD) At At Ad"
{j=n, 11—

(The case ¢ = n also works. However, a moment’s thought shows that we must view ¢ as
fixed, but that we can manipulate p because it can be pushed into the holomorphic vector
bundle E.) Consequently one has the comparison of L?-norms: if 1 is a E-valued (n, ¢)-form
and v > ¢ then

11l < [lnlli o-

This monotonicity of norms is very useful if one wants to generalize Hormander’s Theorem
2.4.19 to the setting in which the manifold X is complete Kéahler but the metric ¢ is not
necessarily complete. Indeed, of g is a Hermitian (resp. Kéhler) metric and g. is a complete
Hermitian (resp. Kéhler) metric then for every € > 0 the metric g. := g + €g. is a complete
Hermitian (resp. Kéahler) metric that dominates g.

There is also of course the problem that the monotonicity of L?-norms only works when
p = n, but this matter is dealt with by another clever trick.
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HORMANDER’S THEOREM FOR COMPLETE KAHLER MANIFOLDS

We can now remove the hypothesis of completeness for the metric g in Theorem 2.4.19.

2.4.20 THEOREM (Hormander’s Theorem). Let X be a complete Kihler manifold with metric
g that is not necessarily complete, and let E — X be a holomorphic vector bundle with
Hermitian metric h. Assume that

(2.16) O(¢g"?Y @ det g ® h)ag > cldyragp

for some ¢ > 0. Then for each E-valued (p,q)-form ¢ such that
/X ol " < 400 and dp =0

in the sense of distributions, there exists a E-valued (p,q — 1)-form u such that

_ 1
. 2 n 2 n
ou=¢ and/X |ul " < - /X ol g™

Proof. Fix a complete Kahler metric g, and write g. := g + eg.. If € > 0 is sufficiently small
then there exist constants ¢, > 0 such that

li_r)r(l) c.=c and O(¢g"Y @detg® h)fee > cldpragp.

In order to exploit the monotonicity of L2 -norms with respect to the Kahler metrics, one
uses the following trick to identify E-valued (p, ¢)-forms with E-valued (n, q)-forms for some
holomorphic vector bundle E. We have used this trick at the bundle level, but not at the
metric level.

Let £ := AP'T%: @ K% @ F and set h = ¢®% @ det g ® h. Then h is a metric for F
satisfying 3

@(h)ﬁgs > CEIdArgq@E,

and moreover for any E-valued (p, ¢)-form, a.k.a. E-valued (n, ¢)-form, n
2 2
71k = Inl7 ,-
We emphasize that the metric h involves the metric ¢ and not the metric g., and so in this

sense h is ‘e-static’.

Now let v € L} (g9,h) = L., (g, h). Then by monotonicity

J 16l Vi < [ 168 v, = [ 1el? v, < +oo,
so by Theorem 2.4.19 there exists u. € Liq(ﬁ, g-) such that
Ou. = d 2 gy, < 2y, < 2 dv,
Ue = SO an X |u5|f~L,g5 ge — ;8 e |<IO|FL’96 ge — ;5 b |(p|ﬁ7g g
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Now, for 0 < € < &,, g- < g.,, and hence by monotonicity again

[l e, < [t Vi, < [ 1k

Thus since ¢. — ¢, {u.} lies in a fixed ball inside thq(ﬁ, ge,). By Alaoglu’s Theorem we can

7g

choose a subsequence u,j, 1= u., that converges weakly in L?L,q(h, ge,). Choosing 1 < ¢,,
we have a weakly convergent subsequence

{ul,]l P = } - {UO,]o D Jo=1,2, } n L?L,q(ﬁagm)'
Continuing inductively, we choose ;11 < € and a weakly convergent subsequence
{wprry; J=1,2,..3 Clur;; j=1,2,..3N L2 (b ge,.,).

Assuming further that ¢, — 0, the sequence {u; := u; ;} converges weakly to some

u € ﬂL (R, ge,)-

k>o

Since |u|%g dVj., is an increasing sequence (in k), by the Monotone Convergence Theorem
b Ek:

. 1 1
Sl gtV = [l v = dim [l dve, <[ el dvy = el v,

Finally, since the convergence is weak,

for any compactly supported 1. Thus Ou = ¢, and the proof is complete. O

WEAKLY PSEUDOCONVEX KAHLER MANIFOLDS

An important class of complete Kéahler manifolds in complex analysis is the class of weakly
pseudoconvex manifolds.

2.4.21 DEFINITION. A complex manifold X is said to be weakly pseudoconvex if X has a
smooth plurisubharmonic exhaustion function.

2.4.22 THEOREM. If X is a weakly pseudoconvex Hermitian (resp. Kdhler) manifold then
X has a complete Hermitian (resp. Kdhler) metric.

Proof. Fix a Hermitian form w and a smooth plurisubharmonic exhaustion function ¢). Then
O =w + V-100e*
is Hermitian, and it is Kahler if w is Kahler. Moreover

D= w + 4e?V-10% A O 4 22V V-1004 > 4v/-10(e?) A D(e¥).

101



Note that for any real-valued function p, dp = dp + dp = dp + Jp, so that

\dp|2 = g5(0p + 9p,0p + 9p) = g%(Ip, Ip) + g% (Ip, Ip) = 245 (9p, Ip) = 2|0p|2.

Thus
|d(e?)]Z = 2]0(e?)]7 <

Since the exponential function is increasing and proper (as a function from R to (0, 0)), e¥
is also a smooth exhaustion function. By Proposition 2.4.15, (X, @) is complete. O

1
5

Thus Hérmander’s Theorem holds on weakly pseudoconvex manifolds.

2.4.23 REMARK. In the latter proof, if we can replace the exponential function by y o ¥
where x : [0,00) — [0, 00) is any non-constant convex increasing function. (Observe that a
bounded increasing convex function on [0, 00) is necessarily constant, and thus in fact x o)
is also a plurisubharmonic exhaustion.) We then compute that

& = w -+ V-1(x 0)00% + X" (Y)V-100 A > X" (Y)V-10¢ A Dy = V-10(ho ) Ad(ho ),

where h is a real-valued function satisfying (/)? = x”, i.e.,

W) =C+ [ " (.

Note that as y is convex, h is necessarily increasing, so in order for ho1) to be an exhaustion,
it is necessary and sufficient that & is an exhaustion of R, i.e., lim, ;o h(x) = +00. o

One might wonder whether every complete Kéahler manifold is weakly pseudoconvex.

2.4.24 EXAMPLE. Let (X,w) be a compact Kéhler manifold and let Y C X be a complex
hypersurface. Then Z := X — Y is complete Kéhler. Indeed, denoting by Ly — X the
holomorphic line bundle associated to Y, let T € H°(X,O(Ly)) be a holomorphic section
such that Y = {z € X ; T(x) = 0} and let e be any smooth metric for Ly — X such that

sup |T)%e™ < 1.
X
The function
7= —log|T|Pe ™ € €°(X - Y)
is a negative exhaustion function of X — Y that further satisfies

vioT

T and  V-1001 = —vV/-100\.

supt <0, I =
X

Note that —/~190A is a smooth Hermitian (1, 1)-form on X. Therefore for C' > 0 sufficiently
large v/-1001 > —Cw. Now consider the function p := ¢(7), where ¢ € €>*(R) is a convex
nondecreasing function. We compute that

V-10p A Op = ¢/(7)*V-107 A OT
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and that

V-100p = ¢'(p)V-1907 + ¢" (T)V-197 A 7.

Therefore the Hermitian form
@ 1= Cw + V-100p = Cw + ¢ (T)V-1001 + ¢ (T)V-107 A dT > Cw + ¢ (7)V-1807
is a Kéhler form as long as ¢’ < 1, while
& —V-10p A Op = Cw + ¢ (p)V-1007 + (¢ (1) — &' (t)*)V-107 A OT

shows that if ¢’ < 1 then the Kéhler form @ defines a complete metric as long as ¢” > (¢/)%.

The function
1 -1
o == |t+log—
[0) 5 < + log ; )
1 1 1 1

1 1
¢;(t):§_§<§ and ¢Z(t)—(¢é(t))2=ﬁ+%—§>1

satisfies

if t < —3.

On t?1)16 other hand, Z need not be weakly pseudoconvex. Indeed, if X, is any complex
manifold of dimension at least 2, let X be the blowup of a point in X, and let Y be the
exceptional divisor. A plurisubharmonic function on Z = X — Y = X, — {p} must extend
across p, and hence must be constant on X,. Therefore such a function cannot give an
exhaustion of X — Y. o

Skoda’s Estimate

It is sometimes useful to replace the condition (2.16) in Hormander’s Theorem by a less
uniform condition. To be more precise, let T be a (not necessarily positive) Hermitian
(1,1)-form on the complete Kéhler manifold X with (possibly non-complete) Kéhler metric
g. We say that Y is (p, ¢, E)-positive if the endomorphism

(T @ Idypigp)™

acts positively on F-valued (p, ¢)-forms.
Instead of Condition (2.16), one could consider the assumption

@(g(nO) ® det g ® h)ag >(T® IdA?f@E)Hg

for some (p, q, F)-positive T.
Such a Hermitian (1,1)-form T defines a Hermitian metric for AR? @ E by the formula

S}

@AT) {0y = (T @ Moo 0m) -2 905095, 00T a9 "

where, locally, § = 07 ;e, ® dz' Ndz?, n = 17 jea ® dz! Adz’ and T = T 5v/-1d2" A d2.
We then have the followmg theorem
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2.4.25 THEOREM (Hoérmander-Skoda-Demailly Theorem). Let X be a complete Kihler man-
ifold with not necessarily complete metric g and let E — X be a holomorphic vector bundle
with Hermitian metric h. Assume that X admits a complete Kihler metric (which need
not be g). Suppose that the curvature operator ©(¢®) & det g ® h) is bounded below by a
q-nonnegative Hermitian (1,1)-form Y, i.e., that

O(g» @ det g ® h)¥ > (Y @ Idpnagp) >0 on AR @ E.
Then for each T-nondegenerate E-valued (p,q)-form ¢ such that

0p=0 and /|<,0|%hngg<+oo
X 21,

there exists a E-valued (p,q — 1)-form u such that

du=p and [ |ulf,dV, < [ Lol qdVa,
where | - |y 4 is the norm associated to the inner product (2.17).

Sketch of proof. For any smooth compactly supported E-valued (p, ¢)-form o we have shown
that

(Goadyal < ([ IeBngdy) - [ (T @ 1dyanplioa.a),

The proof now proceeds as in that of Hormander’s Theorem. O

LV,

)

A final remark on regularity

An important question in applications is that of regularity of the solutions provided by
Hormander’s Theorem. More precisely, if the data ¢ is a smooth E-valued (p, ¢)-form, is the
form provided by Theorem 2.4.25 also smooth?

The answer to the question comes from our work on interior regularity for the Hodge
Theorem. If ¢ = 1 then u is a section of F, and we have

Ou = 9"0u = 0% .

Since the right hand side is smooth, we conclude that the section u is smooth.

If ¢ > 1 the situation is a little more delicate. In fact, it is not true that if a given form u
is mapped by 0 to a smooth form then w itself is smooth. The case ¢ = n gives the extreme
example: Ju = 0 in the sense of distributions for absolutely any u. From this fact it follows
that for every ¢ > 2 there is a non-smooth (p, ¢ — 1)-form u such that du is smooth.

Nevertheless, if the form ¢ is smooth and 0-closed, there always exists at least one smooth
solution of the equation Ou = ¢. Indeed, the Hérmander-Demailly-Skoda Theorem tells us
there is some solution in Li,qfl(g, h), and provides us with an estimate. If we take the
solution u, of minimal norm, it of course satisfies the same estimate. However, since its
norm is minimal, 0*u, = 0. (Indeed, the function

f(e) = ||uo + €5w||2 = ||uo||* + 2Re g(uo,éw) + 82H5w||2, eeC,
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is minimized at ¢ = 0, and thus (u,, d1)) = 0.) Thus the minimal solution u, satisfies
Ou, = 0*0u = 0%,

as in the case ¢ = 1. Hence u, is smooth by the ellipticity of [J.

2.5 Integrability of Involutive Structures

The principal goal of this section is to give a proof of the Newlander-Nirenberg Theorem
1.3.10 and its close cousin, Theorem 1.3.13.

Our approach to the proofs of both theorems makes crucial use of the involutive (as
opposed to integrable) inhomogeneous Cauchy-Riemann Equations. More specifically, we
shall require both L? estimates and regularity theorems or their solutions. We therefore
begin with the study of this equation.

Since both theorems are clearly local, we work in a small neighborhood © C R?".

2.5.1 The Inhomogeneous Involutive Cauchy-Riemann Equations
Regularity

In fact, regularity theory for the 0;-equation does not require involutivity.
Let w?, ...,w™ be a frame for TSLO, and let Ly, ..., L, be the dual frame for Té’o. Then we
can write

(2.18) o = (LS + (L)

so that . .
O5f =3 (Lif)w; and O;f = (L;if)ay.
j=1 Jj=1

In particular, from (2.18) we see that any first order derivative can be represented as a linear
combination of the L; and L;.

2.5.1 LEMMA. Let f € L*(Q) have compact support in Q and assume Ly f, ..., L,f € L*().
Then f is in H' and for any compact subset K CC Q containing the support of f,

(2.19) > D fllze S Mee + DMLy fll .
j=1

<1

Proof. First assume f € €°(K). Denote by [_/; the formal adjoint of L;. Then f/j is defined
by

[ Lireav = [ sLizav.
Q Q
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so integration by parts shows that A := L; + I_/; is a 0 order operator. Thus

/Q|Ljf\2dV:/Q|Af—Ejf|2dV:/Q]Af|2dv+2Re /QAfﬁdv+/Q|E;f|2dv
_ /Q (A*Af + 2Re L Af)fdV + /Q (L;L: f)fdV

:/Q((A*AJrQRe LA+ [Ej,z;])f)fdv+/g|ijf|2dv

Note that (A*A + 2Re L;A + [L;, [_/;“]) is a 1%%-order differential operator. Thus, since any
first order derivative can be represented as a linear combination of the L; and I_)j, we have

> 1D fllre

n
o<1 1

S L flIZ + DL flI7e
j=1

J

DML fllze + 11 llee D 11D £l e

=1

—_

<

S
n
S
n
S

—

_ 1 n o
D ILflIz + gllf\l%z +ed [IDflZe,
j=1

<

and (2.19) follows by taking ¢ > 0 sufficiently small. If f is not smooth, we can convolve it
with a mollifier to reduce the the smooth case. The proof is finished. O

As in the deduction of Theorem 2.3.12 from Garding’s Inequality 2.3.8, one proves the
following result.

2.5.2 LEMMA. Let Q C R?" be an open set and let s be some positive integer. Let K C Q be
a compact set and let U C Q be a relatively compact open set such that K C U. If f € L3(U)
and L;jf € H*(U) for all 1 < j <n then

(2.20) 3 /K|D0‘f|2dV§/U|f|2dV+ ) Z/U|D°‘ij|2dv.
|

|a|<s+1 al<sj=1

In particular, if f € L} (Q) and Lif,...,Lof € Hi (Q) then f € HFH().

Loc

2.5.3 REMARK. By the Sobolev Embedding Theorem any f satisfying the hypotheses of
Lemma 2.5.2 has continuous derivatives of order s — n — 1, and that

(221) > sup DRV S [ IfEav e S S [ oL fRav,
laj<1 K v la|<n+2j=1"U
which we deduce by taking s =n + 2. o
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A priori estimates for 0,

Unlike regularity, for the L? estimates of Hérmander-type one does require an involutive
almost complex structure. From now on, we assume that the almost complex structure J is
involutive.

Given a smooth function ¢ on a domain Q C R*", we define the L? norm of a function u

to be
1/2
lully := ([ luPesav)

and L? norm of a (0,1)-form 6 = ;07 to be

1/2
ol = ([ opeav)

where | - | in the is the Euclidean norm. We denote its associated inner product (6,6'),. We
define L?() to be the closure of all the smooth functions in © whose L? norm is finite. Since
J is involutive, which means that

0% = 0% = 0,0, + 9,0, =0,

all of the methods in the proof of the basic estimate go through to prove the following
theorem.

2.5.4 THEOREM. Let Q C R?" be a relatively compact open set with smooth boundary and
defining function p, and let ¢ € €><(2). Then for any (0,1)-form 0 in the domains of Oy
and 0% we have the estimate

13561 + 10,61 = [ 08, (LLig)e?av.

Now consider the function p(x) = M?|z|? for some constant M >> 0. Then at the origin
we have

(LiLjp)(0) = M?0,0;(L;i LjxyTr) oo = M*(Lixy)(0)(Ljz)(0) > e M,

where (g;;) is some fixed positive definite n x n-matrix. Thus in a sufficiently small neigh-
borhood of the origin, if we choose M larger than the smallest eigenvalue of (¢;;) then

0:0,(LiL;p) > M|6)*.
Thus, perhaps again by shrinking €2 and then taking M large enough, we have the estimate

1056113 + 110,02 > /ﬂ 0P2eaV.

for all smooth (0, 1)-forms 6 in the domain of 0%. We therefore have the following Theorem.
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2.5.5 THEOREM. Let @ C R?" be a relatively compact open set with smooth boundary and
defining function p, and let o € €>(2). Then for any (0,1)-form 0 in the domains of Oy
and 0% we have the estimate

11056112 + [10,0][% > /ﬂ 026~ #dV.

Consequently, one can establish Hormander’s Theorem for the operator 9. In combina-
tion with the regularity results of the previous paragraph, we have the following theorem.

2.5.6 THEOREM. Let Q C R?" be a sufficiently small neighborhood of the origin, and let
o(x) = M|z|* for some sufficiently large positive constant M. Then for any smooth (0,1)-
form 6 on 2 such that ||0]|, < +00 and 0,0 = 0 there exists a smooth function u on Q such
that B

dju=40 and ||u||fo < ||0||?D
The D"-equation

If one has a D"”-holomorphic frame for V, i.e., a frame e, ..., ¢, such that D"¢, = 0 for every
v € {1,...,r}, then the D"-equation reduces to (r copies of) the 0;-equation, since in this
case

D"(a”¢,) = (0;0")e,.

But if such a frame exists then Theorem 1.3.13 is already proved (see Proposition 2.5.9).
To describe the D"-equation locally we shall nevertheless fix a smooth frame ey, ..., e,.
By the Liebniz rule for D"

D" (a'e;) = (é;o/) ® e; + (—1)%8" o' A De;.
Writing D"e; := Ale;, we see that
D"(a'e;) = (5JO/ — (—1)degajA§- A aj) ® e;.
In particular, D" differs from the (only locally defined) operator
(ot @ e;) := (&;ai) ® €;.

It is an exercise in very basic inequalities to modify what was done above for 9 so that the
same results hold for D”. Leaving this exercise to the reader, we state the outcome, which
is the direct analogue of Theorem 2.5.6 above.

2.5.7 THEOREM. Let Q C R be a sufficiently small neighborhood of the origin, and let
o () = M|z|* for some positive constant M. Define the inner products

<f1>f2)¢M 3:/Qf1'f26_*onV and (ozl,oz2)mj ::/Q(Sﬁ <ai,aj>e_@N1dX/7
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on C"-valued functions and C"-valued (0, 1)-forms respectively, where (c, B) denotes the Eu-
clidean inner product of C-valued 1-forms in R?*. Then there exists M, > 0 such that for
any M > M, and any smooth C"-valued (0,1)-form 6 on Q such that ||0]|,,, < 400 and
D"0 =0 there exists a smooth C"-valued function u on € such that

D'w=0 and |[ull;, <|I0]|

M YMm”

2.5.2 Proof of the Newlander-Nirenberg Theorem

A ‘linear’ criterion for integrability

Recall that an almost complex structure J is integrable if and only if one can choose local
coordinates in which J is constant (see Proposition 1.3.6). Let us state an equivalent form
of this condition.

2.5.8 PROPOSITION. Let J be an almost complex structure on a manifold X of dimension
2n. Then J is integrable if and only if every point p € X has a neighborhood U and smooth
functions f', ..., f*: U — C such that

dfY (Q)N---Ndf"#0 and O;f'(q)=---=0s;f" =0 at each point of U.

Proof. By Proposition 1.3.6 we may assume that .J is the standard almost complex structure
for X. If X is a complex manifold, the needed functions are just given by the complex
coordinates in any chart. In the other direction, let F' = (f!,.., f*). Then F is a local
diffeomorphism, and after shrinking U we may assume F' is a diffeomorphism onto its image.
Finally, the complexification dF' : Ty ® C — Tp) @ C satisfies

dF o J=0,FoJ=+/-10,F = v-1dF,

as desired. O

We shall produce the functions f L ..., f™ as solutions of the linear 0, equation, under the
hypothesis that 9% = 0.

Conclusion of the proof

In view of Proposition 2.5.8 we must find functions fi, ..., f, € Kerd; such that dfi, ..., df,
are linearly independent in a neighborhood of the origin in R?".
Let g, ..., g" be C-valued real polynomials of degree m + 1 on R?" such that

dg' — w* vanishes to order m at the origin, 1<i<n.

Then o ‘ '
9s9'(z) = Ci(2)w’ (2),

109



is a 9,-closed form, where the matrix of functions C/ (x) vanishes to order m at 0. We claim
there for any € > 0 there are functions u* such that

dyu’ = 0y9° and |du’(0)] < e.

Indeed, by Theorem 2.5.6 there is a smooth solution u’ to the equation. Moreover, perhaps
after shrinking the neighborhood €2, (2.21) provides a solution u’ such that

sup |du’| < ¢
Q

as soon as m > 2n. It follows that the C"-functions
g —
satisfy - ' .
d;f'=0 and |df*(0) —w'(0)| <e.

In particular, the forms df!, ..., df" are linearly independent in a neighborhood of the origin.
The Newlander-Nirenberg Theorem is thus proved. O]

2.5.3 Proof of Theorem 1.3.13
Integrability for the underlying manifold: Proof of Theorem 1.3.13.i

As one might expect, Item (i) of Theorem 1.3.13 follows from the Newlander-Nirenberg
Theorem. In fact, D”"D"” = 0 implies that 0;0; = 0. Indeed, let p € X and let s €
[(X, 6> (V)) satisfy s(p) # 0. If a is a (p, g)-forms near p then
0=D"D"(a®s)=D" (5Joz ® s+ (—1)%8%% A D"s)
= 0,050 ® 5+ (—1)%819,0 A D"s + (1) A D"s +a A D"D"s
= 5J5J0é ® s,

and hence 0;0;a = 0 for all (p, ¢)-forms a.
From here on we assume that the underlying manifold X is a complex manifold, i.e., that
J is the standard almost complex structure for X.

Holomorphic frame: proof of Theorem 1.3.13.ii

To complete the proof of Theorem 1.3.13 we need only find a ‘holomorphic’ frame in a
neighborhood of every point of the base manifold X, as the next proposition shows.

2.5.9 PROPOSITION. Let X be a compler manifold and let V' — X be smooth vector bundle
with operator D" satisfying

D'a®s=0a®s+ (—1)** A D"s.
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Suppose there is an open cover {U;};es for X and sections ¢;, € T'(U;, €*°(V)), 1 <v <,
such that D"e;, =0 for all1 < v <r. Then the transition functions g;; - U;NU; — GL(r,C)
defined by

(9@‘)2%/ = €y

are holomorphic, and hence V- — X s a holomorphic vector bundle.

Proof. We note simply that

0= D"¢i, = D"((gi5)e50) = (0(gij);) @ eju + (gij);, A D"ej = (9(9i5)):) @ eju,
so that 5(9@')2 =0, as claimed. O

End of the proof of Theorem 1.3.153. Let B C X be an open set that we identify with the
unit ball in C". In view of Proposition 2.5.9 we must find sections ey, ...,¢, € KerD"” that
are linearly independent in a neighborhood of the origin in B.

Let ey, ..., e, be any smooth frame for V. For each ¢ € {1,...,7} the V-valued (0, 1)-form
0; := D"e; satisfies D"0; = 0. We claim there for any € > 0 there is a neighborhood U C B
of the origin and C"-valued functions u; such that

D"u; =0; and sup|u;| <e.
U

Indeed, by Theorem 2.5.7 there is a smooth solution u’ to the equation. Moreover, by (2.21)

sup |u;| + |du;| < e
U

on a suffciently small neighborhood U of the origin. It follows that the V-valued functions
¢ =6 —u;, 1<i<m,

satisfy
D"¢" =0

and the collection eq, ..., ¢, is a small perturbation of the constant functions e, ...,e,. In
particular, eq, ..., ¢, is a frame. This completes the proof of Theorem 1.3.13. O

111



Chapter 3

Applications

3.1 Projective manifolds

Because every complex vector space (of finite dimension) admits global coordinates, it is often
useful to embed a complex manifold in complex Euclidean space and exploit the ambient
coordinates, or any other nice complex analytic properties of the ambient vector space.

Unfortunately, unlike the real case (proved by Whitney), not every complex manifold
embeds as a submanifold of Euclidean space. Indeed, if X is a compact complex manifold of
positive dimension then X cannot be embedded in a vector space, because then any linear
function would restrict to the embedding as a holomorphic, hence constant, function.

The next best choice is the projectivization P(V') of a complex vector space V' of finite
dimension, since these are the simplest compact complex manifolds: they have projective
coordinates, as well as a number of other very useful properties, most of which we do not
discuss in these notes. However, one additional property (which is quite related to the
existence of projective coordinates is important enough to discuss here.

3.1.1 PROPOSITION. The line bundle O(1) — P(V') admits a smooth Hermitian metric h
of positive curvature. In particular, since O(1) is not trivial, the form /-10(h) is a closed
nondegenerate (1,1)-form that is not ezxact.

Proof. After fixing a basis for V', we assume that P(V) = P,,.

The tautological line bundle O(—1) — P, has a metric defined by the Euclidean metric
in C"*!: if 2 € £ then z € C"*!, and square norm of z is simply its square norm as a vector
in C""'. We call this metric the Fuclidean metric for O(—1) — P,,.

Let us compute the curvature of the Euclidean metric. We work in the chart

Uo - {[LClu 7(”] ; C € (Cn}u

which we can do without loss of generality because any other chart U; in the standard atlas
for P, is diffeomorphic to U, via the diffeomorphism that swaps 2% and 2. The fiber over
[1,(] € U, is just the set of vectors

{(t,t() e Cx C" ; t € C},
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and the square norm is
2L+ [CP) = [tPe75©, wp(¢) = —log(1 + [¢[).

The curvature of the Chern connection of the Hermitian line bundle (O(—1),e%2) — P, is
the (1,1)-form over U, given by

VAACAS | VAI(C-dQ) A (- dC)

\/'_185901‘3([17 C]) =

1+ [¢? (1+[¢[?)?
 VAdCAE  |CPVAACAE — VA - d¢) A (€ - dD)
(1+[¢?)? (1+[¢[?)? ’
The first term is strictly negative, and the second term is non-positive by the Cauchy-Schwarz
Inequality. Thus the dual bundle (O(1),e¥#) — P, has positive Chern curvature. O

The dual metric e®# is denoted e™##5, and is called the Fubini-Study metric. This metric
assigns to a linear functional A € O(1).; the squared-norm

I\Zeers(E) = [ )F
122
The curvature
VELACAC  [CPVETCAS = VEL(C - dQ) A (- dC)
(1+]¢[?)? (1+]¢[?)?
of the Fubini-Study metric is a Kéhler metric that is, unfortunately, also called the Fubini-
Study metric.

(3.1) V-100¢rg =

3.1.2 DEFINITION. A complex manifold X is called a (complex) projective manifold if it
can be embedded as a submanifold of some complex projective space P(V).

3.1.3 ExaMmPLE. Consider the Hopf manifold Hopf,.(V') (c.f. Example 1.1.8). We claim that
Hopf,.(V) is not Kéhler, i.e., it does not admit a closed non-degenerate 2-form. Indeed, any
form w defines a class in H3p(Hopf.(V')), but since Hopf, (V) = S* x $?"~1 H?(Hopf.(V)) =
{0}. Therefore w = df for some smooth 1-form 6, and we find that
"= dO A d(E" 1) =0
/Hopfcm 7 ot v) (O A dE™)
by Stokes” Theorem. But then w™ must vanish somewhere, so w cannot be nondegenerate.
On the other hand, P(V') has a closed non-degenerate 2-form, namely the curvature of

O(1) multiplied by v/-1, and hence so does any submanifold of P(V). o

One could wonder if every Kéhler submanifold is projective, but this is not the case either.
We state without proof that for a generic basis vy, ..., va, of R?", the quotient C"/(Zv, ®...®
Zvsy,), which is a complex manifold diffeomorphic to a real torus of dimension 2n, is Kéhler
but not projective.

The natural question is then to decide which compact complex manifolds are projec-
tive. The answer was provided by Kodaira, in the following result known as the Kodaira
Embedding Theorem.
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3.1.4 THEOREM (Kodaira Embedding Theorem). A compact complex manifold X embeds
in some projective space if and only if X admits a positively curved holomorphic Hermitian
line bundle.

The principal goal of this section is to prove the Kodaira Embedding Theorem.

3.1.1 Compact complex manifolds with positive line bundles
AN INTERPOLATION THEOREM

The most important technical tool in the basic theory of projective manifolds is the following
result on finding solutions of 9 with prescribed vanishing at a finite number of points. This
theorem will be used to establish a number of important properties of projective manifolds,
including the fundamental Kodaira Embedding Theorem.

3.1.5 THEOREM. Let X be a compact complex manifold of complex dimension n and let
F — X be a holomorphic line bundle with a smooth Hermitian metric e~¥ whose curvature
is positive. Fix a Kdhler form w on X, a holomorphic line bundle L — X with smooth
Hermitian metric e, N points py, ..., pn, and positive integers ki, ...,kx. Then there exists
an integer m, > 0 with the following property. For every integer m > m, and every smooth
F®"™ @ L-valued (0,1)-form « such that

|a(zz) |26—(m<ﬂ(zi)+ﬁ(zi))
|Zi|2(n+ki)

da = 0, / la)2e” M AY, < +oo  and
X

€Ly (p), 1<i<N,

where z; is any local coordinate vanishing at p;, there exists a section u € T'(X, €°(F*"®L))
such that

|[u(z;)|2e~ (melz)+n(z)

PRz

ou=a and

vanishes at p;, 1 <1< N.

Proof. Fix open coordinate neighborhoods U; = {|z;| < 1}, 1 < i < N such that
(i) the line bundles F' and L are trivial on each U;, and
(ii) for each i one has U; N {p1,...,pn} = pi, and z;(p;) = 0.

Set Vi = {|zi] < 1/2} and fix non-negative functions x; € €:°(U;) such that x|y, = 1,
1 <4 < N. Fix an integer m and let @ be an F¥" ® L-valued (0, 1)-form such that the
assumptions of the theorem hold. For € > 0 define the function

N
W), = ZXZ' log(|z]* + 62)("““)
i=1

and the metric e~ #m= 1= e~ (Metntie) for O™ @ [, — X. Observe that e #m= A g ¥meo
pointwise as € N\ 0.
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Since 1. is plurisubharmonic on |J; V; and uniformly bounded on X — J; Vi, there is a
constant m, such that if m > m, then

V-1(00py - + Ricci(w)) > w.
The conditions on « in the hypotheses imply that

C ::/ la|2e”¥m0dV,, < +oo,
X

and hence
/ la2e#medV, < C
X

for all € > 0. By Hormander’s Theorem 2.4.1 there exists u. such that
Ju. = o and / lu.Pe?medV,, < C.
b's

Since the metric ™™= is a decreasing function of ¢, one can use the argument in the proof
of Theorem 2.4.20 to construct a measurable section u of F®™ ® L — X such that du = «
and

(3.2) / lu|?e?medV,, < +o0.
b

Since a is smooth, regularity of d for (0, 1)-forms implies that u is also smooth. The estimate
(3.2) therefore implies that u vanishes to order k; at p; for each i. The proof is complete. [

Theorem 3.1.5 implies a very useful interpolation theorem. To state this theorem it is
convenient to introduce the notion of jets of sections. While it is possible to define k-jets in
the category of ¢" for any k < r, the holomorphic category affords us a short cut.

3.1.6 DEFINITION (k-jets). Let H — X be a holomorphic line bundle and let & € N. Two
germs s,0 € Ox ,(H) are said to be k-equivalent if Ord,(s — o) > k. An equivalence class is
called a k-jet of sections of H at x. The set of equivalence classes is a sheaf denoted J%(H),
and its stalks are denoted J% ,(H). We denote the projection map j*Ox ,(H) — J% (H).

If a frame & for H and local coordinates z near « are chosen then for any k-jet v € J5 ,(H)
there exists a unique polynomial P(z) € C[z] of degree k such that v = j*(P(2)¢). Thus
k-jets are an invariant way of capturing the ™ order Taylor polynomial of a holomorphic
section.

3.1.7 THEOREM. Let X be a compact complex manifold of complexr dimension n and let
F' — X be a holomorphic line bundle with a smooth Hermitian metric e~% whose curvature
is positive. Fixz a Kdhler form w on X, a holomorphic line bundle L — X with smooth
Hermitian metric e=", point xq,...,xny € X and integers ki, ....,kn € N. Then there is an
integer m, with the following property. For every integer m > m, and any finite collection
of jets y; € Jf{;wj(FQQm ® L), 1 < j < N there exists a section s € H*(X,O(F®™ ® L)) such
that

(3.3) iys=7, 1<j<N.



Proof. Let
U ={lz:| <1}, Vi={lzi| <1/2}, xi € €.°(Uy), 1<i<I,

and m, be as in the proof of Theorem 3.1.5, applied to the set of point z,...,zy and the
multiplicities k1 + 1, ..., kx + 1, and fix frames & and ¢; for F|U; and L|y, respectively.

Now let m > my, 1,...,2xy € X and ~; € Jf(i’xi(F@m ® L), 1 <v < N. Let P; be the
unique polynomial of degree k; such that

1= (P)Em ®©G), 1<i<N.
Consider the smooth section N
5= xiPi(2)E ® G
i=1

The section § is holomorphic on (X — U; U;) U (U; Vi), and satisfies (3.3). Therefore the
F®" @ L-valued (0,1)-form o := 03 satisfies the hypotheses of Theorem 3.1.5, and hence
there is a smooth section u that vanishes to order k; = deg P; + 1 and satisfies ou = a.
Evidently s := 5 — u is the section we seek. O

LINE BUNDLES WITH MEROMORPHIC SECTIONS

If a holomorphic line bundle L — X has a meromorphic section s that is not identically
zero then the divisor D = Ord(s) defines a line bundle Lp such that s = sp. It follows
that L = Lp. Therefore the question of whether every holomorphic line is of the form Lp
is equivalent to the question of whether every holomorphic line bundle has a non-identically
zero meromorphic section. The present paragraph gives a useful sufficient condition that
guarantees a positive answer to the latter question.

3.1.8 THEOREM. Let X be a compact complex manifold. Suppose there is a holomorphic
line bundle F — X with a smooth Hermitian metric e=® whose curvature 00y is strictly
positive, i.e., the (1,1)-form \/-100¢ is a Kdihler form. Then every holomorphic line bundle
on X has a meromorphic section.

Proof. Since X has a metric of strictly positive curvature, it has a closed positive (1, 1)-form
and therefore it is Kdhler. We fix a Kéhler form w on X, which for instance may be taken
to be v-100¢, i.e., the Kahler form associated to the curvature form of L.

Let L — X be a holomorphic line bundle and fix z € X. By Theorem 3.1.7 there exists
an integer m such that the line bundles F®" ® L — X and F®™ — X have holomorphic
sections oy and oy with o;(x) # 0, i = 1,2. Thus

s:=o01/oy € 4(X,L)— {0},

and the proof is complete. O]
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Proor orF THE KODAIRA EMBEDDING THEOREM
Maps into projective spaces

Let X be a compact complex manifold and let /' — X be a holomorphic line bundle. The
vector space of global holomorphic sections H%(X, O(F)) consists of harmonic sections. In
fact, with respect to any metric, ||0s||> = (Os, s) and hence

HO(X>O(F)) = %,0<X7 F)

In particular, H°(X, O(F)) is a finite-dimensional vector space.
For x € X, define

or(z) :={s € H(X,O(F)) ; s(x) =0}.

If every element of H°(X, O(F)) vanishes at = then ¢p(x) = H°(X,O(F)), and otherwise
¢r(z) is a hyperplane in H°(X, O(F)). Indeed, the evaluation map

e.  H'(X,0(F)) — F,

has rank 0 or 1. The set of hyperplanes in H°(X, O(F)) is of course P(H°(X, O(F))*), the
projectivization of the dual space of H°(X, O(F)).

3.1.9 DEFINITION. The set Bs(F') of points x € X such that ¢p(z) = P(Fo(X, F)*) is called
the (set theoretic) base locus of F'. A holomorphic line bundle is said to be free or base-point
free if Bs(F') = %o.

Thus we obtain a well-defined map
¢ : X —Bs(F) — P(H°(X, O(F))").

In particular, a basepoint-free line bundle F' — X results in a map of X to some projective
space.

A less intrinsic way to write down the map ¢ is as follows. Let s°, ..., sV € H*(X, O(F))
be a basis. We assign to z € X — Bs(F) the point

[s%(x), ..., sV (x)] € Py.

(This realization of the map ¢z shows immediately that the map is holomorphic.) To see
that [s, ..., s"V] : X — Bs(F') — Py is the map ¢p expressed in projective coordinates, note
that since s € HY(X, O(F)) = (H°(X, O(F))*)*, the sections s’, ..., sV, when seen as a basis
of vectors, serve as coordinates for H°(X, O(F))*. Consider the dual basis {aq, ..., )} of
HY(X,O(F))*, ie., <aj,sk> = 0. A typical point £ € H°(X, O(F))* may then be written

&= <§,sj>ozj.
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Now, the point evaluation &, at z is a linear function on H°(X, O(F)) with values in F,,
and thus there exist M (z) € F, such that

& = N(1) ® ;.
But then N (z) = <§z, sj> = s7(z). On the other hand,
or(r) = {s € H(X,O(F)); s = 0} corresponds to the subspace C¢, € P(H(X, O(F))*),
and with respect to the basis ay, ..., ay of H*(X, O(F))* this subspace is
[s%(x), ..., s (z)] € Py.

More generally, instead of starting with the full vector space H°(X, O(F')), one can start
with a subspace V C H°(X, O(F)) and define

dyi(z) ={oceV;o(x)=0} and Bs(V):={zr € X; o(x)=0forall 0 € V}

One then obtains a map

In particular, a basepoint free subspace V' C I'o(X, F') results in a holomorphic map of X
to some complex projective space.

In fact, the converse is true. Indeed, suppose ¢ : X — Py is a holomorphic map from a
complex manifold X. Letting I := ¢*H and s° := ¢*2%, 0 < i < N, we see that

V = spang{s’, ..., s"'} C [o(X, F) is basepoint free and ¢ = @y

Thus all holomorphic maps to projective space are of the form ¢y for some subspace V'
of holomorphic sections of a holomorphic line bundle.

3.1.10 REMARK. Note that while the sections z* of H — P, are independent, their restric-
tions to ¢(X) need not be. Thus V is not in general isomorphic to C"*', and may well
have smaller dimension. And by the same token, there may be sections of the restriction
]HI]¢( x) — X that do not extend to holomorphic sections of H — IP,. o

With our more complete understanding of projective maps, Theorem 3.1.4 is a conse-
quence of the following more precise result.

3.1.11 THEOREM (Kodaira’s Embedding Theorem Again). Given a positive line bundle
F — X there is an integer m >> 0 such that the map ¢rem is an embedding.
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Properties of embeddings of compact manifolds

An embedding of a manifold M into a manifold P is by definition a proper injective immersion
F: M — P. If M is compact, the requirement of properness is of course vacuous.

Let ¢p : X — P(H°(X,O(F))*) be a holomorphic map, i.e., assume that F — X is
basepoint free. In order for ¢ to separate two distinct points z,y € X, it suffices to show
that there is a section o € (H°(X,O(F)) such that o(z) = 0 # o(y). Indeed, if such a
section ¢ exists then ¢r(z) and ¢r(y) are distinct hyperplanes (H°(X, O(F)), for the first
contains o and the second does not.

To prove that ¢ is an immersion, i.e., to show that for each x € X the linear map

d6r(x) : Txa = Tol(mocx o) )or @
is injective, it is enough to show that for each x € X and v € T)l(”om — {0} there exists a
global section o € (H°(X, O(F)) such that o(z) = 0 and do(z)v # 0. (Note that at a point
where o vanishes, do is well-defined, and given by Vo for any connection V for the line
bundle FF — X.) Indeed, there exists a section 7 € (H°(X,O(F)) that does not vanish at

z, and if we complete the two independent sections 7 and o to a basis {1, 0,s?, ...,sV} of
(H°(X,O(F)) then in the coordinate chart

(CN g(9 U{T#O} C P((HO(Xa O<F))*)

the map ¢ is given by

ag Sl SN
Gilye X mly) £0} 2y (48,58, S0 € Uiy,

and then dG(z)v = (d:gg”, K, ey *) # 0, i.e., dpp(x) is injective.

Proof of Theorem 3.1.11
We show that there is an integer m, > 0 such that for all m > m, the map
(3.4) ppem : X — P(H(X, O(F®™))*)

is an injective immersion. As just explained, we must show that for each z € X and each
set of independent o', ..., a" € T)*&;EO ® F®™ there are sections oy, ...,0, € H*(X, O(F®™)),
1 <17 < n, such that

oi(x) =0 and doj(z) =o', 1<i<n.

By Theorem 3.1.7, for each x € X there exists m, € N such that for all m > m, there
are sections o1, ...,0, € HY(X,O(F®™)) with these properties, i.e., such that ¢ren is an
immersion at z. Since being an immersion is an open property, there is an open cover {U, }ies
and positive integers {m; }icr such that for each ¢ € I the map @pem|y, is an immersion for
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every m > m;. Since X is compact, one can find a finite subcover {U;,,...,U; }. Taking
my i= Mmaxi<j<, M;;, we see that for each m > m; the map (3.4) is an immersion.

Next we claim that there exists ms such that for all m > my the map (3.4) is injective.
As explained earlier, it suffices to show that for each pair of distinct points x,y € X there is
a section s € HY(X, O(F®™)) such that s(z) = 0 # s(y). We shall distinguish between pairs
of points (z,y) that are ‘close together’ and those that are ‘far apart’ To do so, consider the
compact complex manifold X x X, and its diagonal submanifold Ay = {(z,z) ; = € X}.

We begin by showing that if =,y € X are distinct points that are close together then for
sufficiently large m (uniformly in = and y) one has ¢pem (z) # drem(y), i.c., if we define the
map

P XXX =Ax 3 (2,y) = (dpen (), ppom(y)) € P(H (X, O(F®™)))xP(H" (X, O(F*™)))

then ®,,(y, z) avoids the diagonal Ap(go(x,o(pemy)). Indeed, if € X and m > m, then
by the first part of the proof the map ¢psm is an immersion near x. Hence by the Inverse
Function Theorem there is a neighborhood U, of z in X such that ¢ren|y, is biholomorphic
onto its image. In particular, ®,,|y, xv,—a, avoids the diagonal Ap(go(x,o(rem))). Therefore,
with
A=|JU,;xU,CXxX and A :=A—-AyCXxX-—Ay,
rzeX

the map ®,,|4 avoids the diagonal. Note that the open subset A’ covers Ay, and thus the
closed subset (X x X —Ax) —A"'=X x X — Aof X x X — Ay is compact.

Next we deal with the points that are ‘far apart’. By Theorem 3.1.7, for each (x,y) € X x
X — A there exists a positive integer mq ) such that if m > m, ) then ¢rom () # dpem (y).
Since the latter condition is open, the same constant m,, will work for all (Z,y) in an open
neighborhood of (z,y) in X x X — Ax. Thus there is an open cover {U;} of X x X — A
such that for each index i there is a positive integer p; so that if m > u; and (z,y) € U;
then ¢prem(z) # ¢rem(y). Since X x X — A is compact, we can pass to a finite subcover
{Ui, ..., Uiy }. Thus, with

My = maX(mb Hiyy oo /LlN}

we find that if m > m, then the map ¢pren is an embedding, as claimed. m

3.2 Stein manifolds

3.2.1 Holomorphic Convexity

3.2.1 DEFINITION. Let Y be a complex manifold.

a. For a compact subset K C Y, the holomorphic hull or O(Y)-hull of K is the set

K = /IZO(Y) = {z €Y |f(z)] <sup|f]| forall fe O(Y)}.
K
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b. We say Y is holomorphically convex if for every compact subset K C Y the O(Y)-hull
K CY is also compact.

The following result, which we shall use later, is a direct analogue of Theorem ?7 (and
has the same proof).

3.2.2 THEOREM. A manifoldY is holomorphically convex if and only if any sequence {y;} C
Y with no accumulation point there is a subsequence {y;, } and a function f € O(Y) such
that

Jim [£(y,)] = +oc.

Thus a holomorphically convex manifold imposes growth conditions of sorts on its holo-
morphic functions. However, this growth condition does not immediately imply that there
are many holomorphic functions. Indeed, one easily checks that compact complex manifolds
are holomorphically convex.

Even if there are many holomorphic functions, it might happen that there are deficiencies
in the algebra of global holomorphic functions. The following example is instructive.

3.2.3 EXAMPLE. Let €2 C C" be a domain of holomorphy containing the origin. Consider
the blowup (see Example 1.1.17)

Qo ={(2,0) e QAxPpy; z€(}

of Q at the origin, with its blowdown map 7 : Q, — Q defined by 7(z,0) = z. Note that 7
is proper. Indeed, the projection 2 x P, 1 —  is clearly proper, and the restriction of a
proper map to a closed subset is proper.

Since 7(0) is a complex submanifold biholomorphic to P,_1, every f € O(£,) is con-
stant on 771(0). Thus every holomorphic function on Q, is of the form f = 7*¢g for some
g€ O0(Q).

In particular, no f € O(€,) can separate the points or tangents of 7~1(0). On the
other hand, if K C Q, is a compact set, then 7(K) is a compact subset of Q. And since
O(Qo) = 7T*0<Q),

Ko, =m" (W(K)O(Q)> :

Since  is proper, Ky g, ) is compact and therefore Q, is holomorphically convex. o

3.2.2 The definition of a Stein manifold

3.2.4 DEFINITION. A complex manifold Y is said to be Stein if
a. Y is holomorphically convex,

b. O(Y) separates points, i.e., for any distinct pair of points z,y € Y there exists f €
O(Y) such that f(z) # f(y), and
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c. O(Y) separates tangents, i.e., for any z € Y and any a € T};ﬁ there exists f € O(Y)
such that df (x) = a.

3.2.5 REMARK. Property 3 of Definition 3.2.4 is equivalent to the property that every
point of Y has a coordinate chart U whose coordinates are the restrictions to U of global
holomorphic functions on Y. o

3.2.6 REMARK. Properties 2 and 3 of Definition 3.2.4 seem rather similar in nature; if
3 holds then 2 holds at least for points x and y that are sufficiently close together, and
conversely if 2 holds then at least we can find a single function with a non-zero differential.
We shall see that, in fact, if Y is holomorphically convex then Property 2 implies Property
3 and vice versa. o

3.2.3 A few examples

3.2.7 EXAMPLE. Any holomorphically convex open subset of C" is Stein. For example, C"
itself is Stein, and the unit ball B C C" is Stein. In fact, any convex domain 2 C C". o

3.2.8 PROPOSITION. Ifit:V <Y is a proper holomorphic injective immersion of a complex
manifold V' into a Stein manifold Y then V is also a Stein manifold.

Proof. Since the inverse image of a compact set by a proper map is by definition compact,
we see that V' is holomorphically convex. Next, since ¢+ : V — Y and du : T‘l/o — T;’D
are injective maps, ¢* : O(Y) — O(V) and * : T3"° — T3 are surjective, and thus
L*O(Y) € O(V) separates points and tangents. The proof is complete. O

We thus find ourselves with an enormous collection of Stein manifolds.
3.2.9 ExaMPLE. All closed submanifolds of C" are Stein.

3.2.10 EXAMPLE. Let X C Py be a projective submanifold. Let s € H(Py, O(H)) be any
holomorphic section of the hyperplane line bundle H — Py, and let H := {s = 0} be its
zero variety. Then Y := X — H is a closed submanifold of Py — H = CV. Therefore Y is a
Stein manifold.

By Chow’s Theorem Y is cut out by polynomials in C. Such subsets of C are called
affine varieties, or affine manifolds if they are also smooth. Thus a projective manifolds is
a compactification of a particular kind of Stein manifold.

On the other hand, not every Stein manifold has a projective compactification. Indeed,
any Stein manifold with a projective compactification must have finite topology, and there
are many Stein manifolds with non-finite topology. o

On the other hand, there are many important Stein manifolds that are not obviously
closed complex submanifolds of some complex Euclidean space. For example, the unit ball
is Stein, but it is not at all obvious that there is a closed submanifold of some complex
Euclidean space that is biholomorphic to the unit ball. In fact it is not hard to show, using
the maximum principle, that there is no algebraic embedding (meaning the components of
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the embedding are polynomials) of the ball in any complex Euclidean space. But the unit
ball does embed in complex Euclidean space as a (non-affine) complex submanifold. In fact,
there is a converse to Example 3.2.9:

3.2.11 THEOREM. For every Stein manifold X there exists a positive integer N and a proper
holomorphic embedding X — CV.

Theorem 3.2.11 has some similarities with Kodaira’s Embedding Theorem; one can obtain
an injective holomorphic submersion X — C" for some N by using the same ideas. However,
getting this map to be proper is significantly more complicated, and as a consequence we
will not prove Theorem 3.2.11 in these notes.

3.2.4 The Levi Problem for Stein manifolds

The classical Levi problem is the problem of characterizing domains of holomorphy geomet-
rically. As Stein manifolds are the manifold analogues of domains of holomorphy, the general
Levi problem may be stated as follows.

3.2.12 PROBLEM. Characterize Stein manifolds geometrically.

The goal of this paragraph is to present Grauert’s solution of the Levi problem.

STRICTLY PLURISUBHARMONIC EXHAUSTIONS ON STEIN MANIFOLDS

We begin with the following ‘strengthening’ of Definition 2.4.21.

3.2.13 DEFINITION. A complex manifold Y is said to be strongly pseudoconvex if there is a
strictly plurisubharmonic exhaustion function v € €>(Y").

The property of being strongly pseudoconvex is a geometric property, albeit complex
geometric: it says that the trivial line bundle has a positively curved metric whose weight
function is moreover proper.

3.2.14 THEOREM. LetY be a Stein manifold, K a compact subset of Y, and U a neighbor-
hood of Ko(yy. Then there is a strictly plurisubharmonic exhaustion w € €>(Y) such that
u<0onKbutu>0onY —U. In particular, Y is strongly pseudoconvex.

3.2.15 REMARK. In Chapter 2 we showed that every weakly pseudoconvex manifold has a
complete Kahler metric (Theorem 2.4.22). Thus Theorem 3.2.14 implies that every Stein
manifold is complete Kéahler. o

Proof of Theorem 3.2.14. It suffices to assume K = k\(g(y). Since Y is holomorphically
convex, there are compact sets K1 = K, K>, ..., such that for all : > 1

K; = (E)O(Y)v K; C interior(Kiy1) and  (J K; =Y.

i>1
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Fix open sets U; such that U; C U and K; C U; C K;y;.
For each ¢ > 1, choose functions f; € O(Y), k =1, ..., k; such that

sup | fir] <1 and mgx\fik(z)\ >1forall z € K;ys — U,
K;

By taking large powers of the f;; if necessary, we can assume that

sup2|fzk| < 27" and inf Z]fzk > 1.

Ki p—1 Kiy2=Us ;=

Moreover, by the compactness of K; and Property (3) of Stein manifolds, we can also make
sure that at each point p € K, there are n functions among the functions fir, 1 < k < ki,
that form a local coordinate system near p.
Now set
oo k;
u:i=—1-+ Z Z |f1k|2
i=1 k=1

The sum converges uniformly on each K;, and in fact u is smooth.! Moreover, u > i — 1 on
Y — U;. Finally,

i=1 k=1

At each x € Y and each § € Ty, — {0} at least one of the summands on the right hand side
is strictly positive, and therefore u is strictly plurisubharmonic. The proof is complete. [

3.2.16 REMARK. We note that property (2) regarding point separation was not used in the
definition of the function u above. As a consequence of Theorem 3.2.20 below, we can then
deduce that on a Stein manifold Y, the point separation property of O(Y') is a consequence
of properties (1) (holomorphic convexity) and (3) (tangent separation). o

Solving 0 on strongly pseudoconvex manifolds

As a warm-up to Grauert’s solution of the Levi problem, we establish the following theorem.

3.2.17 THEOREM. Let X be a strongly pseudoconvex manifold of complex dimension n, let
E — X be a holomorphic vector bundle and let ¢ be a positive integer. Then for any 0-closed
E-valued (p, q)-form a on X there exists a E-valued (p,q—1)-form u on X such that Ou = a.
Moreover, if a is smooth then one can choose u smooth (and if ¢ =1 all such u are smooth).

!'Perhaps the simplest way to see the smoothness of u is to consider the function

F :—1+ZZfzk fzk

i=1 k=1

on the complex manifold X x XT, where XT is the complex manifold with the complex conjugate structure
of X. For the same reasons as above, F' converges locally uniformly on X x Xt and is therefore holomorphic.
Restricting to the real submanifold z = ¢ establishes the smoothness (and even real-analyticity) of w.
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Proof. By Theorem 2.4.22 X is complete Kéhler. Let ¢ be a strictly plurisubharmonic
exhaustion function on X. We take w := v/-100¢p as our Kahler form and denote by ¢ the
corresponding Kahler metric. If h is a smooth function of one real variable then

V-100h o ¢ = W ()V-100¢ + K" (¢)V-10¢ A Dep.

If we take h to be convex and sufficiently rapidly increasing then the strictly plurisubharmonic
function ¥ = h o ¢ satisfies
@(g(P) ® detg ® 6"/’)119 >w

and
C ::/ la2e dV,, < +oo.
X

By 2.4.20 there exists a locally integrable (p, ¢ — 1)-form u, on X such that
Ou, = o and / |uo|?e™VdV,, < +oo.
X

By Paragraph 2.4.2 the solution u of du = o with minimal norm is smooth. [
Theorem 3.2.17 yield the following outcome.

3.2.18 COROLLARY. Let E — X be a holomorphic vector bundle on a Stein manifold X .
Then
HY(X,E)=0 forallp>0andq>1.

3.2.19 REMARK. Since A{;O is a holomorphic vector bundle, the result for general p follows
from the case p = 0. o

GRAUERT’S CHARACTERIZATION OF STEIN MANIFOLDS

The following theorem of Grauert completes the solution to the Levi Problem.
3.2.20 THEOREM (Grauert). Every strongly pseudoconvex manifold is Stein.

The proof has three steps, corresponding to the three properties in Definition 3.2.4.

Step 1: Strongly pseudoconvex manifolds are holomorphically convex

Let Y be a strongly pseudoconvex manifold and let u denote a smooth, strictly plurisubhar-
monic exhaustion of Y. We will prove that Y is holomorphically convex by using Theorem
3.2.2. As such, we will seek to construct a holomorphic function with prescribed values along
a given sequence of points. Something similar was proved in the previous chapter, namely,
Theorem 3.1.7. Of course, in the projective case we could only expect to interpolate at a
finite set of points, but in the strongly pseudoconvex case the manifold carries much more
positivity than can be carried by any holomorphic line bundle on a compact manifold.
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Since Y has a strictly plurisubharmonic exhaustion function, it is complete Kahler. We
fix a not necessarily complete Kahler form w, and denote by dV the volume form associated
to w.

Let {y;} C Y be a closed discrete subset. We choose disjoint neighborhoods U; in Y with
biholomorphic maps ¢; : U; — B such that ¢;(y;) = 0 and U; N {y;};>1 = y;- Next choose a
smooth function x € €;°(B) such that 0 < x <1 and x =1 in By 5(0).

Observe that for all j > 1 and all € € (0,1),

Supportx(¢;) log (|¢j|2 + 52) c Uj;, xl(¢;)log (\qu\Q + 52) <log2 on Uj

and
(3.5) (0105 (|6, + )

Consider the (1,1)-form

<log2 on U; — QS;l(Bl/Q(O)).

V00 ny(@;)log (|65 + %)
j=1

At each point of Y the sum is actually finite, and in fact consists of at most one non-zero
term. Since log(|-|*+¢?) is plurisubharmonic, it is clear that there is a smooth non-negative
function g € > (Y) such that

\/—aazx (b] 10g<|¢]|2+82> Z vy

1+¢2

for all z €Y and all € € (0,1).
For an increasing convex function h : R — (0, 00) we have seen that

V-100(h(u)) > K (u)v-100u.

By choosing h sufficiently rapidly increasing, we can guarantee that \/jaéh(u) is as positive
as we like. In particular, by replacing u with h(u) we can assume that

V-100u > (g + 1)w — V-1Ricci(w).

Thus
2 4
V-100u + Ricci(w) +\/_@82X (6;) log<‘¢]‘ > > w

1+¢e? -

By taking h to grow even more rapidly if necessary, we can also assume that

(3.6) 352 / |¢70x|2e"dV < +oo.

j>1

To simplify notation, let

12 2\ "
Ve i=u+ Y x(¢;)log <W> :

s 1+ 2
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Let f € €°(Y) be defined by

F=37 x(¢))
j=1
Observe that f(yj) = jforall j > 1, and that o := df = > 1](]5*8)( is supported on the
set

U Uj — ¢;(B1/2(0)).

j>1

Therefore by (3.5) and (3.6)
/ la?e™=dV < Cy < +o0,
Y

where
Cy=2" sup 10x] > 52 / e “dV.
i>1 i
In particular, C5 is independent of ¢.
By Hérmander’s Theorem 2.4.20 for each € € (0, 1) there is a function f. € €>(Y) such
that
df. =a and /Y |f-]Pe¥edV < Oy,

where (5 is independent of e.
[[2+e?
1+¢e2
e < &,, and therefore

Since log < is increasing in €, so is 1.. Thus e %= < e~¥¢ for any ¢, > 0 and all

Lip(e ) € Lig(e ) and [ |ffe™ndV < Co

By Alaoglu’s Theorem the sequence { f.} is weak-* compact in each Hilbert space L(Q)’O(e*weo W),
and since Hilbert spaces are self-dual we can use a diagonal argument to extract a subse-
quence {f;} C {f.} whose limit f, lies in each L y(e™%*,w). By the Monotone Convergence
Theorem f, € L o(e” ¥, w), and in fact

(37) J ol esp | - ( + X x(0y) logqqu\?”)) av < Cy

j>1

(though here the precise estimate does not matter).

Now, elliptic regularity implies that f, is smooth.> Since |¢;|72"dV is not locally in-
tegrable near the origin y;, it follows from (3.7) that f,(y;) = 0. Thus the holomorphic
function f := f — f, satisfies

Flyi) = Flys) = folys) = 3.

In view of Theorem 3.2.2, Y is holomorphically convex.

2 Alternatively, f is smooth and f, — f is holomorphic, so f, = f + (fo— f) is smooth.
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Step 2: separating points on strongly pseudoconvex manifolds

In the previous section we showed that given a sequence {y,;} C Y with no accumulation
point, there is a function f € O(Y’) such that f(y;) = j.

To separate two points z and y, we simply choose the sequence {y;} C Y such that
y1 = x and yo = y. We then have a function f € O(Y) such that f(x) =1 and f(y) = 2.
Thus O(Y) separates x and y.

Step 3: separating tangents on strongly pseudoconvex manifolds

To separate tangents is quite similar. First we note that if, in the proof of holomorphic
convexity, we replace n by n + 1 then the function f, we obtain vanishes to second order
along the points of {y;}.

Let us, therefore, replace n by n + 1. Now, suppose v € T )1(’0*,m. Fix a coordinate
neighborhood U of x and a biholomorphic map ¢ : U — B such that ¢(x) = 0. Choose
a holomorphic function g € O(B) such that dg(0) = (¢~ !)*y; for example, we can take
g(z) = (¢71)*v - 2. Next, with x as in the proof of holomorphic convexity above, let

f=x(9)¢"g.
Then f € €>(Y) is supported in U, and df(z) = . Moreover, o := Jf satisfies

|p|* + €2

n+1
/y |Q{|2 exp | — (U + X(¢) 10g (]_—}—52> ) dVv S 02 < 400,

where (5 is independent of €. The rest of the proof is essentially the same as the proof of
holomorphic convexity, but let us give a little more of a sketch.

As in the proof of holomorphic convexity, if we replace u by h(u) where h is a sufficiently
rapidly increasing convex function, we have

199 6> + 2\ o
-100 | u + x(¢) log e + V-1Ricci(w) > w.

By Hormander’s Theorem and the limiting argument as above there is a function f, such
that

0f,=a and [ |fPexp (= (utx(0)log oY) ) dV < +oc,

Again f = f — f, is holomorphic, so f, € €>(Y), and as such the integrability of f, implies
that such that
folz) =0 and df,(z) =0.

It follows in particular that
f=F—f,e0Y) and df(z)=~.

Thus O(Y) separates tangents, and the proof of Grauert’s Theorem 3.2.20 is complete. [
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PSEUDOCONVEX DOMAINS IN A STEIN MANIFOLD

Let Y be a complete Kéhler manifold and let €2 be an open set in Y. The domain € is a
complex manifold in its own right, and thus it is pseudoconvex if it has a plurisubharmonic
exhaustion.

3.2.21 THEOREM. IfY is a Stein manifold and 2 CCY is pseudoconvex then ) is a Stein
manifold.

Proof. Let 1p € €°°(Q2) be a plurisubharmonic exhaustion for €2. Since Y is Stein, it has a
strictly plurisubharmonic function v € €°°(Y"). But then ¢+ wu is a strictly plurisubharmonic
exhaustion for 2. By Grauert’s Theorem, €2 is Stein. O
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Chapter 4

The L? Extension Theorem

In this chapter we study L? extension of holomorphic sections from complex submanifolds.

As we know quite well by now, when working with L? estimates it is often convenient to
work with holomorphic top forms taking values in a holomorphic line bundle, rather than just
sections of a vector bundle. In that case, we have to modify what we mean by ‘extension’,
since forms of top degree have different degrees on the submanifold and on the ambient
space.

4.1 Digression: The Adjunction Formula

Let V be a smooth hypersurface in a complex manifold X. We choose an open cover {U;}
and a family of holomorphic functions {f; € O(U;)} such that U; NV = {f; = 0} and
dfj|u,nv is never zero. The functions f; are holomorphic because a smooth hypersurface is
irreducible and the associated divisor 1-V has only non-negative multiplicities (all of which
are 0 except the one associated to the irreducible hypersurface V', which is 1). We will
abusively call V' a smooth divisor.

The line bundle Ly given by the transition functions g;; = f;/f; therefore has a holo-
morphic section sy defined by the local functions f; over U;. Differentiating the tautological
1dent1ty fz = gijfj giVGS

dfi = gijdfy + fidgis.

In particular, on V itself we have

On V the differential forms df; are not arbitrary sections of T |y, but rather local sections of
the so-called co-normal bundle N% v Le, the vector bundle whose local sections annihilate
the tangent bundle of V. Since V' is a hypersurface the vector bundle Ny, — V' has rank
1, i.e., it is a line bundle. Note that the dual of N} v which is by definition the normal
bundle Nx,v = (Tx|v)/Tv, is in general not a holomorphic subbundle of Tx|y (though it
can be realized as a smooth subbundle of T'x |y if some additional data is given, for example,
a Hermitian metric).
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The relation (4.1) thus tells us that the local sections {df;} piece together to form a
global section dsy of the line bundle (Ly)|y ® Ny, Moreover, because V' is smooth, the
section dsy is nowhere zero, and thus the line bundle (Ly )|y ® Ny is trivial. We have thus
proved the following proposition.

4.1.1 PROPOSITION (Adjunction). The line bundle Ly — X associated to a smooth divisor
V' C X is an extension to X of the normal bundle Nx,y — V.

4.1.2 REMARK. The section dsy can also be defined by
dsy = V3v|v,

where V is any connection for Ly. Since any two connections differ by a global endomorphism
and sy vanishes on V', the right hand side is independent of the connection V. o

One can interpret the adjunction formula as a formula that relates the canonical bundle
Ky of V to Kx|y, the canonical bundle of X restricted to V. Indeed, one has the obvious
formula

(4.2) Kxlv =Ky ® N)*(/v»

which simply says that f; locally provide coordinate functions transverse to V. Equivalently,
Formula (4.2) is obtained by taking the determinant of the formula 75"’y = T @ N% v

(which is also obvious). Thus Proposition 4.1.1 is equivalent to the following proposition.

4.1.3 PROPOSITION (Adjunction Formula). If V' C X is a smooth complex hypersurface
then

Ky = (Kx ® Ly)|v.

4.1.4 REMARK. Given any local section f of Ky, the section
f VAN dSV

defines a section of (Kx ® Ly )|y. Conversely, dsy divides the restriction to V' of any section
F Of K X X Lv.

The section f of Ky can also be computed from the section F' by means of the residue
theorem: F'/sy is a meromorphic top form on X, that is holomorphic except for a simple pole
along V. If we choose local coordinates for X at a point of V', such that sy is one of those
coordinates and the remaining coordinates along V are z, then writing F = f (z,sv)dzt A
L ANdz"E Adsy,

1 F(sy,2) 1 -1
- ——— = f(2,0)dz" A ... ANd2Z"T =t f(2).
27’(’\/—1 |sy|=¢e Sy f( ) f( )
Hence F|y = f Adsy. o
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4.1.5 EXAMPLE. The adjunction formula is handy in an inductive proof of the very useful
formula

(1.3) Ke, = Loy = HEOHD

for the canonical bundle of projective space. Indeed, in the case n = 1, consider the holo-
morphic 1-form dz on the finite part U, = {[1,z2] ; z € C} of P;. If we change charts to
Uy = {[w, 1] ; w € C}, then the coordinate change is w = 1/z, and we have

dz = —w 2dw.

We therefore see that dz extends to a meromorphic 1-form with a double pole at co = P; —U,,.
It follows that Kp, is the line bundle associated to the divisor —200, and since oo is just the
line w = 0 in C? = {(z,w)}, we see that

Kp, = L_goo = H*®%

Now suppose Kp, , = H*®™ has been proved. Fix a point p € P, and let H be any
projective hyperplane passing through p. Since any hyperplane in H is the intersection of a
hyperplane in P, with H = PP,,_;, the line bundle H — H used the compute Ky = Kp__, is
the restriction to H of H — P,,. The line bundle Ly associated to H is also H (see Remark
??). Therefore by the Adjunction Formula II

Kp, g = (Ky ® Ly)|y = H*®(n+1)|H,

n+1

and in particular, Kp, , = ]I-]I;@( ). Since p is arbitrary, we have (4.3) o

The link between forms of top degree in a smooth hypersurface and those on the ambient
manifold is the Adjunction Formula (see Section 4.1). Let Z C X be a smooth hypersurface
and let T' € H°(X,O(Lz)) be a holomorphic section of the holomorphic line bundle associ-
ated to Z such that the divisor of T is Z, counting multiplicity. The adjunction formula tells
us that K; = (Kx ® Lz)|z. At the level of local sections, if F' is a section of Kx|z then F
is divisible by dT, i.e., there exists a unique section f of K such that F|; = f AdT. Thus
when we say that a section f on Z has an extension f to X, we mean that

flz = fndT.

4.2 Extension in Stein manifolds without L? estimates

Both for the purpose of motivation, and because we will use it later, we begin this chapter
with an extension theorem that does not involve any L? estimates.

4.2.1 THEOREM. Let X be a Stein manifold, Z C X a smooth hypersurface, T € H*(X,O(Lz))
a holomorphic section whose divisor is Z, and L — X a holomorphic line bundle. Then for
any f € HY(Z,04(Kz @ L)) there exists f € H'(X,Ox(Kx ® Ly ® L)) such that

flz = fndT.
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We shall give two proofs of Theorem 4.2.1, which are essentially the same.

First proof. Let .7, denote the coherent ideal sheaf of germs of holomorphic functions van-
ishing at the points of Z. Then we have the short exact sequence

0— I, —0x -2 —0.

The last sheaf in the sequence is the quotient 2 = Ox/.#;. This sheaf is supported on Z,
and its stalks at the points z € Z are Oy .

We can twist the sequence with the line bundle Kx ® L; ® L. Moreover, we have
the adjunction isomorphism sending a germ of Kx ® Lz to a germ of Ky; the map sends
F € Ox,(Kx ® Lz) to F/dl' € Oz,(Kyz) for any x € Z. We therefore have the exact
sequence of coherent sheaves

0= I2(Kx®L; QL) - Ox(Kx®Lz;®L)— Oz(Kz® L) — 0.
From the induced long exact sequence in cohomology we have
HX,0x(Kx®L;® L)) = H'(Z,03(Kz; ® L)) = H (X, .;(Kx ® L; ® L)).
By Cartan’s Theorem B the last term is zero, and hence
H'X,Kx®Lz;®L)— H(Z,K; ® L)
is surjective, as desired. O

Second proof. Fix a Kéhler metric g for X, smooth metrics e~%° and e~ for L — X and
L; — X, and a smooth, strictly plurisubharmonic exhaustion function u such that

V-100(po + A+ u) > w, and / |f]2e= et < foo.
z

Such a function u can be found because X is Stein; one can take a sufficiently rapidly
increasing convex function of some strictly plurisubharmonic exhaustion function on X. We
shall not use the function u explicitly any more, so let us write e=# := e~ (¥o*% for the metric
for L — X, which of course satisfies

V-100(p + A) > w, and / |flPe % < 4o0.
z

Consider the singular Hermitian metric for Ly ® L given by

%
- ._ &7
e . |T’2

Let {U;};>1 be a locally finite open cover of X by coordinate neighborhoods such that

(i) for each j > 1 the line bundles L|y;, and Lz|y, are trivial, and
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(i) f U;NZ # O then U; = (U; N Z) x D(0,¢;) is a product, and T is the holomorphic
coordinate in the factor D(0, ¢;).

By condition (ii) we mean that on each U; we fix trivializations &; and 7; of L|y, and Lz|y,,
and if we write 7' = Tj7; in U; then |Tj(p)| < ¢; for each p € U;. Thus if U; N Z # ) and z;
is a coordinate system for U; N Z then in the coordinates (x;, 1),

Uy =A{(z;,T;); z; € U;NZ and |Tj] < ¢,}.

Next we define a collection of holomorphic sections f; € H(Uj, Ouv,(Kx ® Lz ® L)) as
follows. If U; N Z = O then we set f; = 0. Otherwise, we may write

floynz = fiday A ANdx T @&, f; € O(U; N Z).
We then define g; € O(U;) by g;(p) = f;(z;(p)) for p € U; and set
fi= gjd:c} Ao A d:z:?_l NdT; @T;0& € H(Uj, Kx ® Ly ® L).

Observe that .
filzau, = f NdT.

If we take €; sufficiently small, we also have the estimate
(4.4) Jo e < [ 1rpe.
Uj UjﬂZ

Let us define 5 .
Gij = fz - fj S HO(Ul mUj,KX ®L2®L)

Then
Gz’j + ij + le =0 on UZ N Uj N Uk and GileﬁUiﬂUj = 0.

We seek holomorphic sections h; € H(U;, Kx ® Lz @ L) such that
Gij = hi—h; and hj|zny, = 0.
If such functions are found then ﬁ —h; = fj — h; on U; N Uj, and therefore
f= f] —h; onUj

is a globally defined holomorphic section of Kx ® Ly ® L — X satisfying f lz = fAdT,
which is the desired conclusion. We shall now construct the sections h;.

By using a power series argument (in the variable 7; or 7)) and estimating the Cauchy
integral formula for the coefficients, we have the estimate

|Gii|? _ _ 9 _
45 / il e < (9 @)
(4:5) vinu; T2 c = * UinU;NZ e
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again provided we take e; > 0 sufficiently small. (The factor 277 is there to deal with the
case in which U; N Z = @ or U; N Z = O but not both.)

Next fix a partition of unity {x;} subordinate to the cover {U;}. Define the smooth
sections

= ZXijk € F(Uj,OUj(KX R L;® L))
k

Then h; vanish on Z N Uj;. Also, by (4.4) we have

[ 1hiPe e < ¢ (2]‘ +[ f]%“”) .
Uj U;,nzZ

h ;L ZZ G — G ngZXk Gi; € HO(UimijoUmUj(KX®LZ®L))>

and thus oh; = 5% on U; NUj. Tt follows that the Ly ® L-valued (n,1)-form « defined to
be Oh; on U; is well-defined, smooth and 0-closed on €Y. Moreover, by (4.5) and the local
finiteness of the cover {U;} we find that

|Oé|2e ?
>

(For this estimate we might have to increase the function u used to modify the metric e~ at
the beginning of the proof, but increasing the growth of this function only improves matters
from the point of view of the Hérmander Theorem.) By Hormander’s Theorem (?7) there
exists a smooth section o of Kx ® Lz ® L — €2 such that

|o|*e=*
T[>

do =a and / < +o00.
Q

In particular, o vanishes on Z. Thus the sections h; := ﬁi — 0|y, are holomorphic, vanish on
Zj, and satisfy

hi —h; = G;; and /U [hjPe” Y < Gy /U-nZ [flPe™®.

This completes the proof. O

4.3 Statement of the L? extension theorem

4.3.1 THEOREM. Let X be a Stein manifold and Z C X a smooth hypersurface. Assume
there exists a holomorphic section T € H°(X,Ox(Lyz)) and a Hermitian metric e=* for Ly
such that
e Mz#oo dT(2)#0 forallz€ Z and sup|T)?e™ < 1.
X
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Fiz a line bundle L — X and a singular Hermitian metric e~ for L such that

e, # 00, V-100p >0 and V-100¢ > 6v/-100)
for some § € (0,1]. Then for any holomorphic section f € H*(Z,Oz(Kz ® L)) such that

/ |fIPe ¢ < 400
z
there exists a holomorphic section F € H*(X,Ox(Kx ® Lz ® L)) such that
48
Fly=fAdT and / |F2e= () < ”/ I f[2e.
X

Theorem 4.3.1 automatically holds for the larger class of essentially Stein manifolds,
provided the hypersurface Z is compatible with the essentially Stein property. More precisely,
the pair (X, Z) is said to be essentially Stein if there exists a hypersurface V' C X such that
X — V is Stein and no component of Z is contained in V.

If the hypotheses of Theorem 4.3.1 apply to X and Z then they also apply to X' := X -V
and Z' := Z—V. We then obtain, for every f € H(Z,Oz(K;®L)) C H*(Z',Oz (K ® L))

such that
[ g < [ 11 < oo,
zZ! Z

a holomorphic section F' € H*(X', Kx» ® Ly ® L) such that
48
Fly = fAdT and / |FPe” @Y < 7T/ [flPe™®.
X/

The section F' is defined on X', but we claim that it has a holomorphic extensions to X. If
this is the case then one has

/‘FP@—(WH):/ \F|2e‘(9"“)
X X/

because V and V' N Z are null sets in X and Z respectively.
The existence of these extensions is a consequence of the following lemma.

4.3.2 LEMMA. Suppose Y is a complex manifold with a holomorphic line bundle L — Y
having a singular Hermitian metric e=% whose curvature current is bounded below by a smooth
Hermitian (1,1)-form, that W C'Y is a (possibly singular) subvariety such that e=%|y # oo,
and that g € H*(Y — W, Oy_w(Ky ® L)) is a holomorphic section such that

/ g™ < +o0.

—W

Then there exists a unique holomorphic section g € H*(Y, Oy (Ky ® L)) such that
dly-w =g
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Proof. By the Identity Principle, the extension problem is local.

If W is singular then the singular locus Wg,e of W is a complex subvariety of complex
codimension at least 2. If we have proved that the section g can be extended holomorphically
across the smooth locus W,es of W, then g can also be extended holomorphically across Wiine
by Hartogs’” Theorem. Thus it suffices to prove that g has a holomorphic extension across
Wieg. Moreover, by slicing with an appropriately generic hyperplane we may assume that
W is a hypersurface.

Let p € W, and fix a relatively compact (in Y') coordinate neighborhood U of p in Y

with coordinates z = (21, ..., 2”71, 2") the following properties:

(i) L|y is trivial (with frame &, say),
i) UNWgpe = O and 28 |yaw, 1 < i <n — 1 are local coordinates on W,e,, and
g g
(iii) z(z) =0and WNU = {z" = 0}.

Our hypothesis on e~ implies that —log|£|?e™ is quasi-plurisubharmonic, hence locally
bounded above. In U — W we may write

g=h(z)d" N ... ANdZ"® €
where h € O(U —W). Let B={y €U ; |2%(y)| <1 for 1 <i < n} Note that

[, WPV () < sup(ePe) ™ [ lgPe < foc.

1 nfl)

Writing w = (21, ..., 2 , we have the Laurent expansion

= Aj(w)(z
JEL
where for each j € Z the function A; is holomorphic on the unit polydisk D"~'. Then we
have

frg PG =i [ [ 5 ARG 0,

0
e 4, keZ
Now,

/D" 1/s<|z n|<1 Aj(w) Ap(w) (") (") dV (w)dA(2")

7 kGZ

=3 ([ AwTd) [ Y Eaae

S kET e<|z"|<1
(g L 2 (L —e¥) [ |awf
= (log ) /D AL (w)] dV(w)+jeZ_Z{_l} s o A;(w)| vV (w).

The latter is bounded as ¢ — 0 if and only if A; =0 for all 7 < —1. Thus

2) = Aj(w)(z

JEN

which shows that h has a holomorphic extension to B, as needed. O
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4.4 Some Corollaries of the Extension Theorem

4.4.1 Extension from a hyperplane to a domain in C"

The first version of the L? extension theorem was proved by Ohsawa and Takegoshi. They
proved a result that looks rather different than our Theorem 4.3.1, but both theorems imply
the following corollary, which was also stated in the article [?] of Ohsawa and Takegoshi.

4.4.1 THEOREM (Ohsawa-Takegoshi). Let Q@ C C" be a bounded pseudoconvex domain, let
v € PSH(Q) and let H be an affine hyperplane in C". Assume that p|gnq Z —oco. Then
there is a constant C' depending only on the diameter of Q such that for any f € O(H N Q)
satisfying

/ |f|Pe”?dA < +o0
HNQ
there exists F' € O()) such that

Flyra=f and [ |FPe?av <C [ |fPevda,
Q HNQ

Proof. Choose coordinates in C™ such that H = {z" = 0} and let

Dy :=sup |2"|.
Q

Then Dy < 400 because €2 is bounded. (Note that the finiteness of Dy does not require
) to be bounded, but only that 2 be contained between two real hyperplanes $; and $9
such that $; Nv-19; and H2 N +/-1$, are parallel to H. We call Dy the H-diameter of €2.)
The line bundle associated to H is of course trivial, and its canonical holomorphic section
is the coordinate function 7' = 2™. We equip this line bundle with the metric (i.e., positive

function)
A 1

Thus supg |T|?e™* = 1. Moreover, 90\ = 0, and since ¢ is plurisubharmonic,
\/—_18390 >0 and\/—_lﬁégo > V-190\.

Thus Theorem 4.3.1 applies, with 6 = 1.
To f we assign the holomorphic (n — 1)-form a = fdz' A ... Adz""1, so that

/ la?e™® = 21’”/ |f]?e ?dA < +o0.
QnH HNQ

By Theorem 4.3.1 there is a holomorphic n-form 8 = Fdz! A ... A dz™ such that

e

BIH:OJ/\dZn, i.e., F|HmQ:f

and

271
= / |F2e=2dV = / B2~ < 27 167 / |2 #dA.
D3, Ja Q HNQ

Thus C' = 16w D%, and the proof is complete. n
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4.4.2 REMARK. In recent years there has been interest in finding the optimal constant,
i.e., the smallest constant C' for which Theorem 4.4.1 holds independent of the choice of
plurisubharmonic weight function . The optimal constant was found by Z. Blocki, who
showed that one can take C' = 7w D%. o

A very useful corollary of Theorem 4.4.1 is obtained by applying the theorem inductively.

4.4.3 COROLLARY. Let Q CC C" be a bounded pseudoconvexr domain and let ¢ € PSH(Q)
such that p(p) # —oo. Then there is a constant C' depending only on the diameter of Q such
that for any a € C there exists f € O(Q) satisfying

f(p)=a and / |f|PedV < Clal?e=#®)
Q

4.4.2 An extension theorem in C"

Another special case of Theorem 4.3.1 is an extension result that appears in the theory of
interpolation. We begin with a smooth hypersurface Z C C", and a smooth Hermitian metric
e~% on C™ for the trivial line bundle. Denote the Euclidean metric in C* by w := v/-190|z|2.
Let T' € O(C™) be a holomorphic function such that

Z={T=0} and dT(x)#0 foralze Z

We define the metric e for the trivial bundle using 1" itself:
M@=, s TP ().

(The notation is fy fdu = f fdu.) We have the following result.
4.4.4 THEOREM. Assume there exists & > 0 such that

(4.6) V-100p > (1 4 6)vV-100\F .

Then for every holomorphic function f € O(Z) such that

[ e
T < 400

there exists F' € O(C") such that

fPPes Wt
dT2e> (n— 1)1

(4.7) Fly=f and / [F2e=>s < d8m /|
(Cn

Proof. The line bundle L, associated to Z is trivial, since it is a line bundle on C". Of
course, it has the non-trivial (meaning, non-flat) metric e~ . The sub-mean value property
for the plurisubharmonic function log |T'| means that

IT[Pe ™ < 1.
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Moreover, since

(fam,?) () = ( P rT<<>|2w<<>) Vdet A de,

m 21 (e OCIAC

Al is plurisubharmonic, and thus (4.6) implies the curvature conditions required in Theorem
4.3.1.

Let f be the function to be extended. Consider the holomorphic n-form g := fdz'A...Adz"
defined along the points of Z. (Thus g is a section of K¢» along the points of Z. But it
is not a holomorphic n-form on Z because Z has dimension n — 1, so (n,0)-form on Z is
identically zero.) Since the 1-form dT" is nowhere-zero on Z, there exists a holomorphic form
h of top degree on Z, i.e., a holomorphic section of K; — Z, such that

g=hAdIl along Z.

Suppose, for a moment, that
/ |h|*e™? < +o0.
Z
Then by Theorem 4.3.1, applied to the metric 1) = o — AL there exists a holomorphic n-form
H on C" such that

H|z =hAdT and / |H|?e % < 487?/ |h|2e=#
cn z
Now, we can write H = Fdz' A ... Adz", and since hAdT = g = fdz* A... ANdz", we see that

Fly=f and / |H |2 :/ |F[2e=¢
Cnr Cnr
Thus our proof will be complete if we show that
n2 _ f|2 L* wnfl
*h2::*<—1 h/\h)zl Z
LZ| | lz \/_ |dT|2 (n_1)|7
where 1y : Z < C" is the inclusion. To establish this identity, we can work at a single

point x € Z. After a translation and a unitary change of coordinates (both of which leave w

invariant) we may assume x = o, that 2!, ..., 2"~! are coordinates on Z near o, and that
n_ T

|dT(0)]

vanishes to second order at o. Therefore, at the origin,

wn

n!

- f(0) 51 n—1 o
g(o) = |dT(0)|(d A Nd A dT) (o).

Writing h = hodz! A ... A dz"~! near the origin, we see that
ho(0) = f(0)/|dT(0)].
Since

(b A B)0) = Ihufo) P2,

our claim follows, and the proof is complete. n
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4.5 Proof of the L? extension theorem

At various stages of our proof we will need to work on relatively compact subdomains of X.
Since we have assumed that X is Stein, there is an exhaustion of X be relatively compact
pseudoconvex domains. We fix such a domain 2 CC X in much of the proof. In the end we
will take a limit, in an appropriate sense, as €2 " X.

We also assume that the metrics e=% and e~ are smooth. Indeed, one can reduce to
the case of smooth metrics by the usual weak limit arguments and the fact that on Stein
manifolds one can approximate such metrics locally uniformly by a monotonic sequence of
smooth metrics.

4.5.1 Twisted Basic Estimate

In the present paragraph we shall be dealing with two smooth metrics e=% and e~¥. In order
to keep things maximally clear, we shall denote the (either formal or Hilbert space) adjoints
of O with respect to these metrics as 0* and 6#, respectively.

4.5.1 LEMMA. Let 2 be a pseudoconvex domain in a Stein manifold X of complex dimension
n, and let H — X be a holomorphic line bundle with smooth Hermitian metric e”¥. Fiz a
Kdihler metric g on X. Let 7 and A be positive functions on ), with T € €*(Q). Then for
any H-valued (n, 1)-form u € Domain(9) ﬂDomam(a*) on Q, the following inequality holds.

(4.8) /T+A u‘ ¢+/ lﬁu’

> /Q (T@éw — 90T — Z@T A 57) ) gi%u,;gjguge’w.
]

Proof. Let e™* be a smooth Hermitian metric for H — X. In the present setting we have
the following special case of the basic estimate:

2€7ﬂ+/ ‘5u)2 e "> /(855) —g*uzgituge ™
ol g T Ja A

Ok

(4.9) /Q ru

K

for any H-valued (n,1)-form u € Domain(9?) N Domain(d). Note that the last term on the
right hand side of (4.9) is non-negative.

Next we pass the the twisted estimates. The idea is to consider a twist of the original
metric for H. That is to say, we consider a metric e™¥ for H. For any such metric, there
exists a positive function 7 such that

One calculates that - - _ _
00k = 00y — 71001 + 7201 A OT.

Also, using the formula



for the formal adjoint, where locally u = Zu;déj with w; canonical sections, we have the
formula

K

_ ) _
Jru = —T’lg”a—;u; + dyu.
Substitution of these identities into the basic estimate (4.9) then gives
(4.10) /( 4 A) M/ (au’
> — / (007) ;59 upgituze™ + / (7000) ;79" ugg uge™
Q Q
+[a
Q
By the Cauchy-Schwarz Inequality,
2Re/g —u@*uew> /

Applying this estimate to the last term on the third line of (4.10) completes the proof. [J

- 0T =
— i _ %, ,—
e + 2Re /Qg Jaujawue

B _/ (87/\07% i .
0 A

é ~
g ugg’tuge

4.5.2 Choices for 7, A and v, and an a priori estimate

In Lemma 4.5.1 we let H := L; ® L. Note that
00log |T|*e™ = 901og |T|* — OOX

in the sense of currents. The current d0log|T|? is supported on Z because T is zero-
free on X — Z. (In fact, this current is a multiple of the current of integration over Z, a
statement that we will prove later, but that we do not currently require.) We define the
quasi-plurisubharmonic function

v =log T2

Fix a constant v > 1. (Eventually we will let v — 1.) Define the function
(4.11) a:=~v— &log(e” + &2).

Note that a > 1 if € > 0 is sufficiently small. We calculate that

—90a = §00log(e’ +€?) =0 ( 0c'dv )

eV + g2

_ det 950 + 54520(6”/2) A O(ev/?)

(ev +E2) ((ev/2)2 +52)2

e’ - - 4e20(ev/?) A O(e¥/?)

e — log | T2 —

ST (0010g |T? — 9ON) + 0 (CEETE
__ oe 95 + 54528(6”/2) A O(e¥/?)

(e" + £2) (22 +e2)2
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The last equality holds because 99 log |T|? is supported on Z, where e’ vanishes.
We fix a ¢?-smooth function & : [0, 00) — (0,00) to be determined momentarily, and set

_ _ (1 +W(a))
7= (a+h(a)) and A= )
With these choices, one calculates that
— 00T — or 2 ot = —(1—|—h’(a))88a—h”(a)8a/\8a— Maa/\aa — <1+h'(a))(—68a)

Since the functions 7 and A must be positive, we need
h'(z) >—1 and R"(z)<0.

We shall need more from this function, though precisely what we need is perhaps unclear at
present. We therefore make what looks like a rather inexplicable choice, setting

h(z) =2 — x4+ log(2e" ! —1).

4.5.2 REMARK. There are some reasons for this choice, a few of which will become more
clear as the proof progresses. There are, however, other possible choices for h. o

We compute that

2e771 2¢°1
1+M(z)= —— d -hWz)= "
the) =55y ™ (#) = Ge1 =12
Finally, we take!
Uy = +log(|T"e™" + %) + ¢,

where e~¢ is a positively curved metric for L such that

sup |T?e™¢ < +oo0.
X

For example, one could take ( = A + p for some bounded and sufficiently strictly plurisub-
harmonic function p; we have such a p because X is Stein and €2 is relatively compact. As
in the computation of —dda, setting w := log |T|?e~¢, we have

=, aA Ty ,0(e"/?) A 5(6“’/2)

00, = 00p + 00C ST 00C + 4v e 1 17)?

2 w/2 3 pw/2

v = ,0(e™2) A O(e"?)
T 00¢ + 4v (e 1 2y

=00 + > 00p >0

'We would like to take ¢ = ¢ + log|T'|?, but the latter is not smooth, so we regularize it in the obvious
way.
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and hence

A0, — 600N > DD — 600N > 0.

Then we have

_ _ Or A OT 4e20(e¥/?) A O(e¥/?)
TIOY, — JOT — = (a+ h(a))d ((ev/2)2 + g2)2
e’(14+h'(a))\ .= e’(14+h'(a)) /.= -
Now,
e’(1+ h(a)) a1 2¢!
A TN 1) - ==
T prr— > 2+ log(2e 1) = — >0,

since the term between the two inequalities is an increasing function of @ and a > 1. More-

over,
a+h(a) >a>1,

and therefore

_ 9 29(,v/2 (/2
_87’/\87>54€8(e ) A O(e’?)

0, — D0
TOOY A = ((ev/2)2 + £2)2
Substitution into Lemma 4.5.1 then yields the following a priori estimate:
2
v/2 U>‘
(412 I ev/z T S IR, IS,

where

.@@zé(\/T—l—Aﬁ) and Suzﬁ(éu)

are two ‘twisted 9 operators’. Note that SZ = 0.

4.5.3 A smooth extension and its holomorphic correction

From here on, let us fix the section f € H(Z,Oz(Kz ® L)) N L*(e”¥) to be extended.
Since X is Stein, Theorem 4.2.1 yields a section f € HY(X, Ox(Kx ® Lz ® L)) such that

flz=fndT.

If we take any relatively compact domain 2 CC X then the smoothness of the metrics
immediately implies that

/ |f]2e= N < Jo0.
Q

However, we do not have any control over this quantity as we increase ) to exhaust X. In
order to tame the growth of this extension f, we first modify it to a smooth extension, and
then correct this smooth extension to be holomorphic by solving a twisted version of the
5—equation.
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Turning to the smooth modification, let ¢ € (0,1/2) and fix x € €:°([0,1)) with

0<x<1, x=1lon|0,¢] and |x|<1+2t.

’T|26_)‘
XE = X 82 .

o = Oxof = [ A Y (e72e")e20e” = /(e 2Y)

We write

We distinguish the (n, 1)-form
2ev/2 . _

L FAdET).
£

Then one has the estimate

C< ([ e le)

’(u7 Oéé‘)wl/

v v/29(,v/2
(g (5) 2
Q 15 15
r v 2 v 2\2
<L Lo ()] A e
— 0 Ja|e? g2 g2

><6/Q’<u,3(6v/2)>‘2 7482 e Vv

(" + e2)2
<c. (|l +11Sul2,)

where " )2
+1 s _
C. = ——" /1,< ] |f|26 ()

oe?
The last inequality follows from the a priori estimate (4.12) and the fact that
(i) [x'| <1+t and
(i) te* < e’ < e? on the support of x'(e”/e?).
We note for later use that

8m(1 +1t)?
limsup C, = 7T(+>/ |f|e .
e—0 ) Z

By the usual L2-method, followed by letting v — 0 via weak-* compactness arguments we
have used many times before, we obtain the following result.
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4.5.3 THEOREM. Let
Y =1y =+ log|T|".
Then there ezists a smooth section B. € I'(X, Kx ® Lz ® L) such that

920, = a. and /9\55|26_¢ < C..

In particular, since e™¥ = |
BE’Z = O

4.5.4 End of the proof of Theorem 4.3.1
We begin by observing that, since

e(t+A) = (6671(7_(1) - 52) (2 + log(2e™1 — 1) 4 2¢71)

and ¢ < 1, the inequality 2+log(x—1) < x for x > 1, which one can prove by using elementary
calculus to show that the maximum value 0 of the function ¢(x) = 2 — x + log(z — 1) is
achieved at x = 2, shows that

(4.13) supe’(T+A) <supe? *(2+1log(2e® 1 —1)+2e 1) < sup Xe' (2+4e 1) < 6771
X

a7y a7y
where we have used log(z — 1) <z — 2 for z > 1.

Let
F. = (Xsf_ VT""Aﬁa)‘
Note that by Theorem 4.5.3 F.|; = f and that by Theorem 4.5.3 and (4.13)

- B 487 (1 + t)%er ! _
2 ,—(p+XN) < v 2,7% 2 _—p
LIEReE <o)+ [ ef(r+ Al < o1) + =025 [ pe

for € ~ 0. Indeed, the term . f is supported on a set whose measure converges to 0 with ¢.
Using the already-familiar technique of Alaoglu’s Theorem and dominated convergence,
we can let ¢ = 0 and t — 0. We can let the smooth metrics converge to singular metrics.
And finally we can let Q 7 X. Details, which have been presented a number of times by
now, are left to the reader.
Finally, since L? convergence implies pointwise convergence for holomorphic sections, we
see that also F'|z = f A dT. Thus we obtain a section F € H(X, Kx ® Ly ® L) satisfying

48
Fl;=fAdT and / |F[2e= () gi/ f[2ee.
X 0 Jz

The proof of Theorem 4.3.1 is complete. O]
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